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First-principles calculations within the anisotropic

Migdal–Eliashberg theory∗

Wei Xia(夏威), Jie Zhang(张洁), and Gui-Qin Huang(黄桂芹)†

School of Physics and Technology, Nanjing Normal University, Nanjing 210023, China

(Received 29 July 2018; revised manuscript received 30 September 2018; published online 10 November 2018)

The spin-polarized band structures of an ultrathin Pb/MoTe2/Pb heterostructure are calculated via first-principles den-
sity functional theory. The electron–phonon interaction and the superconducting properties of the ultrathin Pb/MoTe2/Pb
heterostructure are studied by using the fully anisotropic Migdal–Eliashberg theory powered by Wannier–Fourier inter-
polation. Due to the complex Fermi surface in this low-dimensional system, the electron–phonon interaction and the
superconducting gap display significant anisotropy. The temperature dependence of the superconducting gap can be fitted
by solving numerically the Bardeen–Cooper–Schrieffer (BCS) gap equation with an adjustable parameter α , suggesting
that phonon-mediated mechanism as its superconducting origin. Large Rashba spin-splitting and superconductivity coexist
in this heterostructure, suggesting that this hybrid low-dimensional system will have some specific applications.

Keywords: heterostructure, electron–phonon coupling, Rashba spin-splitting, superconductivity, first-
principles calculation
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1. Introduction
Inspired by graphene, two-dimensional (2D) nanoscale

materials are now experiencing a great surge of research in-
terest in the field of materials science and physics because of
their intriguing nanoscale structure and novel electronic and
magnetic properties for applications in future nanoelectronic
devices.[1–6] During the process of searching for promising
materials, layered transition-metal dichalcogenides have been
important members of the 2D materials. Mo and X (X =S,
Se, Te) consist of stacked X–Mo–X layers, where the hexag-
onally packed transition metal Mo atom is typically trigonal
prismatic coordinated with chalcogenide atoms X . The Mo–
X bonds within one layer are covalent, but the sandwich lay-
ers are coupled only by weak van der Waals interaction,[7–9]

resulting in easy cleavage of planes. Theoretical studies
have revealed that indirect gap semiconductors 2H–MoX2 be-
come direct gap semiconductors with significantly larger gap
energy than those of the bulks when thinned to a single
layer.[10–16] Very recently, a long spin lifetime of more than
1 ns has been detected in polarization-resolved photolumines-
cence measurements,[17] demonstrating that the spin lifetimes
in the MoS2 have outpaced that in graphene. This is because
the spin–orbit coupling (SOC) and absence of inversion sym-
metry in MoS2 suppress spin relaxation and hence, enhances
the spin lifetimes.[18] Compared to the MoS2, MoTe2 has a
stronger SOC and a smaller direct energy band gap (1.1 eV)[19]

in monolayer (ML), which is considered to be used for ideal
valleytronic and optical devices.[20,21]

However, single material systems with restricted proper-
ties limit the development and application of the 2D materials.
To date, more and more studies of TMDs are concerned with
heterostructure systems.[22] One can explore an abundance
of the electronic properties by stacking TMDs with metal
materials.[20] In photodetection applications, the metal–TMD
interface plays an active role of enhancing photoresponse.[23]

The surface Co atoms tend to form highly stable ferromagnetic
states and exhibit a 100% current polarization (half-metal)
in the newly formed Co/MoS2 heterostructure.[24] Rashba
spin-splitting of electronic bands is found in MoS2/Bi hybrid
systems.[25]

Nanoscale metal–semiconductor structure materials oc-
cupy an important position in semiconductor and micro-
electronic field due to their abundant physical phenomena
and effects. The ultrathin films of the heavy metal inter-
faced with a semiconductor substrate have received increasing
attention.[26–28] By first-principles calculations, our previous
work[29] has found that extremely large Rashba spin-splitting
(about 350 meV) appears in the ultrathin Pb(111)/MoTe2 het-
erostructure. The lattice mismatch at the interface of this hy-
brid system is very small due to the same hexagonal struc-
ture and the nearly same lattice constants of two materi-
als. However, the electronic devices are often fabricated
with two metal contacts and form a metal–semiconductor–
metal structure. So here in this work, we construct ultrathin
Pb(111)(1 ML)/MoTe2(1 ML)/Pb(111)(1 ML) heterostruc-
ture, which has the mirror symmetry. One of the motivation
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of this work is to study the different behavior of Rashba spin-
splitting from that in asymmetry Pb(111)/MoTe2 heterostruc-
ture. Furthermore, many 2D materials have been found to be
superconductors.[26,30–33] Pb is a conventional superconduc-
tor, so we want to know if superconductivity also appears in
this ultrathin Pb(111)(1 ML)/MoTe2(1 ML)/Pb(111)(1 ML)
heterostructure. This is another motivation of this work. If
large Rashba spin-splitting and superconductivity coexist, this
heterostructure will have some novel quantum effects and spe-
cific applications. In this paper, we will systematically inves-
tigate the electronic structure and lattice dynamics of a het-
erostructure composed of 1-ML-MoTe2 and Pb by using the
first-principles method. The electron–phonon (EP) interac-
tion and the superconducting properties are studied by using
the fully anisotropic Migdal–Eliashberg theory powered by
Wannier–Fourier interpolation.

2. Computational method
The optimized norm-conserving Vanderbilt pseudopo-

tential[34] method is used with the PWSCF program of the
Quantum-ESPRESSO distribution. [35] The Perdew–Burke–
Ernzerhof (PBE) formulation of the generalized gradient ap-
proximation (GGA) pseudopotential, with SOC included is
employed to describe the electron–electron exchange and cor-
relation energies.[36] The highest kinetic energy in the plane-
wave basis set is 80 Ry (1 Ry = 13.6056923(12) eV). Ul-
trathin Pb(111)/MoTe2/Pb(111) is modeled by using the slab,
20-Å vacuum layers are set in order to avoid the interaction be-
tween layers. Electronic and vibrational states are computed
by sampling the Brillouin zone on (12,12,1) and (6,6,1) grids,
respectively. Maximally localized Wannier functions are de-
termined by the WANNIER90 program.[37] For the initial pro-
jection, we use the d orbitals for the Mo atom and sp3 hybrid
orbitals for Pb and Te atoms. The electron energies, phonon
frequencies and EP matrix elements on fine grids are obtained
by using the Wannier–Fourier interpolation technique. The
fine grids of 𝑘 and 𝑞 points are (48,48,1) and (24,24,1), re-
spectively. The EPW program[38] is used to perform the sub-
sequent EP interpolation and solve the anisotropic Eliashberg
equations. The technical details of these calculations are de-
scribed in Ref. [38].

3. Results and discussion
The stable geometric structure of 1-ML-MoTe2 at am-

bient conditions is the 2H phase.[39] The Te atoms are ar-
ranged in a trigonal prismatic coordination of Mo atoms and
the stacking of atomic planes is an /ABA/ sequence. For the
Pb/MoTe2/Pb heterostructure, because of the very small lattice
mismatch, a surface (1×1) cell is used. The top and side views
of the structure of Pb/MoTe2/Pb heterostructure are sketched
in Figs. 1(a) and 1(b). It has mirror symmetry with the Mo
layer as the center plane. There are three possible sites (T1,
T2, H3) occupied for the contacted Pb atoms. The T1 (T2) site
is on the Mo (Te) atom. The H3 site is on the hollow center of

the 2H hexagonal lattice. According to the calculations of the
total energy after structural relaxation, the energy for H3 site is
lower than that in T1 (T2) site by 0.036 (0.035) eV. In the fol-
lowing calculations, we will only study the H3 configuration.
The stacking sequence of this configuration is /CABAC/, as
labeled in Fig. 1(b). Our optimized lattice constant of the het-
erostructure is 3.524 Å, which is very close to the experimen-
tal lattice constant of MoTe2 (3.52 Å).[40] The interlayer dis-
tance D between Pb and 1-ML-MoTe2 is D = 2.947 Å, which
is much smaller than interlayer distance (3.522 Å) of the bulk
MoTe2. After 1-ML-MoTe2 is in contact with Pb, the bond
length between Mo and Te (d) is increased by 1.23%. This
is due to a charge transfer at the interface, which weakens the
covalent bond between Mo and Te atoms.
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Fig. 1. (color online) Schematic crystal structures: (a) Top and (b) side
views of the Pb/1ML-MoTe2/Pb heterostructure.

For Pb/MoTe2/Pb heterostructure, the band structure
along some high symmetry directions is shown in Fig. 2(a).
The corresponding Fermi surface is shown in Fig. 2(b). The
green triangles in Fig. 2(a) indicate the contribution from Pb
atom. The marker size is proportional to its electron density.
It can be clearly seen that the bands near the Fermi energy
(EF) are mainly contributed by Pb. After spin-splitting, there
are four conduction bands and four valence bands crossing the
Fermi level. The Fermi surface consists of two nearly double
degenerate circle-like hole pockets centered around the zone
center (Γ̄ point). Around the zone corner (K̄ point), there are
four arc-type electron pockets. Furthermore, the Fermi surface
consists of two boat-like electron pockets at a point between
Γ̄ and K̄. The band projection shows a strong hybridization
between the pz orbital of Pb and dz2 of Mo for the hole bands
near Γ̄ point. The electron bands near the K̄ point are mainly
derived from in-plane orbitals.

The spin-splitting, i.e., the Rashba effect, originates
from the strong SOC and space inversion asymmetry. The
Pb/MoTe2/Pb heterostructure has no space inversion symme-
try, but it has center mirror symmetry. The out-of-plane po-
tential gradient equals zero, so in-plane spin polarization dis-
appears, and it only has out-of-plane spin-polarization. This
is different from the case in the asymmetric Pb/MoTe2 het-
erostructure. Due to the time reversal symmetry between the
K̄ and K̄′ points (labeled in Fig. 2(b)), the out-of-plane spin-
polarization orientation is reversed. The largest spin-splitting
occurs in the two lowest conduction bands at the K̄ or K̄′

points and the corresponding spin-resolved band structures are
sketched in the inset of Fig. 2(a). The values of two spin-
splittings are about 364 meV and 263 meV, as sketched in
Fig. 2(a).
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Fig. 2. (color online) (a) The band structure of the Pb/MoTe2/Pb heterostructure along some high symmetry directions. Inset: out-of-plane spin-polarization
bands around K̄ and K̄′ points; (b) the Fermi surface of the Pb/MoTe2/Pb heterostructure.

The calculated phonon spectrum and the total phonon
densities of states (DOS) F(ω) for the Pb/MoTe2/Pb het-
erostructure are shown in Figs. 3(a) and 3(b). We can see that
there is no imaginary frequency in the full phonon spectrum,
which indicates its dynamical stability. In general, the acous-
tic modes and the interlayer modes between Pb and MoTe2

are often in the low-frequency range, while the Mo–Te bond-
stretching modes within the monolayer MoTe2 are often in the
high-frequency range. The calculated projected phonon DOS
for the single atom is shown in Fig. 3(d). Due to the large
difference of mass of the three atoms, their contribution to the
phonon DOS is separated. The vibrations of Pb (Mo) atoms
occupy below 6 meV (above 23 meV), while the vibrations of
Te atoms occupy the middle frequency region. At the side of
high-frequency, the vibrations of Mo and Te atoms are cou-
pled.

Within the isotropic Eliashberg theory, the spectral func-
tion α2F(ω) can be given by[41,42]

α
2F(ω) =

1
NF

∑
mn

∑
ν

|g𝑞ν

n𝑘,m𝑘+𝑞|
2

·δ (εn𝑘− εF)δ (εm𝑘+𝑞− εF)δ (ω−ω𝑞ν). (1)

Here, NF is the DOS at the EF, the gmn,ν(𝑘,𝑞) is the EP scatter-

ing matrix element which can be determined self-consistently

by the linear response theory. εn𝑘 is the energy of an electronic

state
∣∣n𝑘〉 with crystal momentum 𝑘 and band index n, ω𝑞ν is

the frequency of a phonon with wave vector 𝑞 and branch in-

dex ν . The frequency-dependent EP coupling reads

λ (ω) = 2
∫

ω

0

α2F(Ω)

Ω
dΩ . (2)

Our obtained α2F(ω) and λ (ω) are shown in Fig. 3(c). It

is found that α2F(ω) has a pronounced peak below 6 meV,

which coincides well with the peak of the projected phonon

DOS of Pb atoms. We obtain λ (ω = 6 meV) = 1.14, being

about 82% of the total EP coupling λ (ω = ∞) = 1.39. So our

results show that the modes from the vibrations of Pb atom

have dominant contribution to the EP coupling.
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Fig. 3. (color online) (a) Phonon spectrum; (b) total phonon density of states of the Pb/MoTe2/Pb heterostructure; (c) Eliashberg function α2F(ω) with
integrated EP coupling constant λ (ω); and (d) projected phonon DOS for the Pb/MoTe2/Pb heterostructure.

To study the anisotropy in the EP couping, we evaluate the crystal momentum 𝑘 and the band index n-dependent EP coupling
λn𝑘, which is given by

λn𝑘 = ∑
mν

∫
BZ

d𝑞
ΩBZω𝑞ν

|gmn,ν(𝑘,𝑞)|2δ (εn𝑘− εm𝑘+𝑞±ω𝑞ν), (3)

where ΩBZ is the volume of the Brillouin zone. The distribution of λn𝑘 is shown in Fig. 4(a). It displays a significant anisotropy
with a distribution in the 0.95–2.25 range. Then momentum 𝑘-resolved EP coupling parameter λ𝑘 = ∑

n
λn𝑘, with the sum over

the electron states within ±200 meV from the Fermi energy. The variation of λ𝑘 on the Fermi surface is shown in Fig. 4(b). It
displays a significant anisotropy. The behavior of its complex variation is probably due to its complex Fermi surface shown in
Fig. 2(b). We see that λ𝑘 is especially high near the K̄ point, where the largest spin-splitting occurs.
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Fig. 4. (color online) (a) The distribution of λn𝑘 for Pb/MoTe2/Pb heterostructure. (b) The variation of λn𝑘 on the Fermi surface, the data points correspond
to electrons within ±200 meV from the Fermi energy.

The superconducting properties of the Pb/MoTe2/Pb heterostructure are obtained by solving the following anisotropic
Migdal–Eliashberg equations[43–46]

Zn𝑘(iω j) = 1+
πT

NFω j
∑
m j′

∫ d𝑞
ΩBZ

ω j′√
ω2

j′ +4
2
m𝑘+𝑞(iω j′)

×δ (εm𝑘+𝑞− εF)λn𝑘,m𝑘+𝑞(ω j−ω j′), (4)

Zn𝑘(iω j)∆n𝑘(iω j) =
πT
NF

∑
m j′

∫ d𝑞
ΩBZ

4m𝑘+𝑞(iω j′)√
ω2

j′ +4
2
m𝑘+𝑞(iω j′)

×δ (εm𝑘+q− εF)[λn𝑘,m𝑘+𝑞(ω j−ω j′)−µ
∗], (5)
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where Zn𝑘(iω j) is the mass renormalization function, ω j = (2 j+1)πT (with j being an integer and T the absolute temperature)
are Fermion Matsubara frequencies, ∆n𝑘(iω j) is the superconducting gap function, λn𝑘,m𝑘+𝑞(ω j−ω j′) is the momentum- and
energy-dependent EP interaction, and µ∗ is the semiempirical Coulomb parameter. The anisotropic λn𝑘,m𝑘+𝑞(ω j−ω j′) to be
used in the Eliashberg equations is given by

λn𝑘,m𝑘+𝑞(ω j) = NF ∑
ν

∫
∞

0
dω

2ω

ω2
j +ω2 |gmnν(𝑘,𝑞)|2×δ (ω−ω𝑞ν). (6)

The equations are first solved self-consistently along the imaginary axis and then the gap at real-valued frequencies is obtained
via Padé approximants.[47,48]

The superconducting gap ∆𝑘 on different parts of the Fermi surface at 1 K is shown in Fig. 5(a). We find that the distribution
feature is very similar to that for EP coupling parameter λ𝑘 shown in Fig. 4(b). It also displays a significant anisotropy. Figure 5(b)
shows the superconducting energy gap ∆𝑘 as a function of temperature, calculated for a screened Coulomb parameter µ∗ = 0.1.
The average value of the gap at each temperature is shown by square and ∆0 is about 1.10 meV in the T = 0 K limit. The
superconducting Tc is identified as the highest temperature at which the gap vanishes. From Fig. 5(b) we obtain Tc = 6.5 K.
This value is larger than the value (Tc = 5.6 K) when Allen–Dynes equation is used to estimate the superconducting transition
temperature. Our obtained ratio α = ∆0/kBTc = 1.955, which is larger than the ideal BCS value of 1.764.[49] The BCS gap
equation is given by [50] ∫ kBΘD

0

dε

E
tanh

(
E

2kBT

)
= ln

(
2ΘD

αTc

)
, (7)

Where E =
√

ε2 +∆ 2 and ΘD is Debye temperature. By solving the BCS gap equation numerically, the temperature dependence
of the superconducting gap is fitted and is shown in Fig. 5(b). The blue dashed line is obtained when α is taken as our calculated
value (1.955). The green solid line is obtained when α is taken as the ideal BCS value (1.764).[49] It can fit our data at the
temperature approaching Tc. Different α is needed in the BCS gap equation, probably because of strong anisotropy of the
EP interaction. For completeness, we also explore the sensitivity of the calculated superconducting energy gap and critical
temperature to the choice of the Coulomb parameter µ∗, as shown in Figs. 5(c) and 5(d). For µ∗ = 0, 0.05, and 0.12, we obtain
∆0 = 1.83, 1.32 and 1.02 meV and Tc = 10.0, 7.8 and 6.3 K, respectively.
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Fig. 5. (color online) (a) The superconducting gap at 1 K within±200 meV from the Fermi energy, (b) energy distribution of the anisotropic superconducting
gap ∆k of Pb/MoTe2/Pb heterostructure as a function of temperature, (c) calculated superconducting critical temperature as a function of the Coulomb
parameter µ∗, and (d) calculated superconducting gap at the Fermi level in the T = 0 K limit as a function of the Coulomb parameter µ∗.
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The Pb/MoTe2/Pb heterostructure is a low-dimensional
system with A complex Fermi surface, so the isotropic
Migdal–Eliashberg equation is inadequate. Our calculated re-
sults show that the EP interaction has significant anisotropy.
The temperature dependence of the superconducting gap can
be fitted by solving the BCS gap equation numerically, but
with an adjustable parameter α . These results provide sup-
port for a conventional phonon-mediated mechanism as the su-
perconducting origin. Furthermore, in the Pb/MoTe2/Pb het-
erostructure, the spin-splitting is completely out-of-plane and
opposite at the K̄ and K̄′ points, and we find that the value
of the spin-splitting near K̄ point is much larger than the su-
perconducting gap. This case is very similar to the case in
monolayer transition metal dichalcogenides, the pairing state
can be interpocket pairing (spin-singlet) or intrapocket pairing
(spin-triplet) as suggested by Hsu et al.,[51] which suggests
that the Pb/MoTe2/Pb heterostructure may be a candidate for
topological superconductors. Artificially engineered topolog-
ical superconductivity in hybrid structures is currently attract-
ing significant attention. Experimentally, proximity-induced
superconductivity at the edges of nanowires has been stud-
ied by many groups and there is accumulating evidence in the
search for Majorana fermions.[52,53] Regarding the semicon-
ductors with Rashba-split bands, there has been no experiment
so far on a 2D system according to the best of the author’s
knowledge. The Pb/MoTe2/Pb heterostructure may be of in-
terest for further experimental study.

4. Conclusions
In summary, we have investigated the peculiar elec-

tronic structures of the Pb/MoTe2/Pb heterostructure by using
density-functional theory. Due to strong SOC and space in-
version asymmetry, large Rashba spin-splitting of electronic
bands appears in this hybrid system. We have also studied
superconducting properties of the Pb/MoTe2/Pb heterostruc-
ture within the anisotropic Migdal–Eliashberg theory. Due to
the complex Fermi surface in this low-dimensional system,
the EP interaction and the superconducting gap display sig-
nificant anisotropy. The temperature dependence of the super-
conducting gap can be fitted by solving the BCS gap equa-
tion numerically, but with an adjustable parameter α , suggest-
ing a phonon-mediated mechanism as its superconducting ori-
gin. The spin-splitting near the K̄ point is much larger than
the superconducting gap, implying that the Pb/MoTe2/Pb het-
erostructure may be a candidate for topological superconduc-
tivity.
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