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Synthetic dimensions in time (Sambe space) can be utilized in a periodic time-dependent system. By subjecting the
system into a time-periodic potential and measuring the physical quantities at distinct time in one period, one is able to
simulate the models in higher dimension. To verify this approach, we show that the Bloch oscillation of wave packets along
the magnetic field in a three-dimensional (3D) Weyl metal can be simulated on a two-dimensional (2D) insulator. Different
from the chiral anomaly, this Bloch oscillation is anisotropic when the initial wave packet is not on the 0-th Landau level.
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1. Introduction
In many experiments, especially in those on the cold

atoms, it is sometime hard or impossible to achieve the de-
sired three-dimensional (3D) or higher-dimensional Hamilto-
nian in the real space.[1] To overcome this restriction, synthetic
dimensions (SDs) are often proposed to play the role of the ex-
tra dimensions on a physical lower-dimensional system.[2–10]

SD is usually realized by two methods. One is from scale
parameters introduced to simulate the good quantum num-
bers, e.g., the momenta k’s in the SDs (h̄ = 1 is taken).[6–8,10]

For instance, a one-dimensional (1D) Aubry–Andre model,
H = ∑i[c

†
i+1ci + h.c. + 2ty cos(αi + ky)c

†
i ci] is equivalent to

the Hamiltonian of a two-dimensional (2D) quantum Hall lat-
tice when the scale parameter ky is considered as the momen-
tum along the synthetic direction y.[11–13] The other method
is to engage suitable internal degrees of freedom. For in-
stance, internal orbitals are proposed to act as the source of
SD to simulate a four-dimensional (4D) model on a 3D phys-
ical system.[4,5,14,15] We are motivated by the other possibility
of introducing the SDs.

In dealing with the time axis, the last successful story is
the time crystals.[16–20] It extended the idea of the spontaneous
breaking of the translational symmetry to the time axis. But if
one want to treat the time as an SD, a principal obstacle is
faced: The time and the space are playing different roles in the
non-realistic Schrödinger equation. It is the space that actually
provides the stage (Hilbert space) and the time is only used to
describe how the wavefunction is dancing on it. It seems im-
possible to mix this picture by extending the stage to the time
axis.

A more relevant topic to the question appears in the Flo-
quet framework.[21–43] When the Hamiltonian is varying peri-

odically with time,

H(t) = H(t +T ). (1)

Floquet method is used to study the quasi-static states

|ψn(t +T )〉= e−iEnt |ψn(t)〉,

where T is the period and 0 < En ≤ ω is the quasienergy.
In calculating these En, Fourier transform is enrolled and the
problem is mapped to a search of eigenvalues in a Floquet lat-
tice with an inclined potential. Although the Floquet lattice
enlarges the original lattice by an extra dimension, in which
the number of photons attached to each site is playing the
role of the new degrees of freedom, we are not considering
it as the SD because the Floquet lattice is more likely a tech-
nical method to calculate the quasienergies. This opinion is
supported by the fact that the Hilbert space of the quasi-static
states |ψn〉 is not really enlarged finally.

In this paper, we use the metric in space to understand
the framework of extended Hilbert space (Sambe space).[44,45]

This explain why the detailed evolution within each period,
which has been omitted in the Floquet framework, is crucial
for the creation of the SD. The Hilbert space is enlarged by a
method similar to that in the Floquet framework, but this vir-
tual enlarged space is made synthetic only when a connection
is established between the evolutions started at distinct times.
To clarify these ideas, a redefinition of the inner product is
flexible. We will define the inner production of two wave-
functions as 〈ψ̃a|W̃ |ψ̃b〉, where W̃ is a metric. We will illus-
trate that at any instance time, the rank of the metric is much
smaller than the dimension of the virtual Hilbert space. But
as long as the metrics at every distinct times within one pe-
riod are appended together, the total metric is fully ranked and
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the SD is created. The modulated time, t mod T , will play the
role of momentum in the SD. Interestingly, although there is
only one axis in the time, the SDs generated from the time can
be as many as needed. This makes the simulation of a higher-
dimensional model on a physical lower-dimensional system be
easily realized.

By applying these ideas, we show how to synthesize a 3D
Hamiltonian on a 2D system. The 3D Hamiltonian is a Weyl
lattice in parallel magnetic and electric fields. In such lattice,
the Hamiltonian evolution of a wave packet can be symmet-
ric or asymmetric in the direction of the fields, which can
be traced back to the linear dispersion near the Weyl points.
While such diffusion can be observed exactly on a 2D peri-
odic time-dependent model subjecting to only magnetic field.

2. Synthetic dimension in time
We define a series of virtual time-dependent basis,

|n, i〉(t) = e−inωt |i〉, (2)

where ω = 2π/T is the angular frequency and n takes all in-
teger numbers. For the sake of clarity, we will truncate n by N
in our expressions but the case with infinite n’s can be easily
restored. The virtual Hilbert space will be defined on the basis
{|n, i〉} and the direction along n is called the virtual direction
(becoming the SD when the full rank metric is obtained). All
operators and wavefunctions in the virtual Hilbert space will
be expressed by tilde symbols.

For the basis {|n, i〉}, the inner product of the states gives
〈n, i|m, j〉 = δi j e−i(m−n)ωt . Equivalently, one can change the
definition of the inner product to 〈ψ̃a|W̃ |ψ̃b〉 with a metric

W̃ni,m j = δi j e−i(m−n)ωt . After that 〈n, i|m, j〉 = δi jδnm can be
safely taken because here |n, i〉s only assign the positions of
the components in a vector and their products have nothing
to do with the inner product anymore. One can easily verify
that the inner product of |n, i〉 and |m, j〉 in the new definition
is still 〈n, i|W̃ |m, j〉 = δi j e−i(m−n)ωt . Although it seems that
the number of the set {|n, i〉} has been increased N times from
that of the set {|i〉}, the dimension of the virtual Hilbert space
does not increased actually. This is because the metric W̃ is
not fully ranked, which can be realized by rewriting the metric
as

W̃ (t) = p̃1(t)⊗∑
i
|i〉〈i|, (3)

where the part of the metric in the virtual direction is

p̃1(t) = |ũ1〉〈ũ1|,

|ũ1〉=
1√
N

(
· · · , e−i(n−1)ωt , e−inωt · · ·

)†︸ ︷︷ ︸
N

. (4)

So the part of the metric in the virtual direction, p̃1(t), has
only one rank. This means that only one wavefunction |ũ1〉
is physical and the rest wavefunctions perpendicular to it are
inaccessible because their inner products are absolutely zero.
This is not strange as no new degree of freedom is actually
introduced by Eq. (2).

To make the virtual direction synthetic, the metric on it
must be fully ranked. This forces us to introduce a new full
rank metric,

W̃=
N

∑
m=1

p̃m(t)⊗∑
i
|i〉〈i|, (5)

where p̃m(t) = |ũm〉〈ũm| and

|ũm〉=
1√
N

(
· · · , e−i(n−1)[ωt+2π(m−1)/N], e−in[ωt+2π(m−1)/N] · · ·

)†︸ ︷︷ ︸
N

.

The Fourier transformation ensures the orthogonality between
the appended metrics, p̃m(t)p̃n(t) = δmn p̃m(t), so that they are
also the project operators. This is the same as that of the metric
I (unit matrix) in ordinary Hilbert space. Although the individ-
ual basis |ũm〉(t) depends on time explicitly, the total metric W̃
has a period T/N and becomes a unit matrix when N→∞. By
adopting the artificial metric W̃, if the effective Hamiltonian
matrix, H̃ in Eq. (8), is also independent of time, everything
is the same as that in an ordinary Hilbert space. In this sense,
we can claim that the dimension is extended by the SD created
from Eq. (2) in the time direction. Then the following task is

to make these appended p̃m(t) physically accessible.
One can easily realize that

p̃m(t) = p̃1[t +2π(m−1)/(ωN)]. (6)

So the appended metric p̃m at t is equal to a physical met-
ric p̃1 at t + 2π(m− 1)/(ωN). By introducing a time shift
t → t + 2π( j− 1)/(ωN), the total metric W̃ is invariant be-
cause only a rearrangement of { p̃m} by m→ m+ j modN is
applied. The details are shown in Table 1. But the evolution
of |Φ1〉[t +2π( j−1)/(ωN)] is

i∂t |Φ1〉
(

t +2π( j−1)
ωN

)
= H

(
t +2π( j−1)

ωN

)
|Φ1〉

)
t +2π( j−1)

ωN

)
.

126701-2



Chin. Phys. B Vol. 27, No. 12 (2018) 126701

After replacing the physical wavefunction |Φ1〉 at t + 2π( j−
1)/(ωN) with the virtual wavefunction |Φ j〉 at t, we find the
Schrödinger equation for the virtual wavefunctions,

i∂t |Φ j〉(t) = H[t +2π( j−1)/(ωN)]|Φ j〉(t), (7)

which indicates that the evolution of the virtual part of the
wavefunction, p̃ j|Ψ̃〉(t), is guided by a physically accessible
Hamiltonian with a shifting time.

Table 1. The metric W̃ in the synthetic Hilbert space {|n, i〉} compos-
ites both physical metric p̃1(t) and virtual metrics p̃m(t). The virtual
metric pm(t) at t is equivalent to a physical metric p̃1[t + (m− 1)∆t]
at the advanced time t + (m− 1)∆t, where ∆t = 2π/(Nω). As the
Hamiltonian H̃ and metric W̃ are not dependent on the time explic-
itly, the effective Hamiltonian for the wavefunction projected by p̃m(t),
|Φm〉(t) = p̃m(t)|Ψ̃〉(t), is H[t +(m−1)∆t]. Here the Hamiltonians, H̃
and H(t), are the matrices appearing in Eqs. (7) and (8), respectively.
EPM is short for equivalent physical metric.

Metric EPM Hamiltonian
Physical p̃1(t) H(t)

Virtual

p̃2(t) p̃1(t +∆t) H(t +∆t)
...

...
...

p̃m(t) p̃1[t +(m−1)∆t] H[t +(m−1)∆t]
...

...
...

p̃N(t) p̃1[t +(N−1)∆t] H[t +(N−1)∆t]

Synthetic W̃= ∑m p̃m(t) H̃

After adapting the full rank metric W̃, the time depen-
dent Hamiltonian H(t) in real space must be mapped to a time
independent matrix H̃ whose element is

H̃ni,m j = 〈n, i|H̃|m, j〉

=
1
T

∫ T

0
〈i|H(t)| j〉e−i(m−n)ωt dt−δi jδnmnω,

where the last term is caused by a time derivative of e−inωt

of the basis (gauge factor). Then the evolution of the wave-
function |Ψ̃〉 = ∑ni ani|n, i〉 in the synthetic Hilbert space be-
comes

i
dani

dt
= ∑

m j
H̃ni,m jam j. (8)

3. Wave-packet evolution in synthetic 3D Weyl
metal
In this section, we will first consider a diffusion of wave

packet in a 3D Weyl metal. The numerical results are pre-
sented to illustrate the chiral nature of the Weyl points. From
this we confirm that the same results can be obtained based on
a 2D model.

The 3D lattice in Fig. 1(a) describes a Weyl metal sub-
jected to electric field E and magnetic field B along the z axis
(the electron charge e = 1),

H(t) = ∑
x,y,z
{−ic†

x+δx,y,zσxcx,y,z− i e iAy(x)c†
x,y+δy,zσycx,y,z

− c†
x+δx,y,zσzcx,y,z− c†

x,y+δy,zσzcx,y,z− c†
x,y,z+δ zσzcx,y,z

+ h.c.}+Mc†
x,y,zσzcx,y,z−Ezc†

x,y,zσ0cx,y,z. (9)

Here c†
x,y,z and cx,y,z are the two components creation and

annihilation operators at (x,y,z), δx(yz) are the lattice con-
stants along x(yz) and σ ’s are the Pauli matrices in the
two-component space. When E = 0 and B = 0, the model
will retrieve to the Hamiltonian H(kx,ky,kz) = 2sin(kx)σx +

2sin(ky)σy + [M− 2cos(kx)− 2cos(ky)− 2cos(kz)]σz, where
kx(yz) are the momenta along x(yz). It has two Weyl points
when 2 < |M| < 6, four Weyl points when |M| < 2 and zero
Weyl point when |M|> 6. Later, we will only discuss the case
of M = −5 and Bδxδy = 2π/21. So the magnetic unit cell is
21 times larger than the original unit cell in the xy plane.
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Fig. 1. (color online) (a) Left: The 3D cubic lattice described by Eq. (9).
Each site has two internal states standing for spin, orbital or sub-lattice de-
grees of freedom. External electric field E and magnetic field B are applied
in the z direction. Right: The 2D square lattice in Eq. (11). This lattice
also has two internal degrees of freedom on each site. A magnetic field B is
applied perpendicular to the plane. The Hamiltonians of the two models are
the same after extending the SD in time in the 2D model. (b) The spectrum
of the 3D lattice when BS = 2π/21 and E = 0, where S is the area of one
plaquette on the horizontal plane. The dots, whose color depths are standing
for the weights |〈φi(kz)|ψ(t = 0)〉|, show the initial wave packets |ψ(t = 0)〉
projected on the Landau band eigenstates |φi(kz)〉 with red and blue colors
distinguishing the two cases. Here i is the index of the Landau levels and
the momenta(defined on the magnetic unit cell) on the xy plane are taken as
kx = ky = 0 implicitly for both the wave packets and the eigenstates. (c) In
the first case(red), the wave packet will always be symmetric with respect to
the z = 0 plane. But in the second case (blue), the shape of the wave packet
should be asymmetric after evolution.

The diffusion of a wave packet is started from the state
ψ(x,y,z, t = 0) = δ (z)ψ0

kx,ky
(x,y), which is a delta function at

zero point in the z direction. Its xy components are kept as a
plane wave with the good quantum numbers, wave vectors kx

and ky, defined in the magnetic unit cell. So only the diffusion
in the z axis are interested. When E = 0, kz restores to be a
good quantum number and the dispersion of the Landau lev-
els with respect to kz is shown in Fig. 1(b). After turning on
the electric filed, as long as its strength is much smaller than
the spacing between the Landau levels, the tunneling between
different Landau levels can be ignored. In this simple Bloch
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oscillation scenario, the effect of E is to drag the momentum
kz along each Landau levels with a constant speed. The equa-
tion of motion can be summaries as ż = ∂Ei/∂kz and k̇z = E,
where the speed of a plane wave in the z direction is equal to
its group velocity and Ei is the energy of the ith Landau level.

Because the above equations are for the plane waves in
the z direction, correspondingly, we change the representation
of the wave packet from the real space to the momentum space.
For an initial delta wavefunction, its representation in the mo-
mentum space, kz, is a constant function. But as there are multi
Landau levels at each kz, its components may not smoothly
distribute on one Landau level. We schematically show the
two case in Fig. 1(b). When the initial wavefunction is equally
distributed on one Landau level, indicated by the red points
in the figure, its diffusion must be symmetric with respect to
the horizontal plane all the time. This can be read from the
counteraction of the total group velocity by the wave compo-
nents with opposite group velocities. In the second case, the
initial wave packet is distributed in both the positive and neg-
ative Landau levels. In one half of the period, the positive
group velocity dominates. While in the other half of period, as
long as E has dragged all kz by one half of the Brillouin zone,
the negative group velocity dominates. So the diffusion of the
wave packet is asymmetric around z = 0. In Fig. 1(c) we plot
the typical shapes of the wave packets in both symmetric and
asymmetric cases.

In the left column of Fig. 2, we display the diffusions of
the wave packets by solving the Schrödinger equation with the
4-th order Rugge–Kutta method. The open boundaries applied
in the z direction are far away from the origin so that they will
not affect the diffusion. The figures show the weights of the
wave packet above and below the z = 0 plane with P+(t) =
∑z>0,x,y |ψ(x,y,z, t)|2 and P−(t) = ∑z<0,x,y |ψ(x,y,z, t)|2. The
wave packet is symmetric with respect to z = 0 when P+(t) =
P−(t), and vice versa. In the right column, we show the projec-
tion of the initial states on the eigenstates of distinct Landau
bands. Just as we expected, the packets become asymmetric
in the second case and keeps symmetric in the first case. But
how could a delta wave-function in the z direction can have

these two kinds of distributions in the Landau bands? It can
be traced back to the chiral nature of the Weyl points. The
continuous wave-functions near the Weyl points are the eigen-
vectors of the Hamiltonian (the group velocity in the z direc-
tion and the oscillation frequency have been rescaled to unity)

H(kz) =

(
±kz a†

a ∓kz

)
, (10)

where a and a† are jumping operators between the Landau
levels. A wavefunction (φ0(x,y),0)Tδ (z) is weighted equally
in the 0-th Landau bands (φ0(x,y),0)T e ikzz. Here φ0(x,y)
is the 0-th Landau wavefunction in the xy plane. But for
the n-th Landau bands with the energy +

√
k2

z +n, the eigen-
state changes to (αφn(x,y),βφn−1(x,y))T e ikzz, where |α/β |=
√

n/|kz−
√

k2
z +n|. We notice that this ratio is changed from

less than 0.5 to larger than 0.5 when kz is passing the Weyl
point at kz = 0. So if the delta packet we prepared is strongly
weighted on this band when kz < 0, such weight should de-
crease when kz > 0. In compensation, the amplitude of the pro-
jection on the negative energy bands should be increased. This
forms the second layout of the projection shown in Fig. 1(b).

The last interesting property of the diffusion is that the
unbalanced diffusion can be observed on a randomly initial
wave-packet. As shown in Fig. 2, the packet is still delta in
the z direction, but is randomly prepared in the magnetic unit
cell in the x–y plane. Our numerical calculation indicates that
its diffusion is still unbalanced. The reason behind this phe-
nomenon is that such kind of random packet still has a bias
distribution in the Landau bands, shown in the right corner of
Fig. 2.

Now we come back to a 2D lattice reading as

H(t) = ∑
x,y

{
− ic†

x+δx,yσxcx,y− i e iAy(x)c†
x,y+δyσycx,y

+ [M−2cos(ωt)]c†
x,yσzcx,y

− c†
x+δx,yσzcx,y− c†

x,y+δyσzcx,y +h.c.
}
. (11)

In the framework spanned by {|n,x,y〉 = e−inωt |x,y〉}, the
Hamiltonian becomes

H̃ = ∑
n,x,y
{−ic†

n,x+δx,yσxcn,x,y− i e iAy(x)c†
n,x,y+δyσycn,x,y− c†

n,x+δ ,yσzcn,x,y− c†
n,x,y+δyσzcn,x,y− c†

n+1,x,yσzcn,x,y +h.c.}

+ Mc†
n,x,yσzcn,x,y−ωnc†

n,x,yσ0cn,x,y,

where cn,x,y (c†
n,x,y) are the second quantization operators of

the Dirac brackets 〈n,x,y| (|n,x,y〉). For a wavefunction
|Ψ̃〉 = ∑n,x,y an,x,y|n,x,y〉, its evolution is restricted by the
Schrödinger equation i d𝑎/dt = H̃𝑎. So the evolution of
{an,x,y} is identical to the components of a wavefunction in
the above Weyl lattice when ω = E.

But in representing |Ψ̃〉(t), we must remember that the in-
ner product has been redefined by the metric W̃. Among this
artificial metric, the physical part is p̃1(t) and the correspond-
ing physical wavefunction is

|Φ1〉(t) = p̃1(t)|Ψ̃〉(t) = ∑
x,y

(
1√
N ∑

n
an,x,y(t)e−inωt

)
|x,y〉.

126701-4
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Its evolution, by substituting ȧn,x,y into it, is i∂t |Φ1〉(t) =
H(t)|Φ1〉(t). One will realize that the Schrödinger equation
for the physical wavefunction in 2D system is restored. While
for the appended part of the metric p̃m(t) with m > 1, their
corresponding virtual wavefunctions are

|Φm〉(t) = p̃m(t)|Ψ̃〉(t)

= ∑
x,y

(
1√
N ∑

n
an,x,y(t)e−in(ωt+2π(m−1)/N)

)
and their evolution, after substituting ȧn,x,y, are i∂t |Φm〉(t) =
H(t + 2π(m− 1)/(ωN))|Φm〉(t). This means that the evolu-
tion of the virtual wavefunctions are still accessible in the 2D
system by a shift of time in the Hamiltonian.

Because the z direction in the 3D model is synthesized by
the n and the Fourier transformation of a delta function is a
constant function, we prepare a series of 2D lattices with iden-
tical initial wave-packets. The elements of this ensemble is
indexed by j = 1, . . . ,N. On the j-th lattice, we start the evo-
lution at t = 0 with the Hamiltonian H(t +2π( j−1)/N). The
evolution of each wave packet in the ensemble are calculated
by the 4-th order Rugge–Kutta method. To restore the repre-
sentation in the n (z) direction, An inverse Fourier transforma-
tion is employed in the ensemble. So the wavefunction at n (z)
in time t is ψn(x,y)(t) = (1/

√
N)∑ j e in jψ j(x,y)(t). We also

plot the weights P−(t) and P+(t) for n < 0 and n > 0 for sev-
eral kinds of initial wave-packets. These results are identical
to those in Fig. 2.
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Fig. 2. (color online) Left column: The weights of the wave packet P+ and
P− versus time t. Rigth column: The projection of the initial wave packet
on the Landau bands. Here we show the diffusion in the z direction for 4
kinds of initial packets ψ0

kx=0,ky=0(x,y) on the xy plane. The last row is for

a random pre-normalized initial packet, ψ0(x,y) = a+ ib, with a and b are
randomly chosen in [−0.5,0.5]. The results shown here are averaged over
1000 random configurations. The projections to the 0-th and ±1st Landau
levels are indicated in the right corner, while the projections on the other
Landau levels are shown but not indicated explicitly.

4. Conclusions and discussions
We understand the framework of extended Hilbert space

with the help of the metric in this space. Although the di-

mension of time is only one, it can produce as many SDs
as needed. For instance, when the Hamiltonian is H(t) =
H0 + H1(ω1t) + H2(ω2t) with incommensurate ω1 and ω2,
2 SDs can be generated by |n,m, i, j〉 = e−inω1t e−imω2t |i, j〉,
which is similar to that in the Floquet framework.[32] So by
subjecting a 2D system into the time-varying potential with
two incommensurate frequencies, one will able to simulate
a four-dimensional model. This may be used to studies the
transport in the models with nonzero second kind of Chern
numbers.

When considering the modulate time as a parameter, this
approach is, in principle, similar to the other proposals based
on parameters. But as the SD here is along the direction of
energy, the framework is flexible when a boundary or a do-
main wall is needed in the SD. They may be realized when a
damping mechanics is enrolled. Typically the damping caused
by phonons in the environment has a threshold in the energy.
It is not active when the energy is smaller than the minimal
energy of the phonons Ωc. So the SD can be effectively sep-
arated into two domains by the condition |nω| ∼ Ωc. These
two regions will have different effective temperatures depend-
ing on whether the damping is acted or not. This topic can be
investigated to study the topological protected boundary state
in the SD.

We also show that the Bloch oscillation in 3D Weyl metal
can be simulated exactly on a 2D insulator subjected to both
periodic on-site potential and perpendicular magnetic field.
The diffusion can be asymmetric when the initial wave packet
is not on the 0th Landau level. This is different from the chiral
anomaly, which relies on the unbalanced electrons on the 0th
Landau level.
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