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We use the mean-field approximation of Dyson—Maleev representation to study an XX Z Heisenberg ferrimagnetic spin
chain with single-ion anisotropy. By solving the self-consistent equations with different anisotropies, A and D respectively,
the energy spectrums, internal energy, static susceptibility and specific heat are calculated. Especially, the quantum phase
transition of the magnetization plateau induced by single-ion anisotropy D is obtained in the model of the ferrimagnetic

spin chain by using Dyson—-Maleev mean-field theory.
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1. Introduction

Since the discovery of high-temperature superconduc-
tivity in cuprates,!!! the question of the link between the
mechanism of unconventional superconductivity and mag-
netic order in low-dimensional antiferromagnets is still unan-
swered for theoretical and experimental researchers. In par-
ticular, for one-dimensional system, the interplay between
strong quantum fluctuation and competing interaction gen-
erates a series of new exotic states, such as spin-Peierls
Haldane!?!
pointed out that the excited spectrum of an integer spin chain

states, magnetic plateau and spin liquid states.

is gapped while that of a half-integer spin chain is gap-
less. This statement pushed experimenters to verify and led
to substantial interest in new quasi-one-dimensional mag-
netic materials. The mixed spin chain, which consists of
two different spins, S and s, is one of the active models
in low-dimensional magnets. The spin-alternating ferrimag-
netic chain materials have been synthesized in the labora-
tory, such as NiCu(pba)(D,0)3 - D,0.1! From a theoretical
point of view, the powerful mean-field methods for dealing
with one-dimensional spin model work very well, such as the
Schwinger-boson mean-field (SBMF), [4-%! the Dyson-Maleev
mean-field (DMMF),-!!! the modified spin wave (MSW),[!?]
and the bond operator (BO).!!3-18] Besides the above mean-
field methods, various numerical methods have been applied to
study the field of low-dimensional magnets, such as QMC,!!!
DMRG, 2! and ED.['?1 For low-dimension magnets, the quan-

tization of magnetization, a plateau in magnetization curve,
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is an interesting phenomenon. Such plateaux have been

found in real materials such as bond-alternating chains,?!
the Shastry—Sutherland system SrCu,(BO3),,2'-23] the zigzag
double chain NH,CuCls,[?*! and the frustrated spin ladder. [25]
The ferrimagnetic spin chain has spontaneous magnetization
m = § — s in the ground state. In some real materials, the lon-
gitudinal spin interaction is different; it has a transverse term
which means that the spin can be locked in one direction in the
limitation. Another phenomenon has been observed that the
anisotropy in spin-1 Ni>* ions is much larger than that in spin-
1/2 Cu*-ions, which is caused by the spin—orbit effect in the
spin space. Sakail?®! observed the quantum phase transition
of magnetization in the ferrimagnetic spin chain by numeri-
cal exact diagonalization. In this paper, we use the Dyson—
Maleev mean-field approximation to deal with the model of
an XXZ Heisenberg spin ferrimagnetic chain with single-ion
anisotropy.

The paper is organized as follows. In the second section,
we present the Dyson—Maleev mean-field approximation for
an XXZ ferrimagnetic spin chain with single-ion anisotropy.
In the third section, we obtain the excited spectrums at zero
temperature and numerical results of internal energy, magne-
tization plateau, static susceptibility, and specific heat at finite
temperature based on the effect of single-ion anisotropy D.
In the forth section, we discuss the ferrimagnetic spin chain
model with XXZ anisotropy A. Subsequently, we also dis-
cuss the corresponding numerical results of energy spectrums,

internal energy, static susceptibility, and specific heat. A sum-
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mary is made in the final section.

2. Dyson-Maleev representation for spin-1/2
and spin-1 XXZ ferrimagnetic chain with
single-ion anisotropy

In real bulk crystals, the longitudinal magnetic interac-
tion is different with transverse coupling, which is related to
the model of XXZ anisotropy. Due to spin—orbit coupling,
the anisotropy effect in a spin-1/2 ion is much weaker than
that in a spin-1 ion. Thus, we only consider the anisotropy of
spin-1 ions, namely single-ion anisotropy, in the Heisenberg
ferrimagnetic spin chain model. In the following, we mainly
discuss these two types of anisotropic effects in the ferrimag-
netic spin chain model. The Hamiltonian of spin-1/2 and spin-
1 XXZ ferrimagnetic spin chains with single-ion anisotropy

under external magnetic field / is
1
H= 2Z:(s s+ s —I—XZS
—DZ +Zhs§+2hs§., (1)
i J

where s, = si; £is;, s =1/2 and 5; = 1. 4
is the XXZ anisotropic parameter and D is the single-
ion anisotropic parameter. Compared with the Holstein—
Primakoff transformation,?”) unphysical states in the trunca-
tion of asymptotic square-root series are deleted in the Dyson—
Maleev formalism. For ferrimagnetic spin chain, the Dyson—

Maleev representation of spin operators can be shown as fol-

lows:
si=(2s1)" 12(2s14; —aja,ai)7 = (251)"%d]
sf =] —ai ai, s = (2sz)71/2(2szb; —b;bfbj),
=(25)'?bj, si=—s2+blbj, 2

where s = s; = 1/2 and s, = s; = 1. The operators a; and b,
which are defined on the lattice sites i € A and j € B respec-
tively, satisfy the bosonic communication relation

lai,af] =1, [bj,b]) =

b1 =1, [ai,bj]=0, [a/,b]]=0. (3)

By substituting the above boson operators into formula (1), the

Hamiltonian can be rewritten as

1 V2
H= EZ [\@(abj alaiab; )+—(2a*b* —ajbibib; )1
ij
—|—7LZ< 2+2bjb —|—a a; — aja,-bj-bj>

(v2/2) |(v2/4) (-

— DY (bib;bib;—2bTh;+1)
J

" & 1
—hY ala;j+nY bib;, — —h. 4
;a, ai+ ; ibi—3 4)
In the mean-field approximation, we assume that <a§a,~> =P,

(blb;) = 0. and (a/b}) = (aib;)
interaction terms can be decoupled as

= M. Those four-operator

aTa~a~b~ = <a7a,~>a~b ; +a7ai<a~b > — <a7a,~><a,~bj>,
alb'b'h; = (alb1)blb;+albi(bib;) — (a]b]) (b)),
alabib; = (a]b})aib;+abi{aib;) — (a[bT){aibj).  (5)

In the moment space, the Hamiltonian can be obtained as

2 2
H=y " Wy+ gzPM—s— %zQM—

_ <_ﬁM+ ll> z+2D(Q— 1)z

1
Ezl + Mz

4 2
2 3
+ zDQ —Dz—ih7 (6)

where

z =2 is the number of the nearest neighbors and y; = cos(k).

The energy spectrums are

ET = % [(a—d)+ (a+d)2—4bc},

E:;[—(a—d)—&- (a+d)2—4bc] %

To obtain the parameters P, Q, and M, we solve the self-

consistent equations numerically by

OH OH OH

9P 90 om "

as follows:

0)—MA| 27

V2 i -
72ZM: —ﬁz (coth (%) + coth (;))

) ®)

(a+d)*—4bc
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V2 1 E*t E-
M 2Dz 2:DQ = — o { (coth (ﬁ) — coth (ﬂ))zb 9)

Y seon(5) 20<a+d>+<ﬁ/4>[<ﬁ/2)“P)M”Z%}’ (IO)

E
+ | coth (—) +coth(—
< 2T 2T (a+d)? —4bc

?zP+ ng+2Mz}L + gz = —ﬁ { <—coth (%) + coth (;)) ? + (coth (%) + coth (I;T)) (11)

(V2 atd) +A[(V2/2)(1-P) - MA) + ((V2/4) (2 - Q) —MA ) |2¢ } (12)
(a+d)? —4bc

In the subsequent sections, we only consider different  two cusp singularities have been observed in this system. The
anisotropic effects D and A separately in the ferrimagnetic spin  existence of a magnetization cusp singularity due to the disper-

model. The competition between XXZ anisotropy and single-  sion of magnon excitations has a minimum at an incommensu-

c. (29

ion anisotropy is neglected in this paper. rate wave vector value.!*”! Compared with other methods for

the critical point of magnetization plateau, our mean-field re-

3. Numerical results with single-ion anisotropy  sult is larger than classical spin system (D, = 0.057) and is
D at the Heisenberg point smaller than the exact diagonalization calculation (D, = 1.1)

In this part, we only consider the effect of single-ion in Sakai’s paper.!?%! The value of the critical point is sensitive
anisotrony D or; a ferrimaenctic spin chain at the Heisen- for different methods. We calculate 7' times uniform static sus-
Py £ P ceptibility per unit site 7 )yn;/Ng> versus temperature with a
berg point (A = 1) without XXZ anisotropy. We obtain two P yp ) Kuni ) § ) p'
branches of excitation spectrums, as shown in Fig, 1, by nu- small magnetic field as shown in Fig. 3. The uniform suscep-
merically solving the above self-consistent equations with dif- tlblh_t}f ?ncre?lses with the'mcrea.se of temp eratu.re. ) The sus-
ferent parameters D at zero temperature. When anisotropic ceptibility with smaller anisotropic parameter D is bigger than

parameter D equals 0, the energy spectrums of system have a that with larger D. Figure 4 shows the variation of magnon

gapful branch and a nearly gapless branch. When anisotropy internal energy at finite temperature. The internal energy be-

is increased, these two energy branches have distinct trends. ~ “O™S smaller with continually adding anisotropic parameter

The lower branch increases comparatively faster than the other D. When the temperature increases, it is well known that the

branch. With the increasing of anisotropic parameter, the en- system will have more energy. The temperature dependence of

ergy spectrums become two gapful branches and the band- specific heat with different parameters D is plotted in Fig. 5.

width of energy spectrums is narrower. It is found that the specific heat increases linearly in the tem-

For a low-dimensional magnetic system, the quantum perature region [0.2,0.5]. The line with larger parameter D is

phase transition of the magnetization plateau is a prevalentand ~ ¢hhanced more rapidly. Thus, there are some crossing points

exotic phenomenon in spin-alternating chains and ladders. Ac- 10 this region.

cording to the generalized Lieb—Schulz—Mattis theorem, >8]

the system may have a nontrivial magnetization plateau at
m = 0.5 in spin-(1/2,1) ferrimagnetic chain. We assume that
the uniform magnetic field is imposed along the Z direction
of s; = 1. The magnetization under external magnetic field
is shown in Fig. 2. Due to the increase of the energy gap of
the lower excitation spectrum with bigger anisotropy, the triv-

Energy

ial plateau at m = 0 becomes longer, which means that system
needs a sufficiently stronger external magnetic field to close
the gap. When the magnetic field is enhanced further, the sys-
tem stays in the nontrivial phase m = 0.5 up to the saturation

field. This quantum nontrivial plateau of magnetization dis-
appears at the critical point D, = 0.127. This quantum phase
transition is caused by the energy gap between two branches,

.. . . . . Fig. 1. (color online) Energy spectrums with different single-ion anisotropic
and it is closed with larger single-ion anisotropy D. When the parameters D — 0 (red solid), D — 0.05 (black dot—dashed), D — 0.1 (green

anisotropy parameter D = 0.15 exceeds the critical value D, dashed) and D = 0.15 (blue dotted) at zero temperature.

127501-3
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Fig. 2. (color online) Magnetization plateau with different parameters

D = 0.05 (black), D = 0.1 (green), D = 0.127 (red), and D = 0.15 (blue)
under an uniform magnetic field H at zero temperature.
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Fig. 3. (color online) Static susceptibility with different parameters D at
finite temperature.
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Fig. 4. (color online) Magnon internal energy with different parameters D
at finite temperature.
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Fig. 5. (color online) Specific heat with different parameters D at finite tem-
perature.

4. Numerical results with XXZ anisotropy A

In this part, we discuss the effect of XXZ anisotropy by
solving the self-consistent equations with anisotropic parame-
ter A. With the increase of the XXZ parameter A, two excita-
tion spectrums are lifted gradually and the lower branch has a
larger gap, as shown in Fig. 6. Compared with the single-ion
anisotropy effect, the bandwidth with XXZ anisotropy does
not change significantly. Figure 7 shows the variation of inter-
nal energy depending on XXZ anisotropy. The magnon inter-
nal energy can be calculated by the formula

ur) =Y, B + B

- S \explE!/T]—1  explE, /T|-1)"
The energy with larger XX Z anisotropy is continually decreas-
ing. This trend of internal energy is similar to the effect of
single-ion anisotropy.

Energy

Fig. 6. (color online) Energy spectrums with different XXZ anisotropic pa-
rameters A = 1.0 (red solid), A = 1.1 (black dotdashed), A = 1.2 (green
dashed) and A = 1.3 (blue dotted) at zero temperature.
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Fig. 7. (color online) Internal energy with different parameters A at finite
temperature.

Under a small external magnetic field, 7 times uniform
static susceptibility per unit site T yu,; /Ng? versus temperature
is calculated, as shown in Fig. 8. Compared with the curve,
A = 1.0 is an increasing linear function, the curve A = 1.3
is nearly a power law. When the parameter A is added from
1.0 to 1.3, the trend of static susceptibility is similar to the

127501-4
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combination of the above two curves. The susceptibility with
larger anisotropy becomes smaller at low temperature. It is
undoubtable that the effect of XXZ anisotropy on static sus-
ceptibility is apparent.

2

- 081 e x=10

g E o )\=1.1

o

2 o6l 2 =12

fey v-A=13

z i

a

g 0.4 .

7] L

a . o

= |
g y '
5] 0.2 4 ° N A

= i P o v

8 ° v

g 0 Y S— 4 v

':3 T T T T

S 0 0.1 0.2 0.3 0.4 0.5

Temperature

Fig. 8. (color online) Static susceptibility with different parameters A at
finite temperature.
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Fig. 9. (color online) Specific heat with different parameters A at finite tem-
perature.

Figure 9 shows the specific heat with different XXZ
anisotropy, which is calculated by the numerical differentia-
tion of the internal energy U with 7. As shown in the fig-
ure, the effect of XXZ anisotropy is not definitely different
with single-ion anisotropy. The curve with anisotropy A is en-
hanced slowly at first and then becomes linear. The specific
heat is calculated from the differentiation of magnon internal
energy. Thus, the numerical number of specific heat has the
same behavior as internal energy, which is smaller with larger
anisotropy.

5. Summary

Based on the method of Dyson—Maleev mean-field ap-
proximation, we discuss two types of anisotropic effects, XXZ
anisotropy and single-ion anisotropy, in the Heisenberg spin
ferrimagnetic chain model. With different XXZ anisotropic
parameter A and single-ion anisotropic parameter D, we ob-
tain the energy spectrums, internal energy, static susceptibility,
and specific heat separately. The quantum phase transition of
the magnetization plateau, which is caused by the single-ion
anisotropy, is also observed in our Dyson—Maleev mean-field
calculation. The magnetization plateau phenomenon is ubig-
uitous in the mixed spin system.
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