http://cpb.iphy.ac.cn
http://iopscience.iop.org/cpb

Chinese Physics B

Ghost images reconstructed from fractional-order moments with thermal light

De-Zhong Cao(# ), Qing-Chen Li(Zi%)2), Xu-Cai Zhuang(FE401t), Cheng Ren(ff7k), Su-Heng Zhang(7kZ18),
Xin-Bing Song(A#R#Ti%)

Citation:Chin. Phys. B . 2018, 27(12): 123401. doi: 10.1088/1674-1056/27/12/123401

Journal homepage: http://cpb.iphy.ac.cn; http://iopscience.iop.org/cpb

What follows is a list of articles you may be interested in

Reflective ghost imaging free from vibrating detectors

Heng-xing Li(ZE1EA), Yan-feng Bai([1#4%), Xiao-hui Shi(JitiB#), Su-qin Nan(E75%8), Li-jie QuUE A7), Qian Shen(it
), Xi-quan Fu(f# # 5%)

Chin. Phys. B . 2017, 26(10): 104204. d0i: 10.1088/1674-1056/26/10/104204

Optical encryption scheme based on ghost imaging with disordered speckles

Yu-dong Zhang(5k & %<), Sheng-mei Zhao(#A 4= 4k)
Chin. Phys. B . 2017, 26(5): 054205. doi: 10.1088/1674-1056/26/5/054205

Increasing the range accuracy of three-dimensional ghost imaging ladar using optimum slicing
number method

Yang Xu, Zhang Yong, Xu Lu, Yang Cheng-Hua, Wang Qiang, Liu Yue-Hao, Zhao Yuan
Chin. Phys. B . 2015, 24(12): 124202. doi: 10.1088/1674-1056/24/12/124202

Ghost imaging with broad distance

Duan De-Yang, Zhang Lu, Du Shao-Jiang, Xia Yun-Jie
Chin. Phys. B . 2015, 24(10): 104203. doi: 10.1088/1674-1056/24/10/104203

Dynamical effects of the four-wave mixing enhancement induced by constructive quantum
interference

Xue Yan, Wang Gang, Wu Jin-Hui, Zhang Bing, Gao Jin-Yue
Chin. Phys. B . 2011, 20(3): 033403. d0i: 10.1088/1674-1056/20/3/033403


http://cpb.iphy.ac.cn/EN/abstract/abstract73189.shtml
http://cpb.iphy.ac.cn/
http://iopscience.iop.org/cpb
http://cpb.iphy.ac.cn/EN/abstract/abstract70741.shtml
http://cpb.iphy.ac.cn/EN/abstract/abstract69890.shtml
http://cpb.iphy.ac.cn/EN/abstract/abstract65944.shtml
http://cpb.iphy.ac.cn/EN/abstract/abstract65944.shtml
http://cpb.iphy.ac.cn/EN/abstract/abstract65423.shtml
http://cpb.iphy.ac.cn/EN/abstract/abstract25956.shtml
http://cpb.iphy.ac.cn/EN/abstract/abstract25956.shtml

Chin. Phys. B Vol. 27, No. 12 (2018) 123401

Ghost images reconstructed from fractional-order moments
with thermal light*

De-Zhong Cao(H & /)17,
Cheng Ren({F7K)!,

Xu-Cai Zhuang(H=4511)!,
and Xin-Bing Song(‘AR#T4L)>+

Qing-Chen Li(Z5% /2)!,
Su-Heng Zhang(7k #1H)?,

1Department of Physics, Yantai University, Yantai 264005, China
2CoHege of Physics Science and Technology, Hebei University, Baoding 071002, China
3Department of Physics of Complex Systems, Weizmann Institute of Science, Rehovot 76100, Israel

(Received 29 July 2018; revised manuscript received 30 September 2018; published online 10 November 2018)

We present the joint probability density function (PDF) between the bucket signals and reference signals in ther-
mal light ghost imaging, by regarding these signals as stochastic variables. The joint PDF allows us to examine the
fractional-order moments of the bucket and the reference signals, in which the correlation orders are fractional numbers,
other than positive integers in previous studies. The experimental results show that various images can be reconstructed
from fractional-order moments. Negative (positive) ghost images are obtained with negative (positive) orders of the bucket
signals. The visibility and peak signal-to-noise ratios of the diverse ghost images depend greatly on the fractional orders.
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PACS: 34.80.Pa, 42.30.-d

1. Introduction

High-order correlation measurement is an important tool
for image acquisition between correlated systems. In the sys-
tem of thermal light ghost imaging (TLGI),!'="! the object in-
formation is reconstructed by measuring the intensity corre-
lation functions between the bucket (object) signals and ref-
erence signals. From the viewpoint of probability theory,
these correlation functions <I§ JAd > are the joint moments of
the bucket signals Iz and reference signals /.. In the previ-
ous investigations, all of the correlation orders (1 and v) were
positive integers. The most favorite choice was © =v = 1.
In 2006, TLGI without lenses/®°! was proposed and inves-
tigated by two groups. Computational TLGI''” was per-
formed with just bucket signals by Shapiro in 2008. Recently,
TLGI was applied to remote sensing,!'!! lidar,['>13] imag-
ing encryption,!'* and biomedical imaging.!">! The higher
integer-order intensity correlation functions were proposed to
enhance the visibility degree!'®! and to improve the contrast-
to-noise ratios!! 7131 of the ghost images.

The positive integer orders are no longer suitable in cer-
tain circumstances. For examples, the fractional-order mo-
ments must be considered in processes such as truncated Lévy
flights['”! and atmospheric laser scintillations.?’! In this pa-
per, we investigate the fractional-order moments, where the
orders u and Vv are fractional numbers, between the bucket
and reference signals in TLGI systems. The crucial step for

fractional-order moments in our theory is to determine the pre-
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cise joint probability density function (PDF) P»(Ig, I;) between
the bucket signals and reference signals. The object informa-
tion can be reconstructed with the fractional-order moments

(I51)) /I“I"xPz I, I)dIgdl; ()

for any arbitrary correlation orders.

In real experiments, the orders of the reference signals are
set positive to avoid infinity, while the orders of the bucket sig-
nals can be positive or negative fractional numbers. We find
that negative (positive) ghost images are obtained in measuring
fractional-order moments with negative (positive) orders of the
bucket signals. The visibility degrees and signal-to-noise ra-
tios (SNRs) of the ghost images vary with the fractional orders.
In this paper, the fractional-order moments in TLGI are exam-
ined in an experiment with a binary object. Advertise ghost
images are reconstructed by measuring fractional-order mo-
ments of the stochastic bucket and reference intensity signals.
Since the correlation orders are not restricted within integers,
the visibility and SNR of the ghost images can be controlled
in a delicate way.

2. Joint probability density function between the
bucket and reference signals

Figure 1 shows a sketch of our experimental setup to mea-
sure the fractional-order moments in thermal light ghost imag-
ing. The thermal light fields in the object plane and reference
plane are represented by two identical sets of random speckles.
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The bucket detector Dy converts the total optical intensity out
of the object, depicted by the letter “A”, into the bucket signals
Is. The reference detector D, scans in the reference plane and
converts the local intensity into the reference signals I;. In the
experiment, the bucket detector and reference detector are two
charge coupled devices. The correlator device is used to mea-
sure the fractional-order moments <Il‘3l JAd > A screen shows the
ghost image that is reconstructed from the fraction-order mo-
ments of the bucket and reference signals.

We synchronically divide the object and reference planes
into n identical units, as shown in Fig. 1. We assume that: (i)
all the units are small enough to maintain the object details,;
(ii) the unit size is comparable with the resolving power of the
thermal light ghost imaging, which is inversely proportional
to the coherence length of the optical fields in the object and
reference planes; and (iii) the thermal fields in all the units are
statistically independent from each other.

p(1)

bject
’ o Py(1,), m=2

P,(I,), m=5

random
speckles

8 10

12

correlator (I/1)")

Fig. 1. (color online) A sketch of the experimental setup. The random speck-
les are two identical pseudo-thermal light beams. The upper is the object
beam and the lower is the reference beam. Dy is the bucket detector, and
the pixel detector D, registers the reference beam. The fractional moments
<1§ Al > are performed by the correlator. The subplot shows the PDFs in
Eq. (16) for m =1, 2, and 5, where m is the number of the nonzero units in
the object.

According to probability theory, we regard the thermal
light intensities of the reference signals as a set of stochastic
variables I, = {I,b,...,I,}. Each element of the reference
signals I; (i = 1,2,...,n) independently meets the negative ex-
ponential probability distribution p(I;) = (1/Iy)e /0, where
the constant Iy represents the intensity average.

The object is described by a column vector T =
{t1,t2,...,t,}', where the prime denotes matrix transposition,
0 <t; < 1 is the transmittance or reflectivity of the i-th object
unit. The object signals can also be regarded a set of stochastic
variables

Y:{IlthIZtZa"'?Intn}:{y17y27"'7yn}7 (2)

where y; = Iit; (i = 1,2,...,n). Therefore, the PDF of the vari-
able y; from the i-th object unit becomes

i/t | BN
pi(yi) _ p(yl/ l) — e y,/l()l,7 (3)
t; Ipt;
where i = 1,2,...,n. We can see from Eq. (3) that each vari-

able in the object plane fulfills the negative exponential dis-
tribution, just with a modified average lpz;. We note that the

limitation of p;(y;) becomes lljg}) pi(yi) = 6(y;) when ¢; tends
to zero. l

The bucket detector Dg collects all of the object beams.
Therefore, the bucket signals can be described by a stochastic

n n
=Y yi=)Y Iti, “
=1 =l

which is a linear sum of n independent variables {/;} with cor-

variable

responding weights {z;}. Consequently, the PDF for the bucket
signals is expressed by

ry(lg) =2 " [[1,Pi(9)] . )

s—Ip

where p;(s) is the Laplace transformation of p;(x)

1
pi(s) = £ [pi = 6
pi(s) 2 [p,(x)] 1+ (Ioti)s’ (6)
the symbol .Z denotes the Laplace transformation from vari-
X—S
able x to s, and .,2’; ~1 denotes the inverse Laplace transforma-
S—Ip

tion.

As shown in Eq. (4), each element /; is in correspondence
with the variable y; = Iit; of the bucket signal Iy. The joint
PDF between the two variables, [; and y;, is p(1;)6(y; — Iit;).
Except for y;, the other n — 1 variables {y;} ;. in the bucket
signal (4) are statistically independent of the reference signal
I;. Thus, the joint PDF between the bucket signals /g and the
reference signal /; is obtained as

Py(Ig, 1) = Py (I — Iiti) % pi(L;), @)
where i =1,2,...,n, and
Py(ly) =2 [ I1 z%-(s)] @®)
e[ j=10i#0)

is the PDF of the variable I]’3 = Iz — I;t;. Equations (4), (5), and
(6) are taken into account in Eq. (7).

Obviously, the joint PDF P, (I, I;) reflects the intrinsic re-
lation between the bucket signals /g and the reference signal
element /;. The joint PDF P, (Ig,1;) can be separable only if
t; = 0. Another feature should be noted that PDFs of Pg(/g) in
Eq. (5) and P,(Ig,I;) in Eq. (7) do not depend on the specific
distribution of the object but instead depend on the histogram
of the object. In this paper, these PDFs form the probability
theory basis of image reconstruction in correlated ghost imag-
ing systems.

3. Fractional-order moments for ghost imaging

Since the reference signals meet negative exponential dis-
tribution p(I;) = (1/Ip)e /M, it is clear that p(I; = 0) > p(I;).
The fractional-order moment of the reference signal is

)= /0 T % p()dl =T(1+ VI ©)
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for any fractional number v, where the Gamma function is

r(1+v) :/ e 'dt,
0

and i = 1,2,...,n. Since the largest probability of the refer-
ence signal lies at /; = 0, we should set v positive (v > 0) to
avoid infinity.

As was proven previously, the bucket signals no longer
meet the negative exponential distribution. Specifically, we
consider a simple case that the object contains only two
nonzero points 7 = {t,5,}/, where #; > 0 and 7, > 0. Both
variables in ¥ = {y;,y2} and Eq. (2) meet the probability den-
sity function in Eq. (3). Considering Egs. (3) and (5), we ob-
tain the PDF of the bucket signals as
e~ B/lott _ ¢—1B/lon2

INGER)
= 0. For trivial objects #; =t, =t¢, the PDF
of the bucket signals is Py (Ig) = (Ig/I3 -1*)e ~/B/10" . Similarly,
it can be proven that P3(Iz = 0) = 0 is always valid for more
complicated objects than the two-point object. The fractional
moment of the bucket signal is

Py(Ig) = (10)

We find Pg(Ig = 0)

(I5) = /szg x Pg(Ig)dlp, (11)

where 1 can be any arbitrary fractional numbers since the
probability Ps(Ig = 0) = 0 for any real object.

The fractional-order joint-moment in Eq. (1) between the
bucket and reference signals now can be specifically written as

(161" /dIB / dI,-xI]g‘Ii"Pz(IB,I,-). (12)

The object information can be reconstructed by measuring the
set of fractional-order moments

(Ity) ={{s0) . (L), (Igh)} - (13)
in the TLGI experiments. For the same reason as mentioned
previously, the fractional numbers in Eqgs. (12) and (13) meet
v>0andu #0.

We should pay more attention to the fractional-order mo-
ments (I51)), and (I§1)), for t; = 0 and #; = 1, respectively.
The former, in the case t; = 0, defines the background of the
ghost images (I Ii">0 = (I§)(IY). Meanwhile, the latter, in
the case t; = 1, <I]’3l Ii">1 defines the correlation function in ac-
cordance with the highest value of the object. These fractional-
order correlation functions meet

<I§Iiv>1(u>0) > <Il§l[iv>07 <I§]ly>l(u<0) < <1§11y>0' (14)
It is clear that the ghost image is above its background when
U > 0, and is below its background when p < 0; that is, nega-
tive (positive) ghost images can be obtained for negative (pos-
itive) fractional orders U.
Consequently, the visibility degree and peak SNR of the
ghost images in fractional-order moments are defined as

_ |<I§Iiv>1 B <I§Iiv>0|
(1Y), + (1Y),

_ YN ), — (1),
\/‘ 2#,2\/ <Iu1v>)

where N is the number of sampling in experiment, the symbol

s)

|---| is used to make the visibility and peak SNR compatible
with both the positive and negative images.

In principle, the precise forms of the PDF Pg(Ig) and joint
PDF P (Ig,1;) can be determined if the histogram of the object
is given. The fractional moments <I§ JAd > can further be used
to retrieve the object information. Later on, we show the ex-
perimental results of the fractional-order moments for binary
objects in TLGI.

4. Experiment results with binary objects

To explicitly exhibit the probability theory method and to
illustrate the characteristics of ghost images from fractional-
order moments in TLGI, we consider the case of binary objects
where the values of the object units are just #; = 0 or 1. From
Eq. (5), the bucket signals meet Gamma distribution with PDF

m—1
IB

—Ig /Iy
ot/ (16)
(m—1)'Ij

Ps(I) =
where m is the number of the nonzero units in the object. The
PDFs Ps (I ) of Eq. (16) for m = 1, 2, and 5 are plotted by the
solid black, dashed blue, and dotted red lines, respectively, in
the subplot of Fig. 1. The limitation of lim,,—; Ps(Ig) — p(I;)
is considered. We find that p(0) >
ject and Pg(0) = O for a more complicated object. The joint

p(I;) for the single-unit ob-

PDF between the reference and bucket signals is

\m—2
M ~Is/lo (t;=1),
(m=2)0y
Py(Ig,I;) = -1 (17
(Blw e~ Us+h)/lo, (t; =0),
nm — )

where [; < Ig and m > 2.

The ensemble average of the reference signals is (1;) = I,
and the ensemble average of the bucket signals is (Ig) = mlj.
From Egs. (12) and (17) we obtain the fractional-order mo-

ments
D(m+ T (1+V) iy
A u
<IBIZ >0 r‘(m> 1 ’
Tm+p+ V)T +V) iy
A 0
(1), Tnty) b (18)

for t; = 0 and 1; = 1, respectively.

Equation (18) presents the background and maximum of
the image. Therefore, the quality of ghost images varies with
the orders t and v. From Eqgs. (15) and (18), the visibility
degree and peak SNR of the ghost images are

123401-3
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Vo ’F(m+u+v)l“(m)—F(m+u)r(m+v) (19)
Cm+p+v)I(m)+T(m+u)Cim+v)|’
‘F(m—H.H—v)F(l +v) I(m+p)(1+v)
Ry — I'(m+v) I['(m) 7 20)

N-T'(m+2v)

respectively for binary objects. Therefore, the fractional or-
ders provide more detailed parameters to exquisitely adjust or
modify the image quality than the integer orders in practice.

Fig. 2. (color online) Visibility degrees V [(a) and (c) and relative peak SNR
R/ /N [(b) and (d)] of binary objects. The object unit number (for #; = 1)
is m = 20 in panels (a) and (b), and m = 30 in panels (c) and (d).

The visibility degree V in Eq. (19) and the relative peak
SNR R,/ V/N in Eq. (20) versus the fractional orders are plot-
ted in Fig. 2. The number of the nonzero units in the object
is m = 20 in Figs. 2(a) and 2(b), and m = 30 in Figs. 2(c) and
2(d), respectively. We can see from Figs. 2(a) and 2(c) that the
visibility degree increases as the absolute values of the corre-
lation orders { and v increase. This result is similar to that
in Ref. [17]. An evident feature is that the visibility degree
of the negative image (1 < 0) increases faster than that of the
positive image (1 > 0). Moreover, the greater number of the
effective object units can degrade the visibility degree.

The relative peak SNRs are plotted in Figs. 2(b) and 2(d).
The peak SNRs first increase and then decrease as the corre-
lation orders |u| and Vv increase. We can also find that the
maximum value of peak SNR of the negative image (u < 0) is
greater than that of the positive image (u > 0). We can con-
clude that the image quality of the negative ghost images is
better than that of the positive ghost images for the opposite
fractional orders of —u and . Furthermore, the visibility de-
gree and SNR of the ghost image vary continuously with frac-
tional (continuous) orders. Our method can help us to adjust
the visibility degree and SNR at will by choosing appropriate
experimental parameters.

In experiment, the pseudo-thermal light source is ob-

tained by projecting a laser beam (laser diode: A = 650 nm)

\/F(m+2u+2v)1"(1 +2v)  Dmtp+vP(1+v)

N-T?2(m+vV)

onto a rotating ground glass plate!!®! (which is not shown in
Fig. 1). We set the diameter of the laser spot on the glass
plate to be d = 4.50 mm, and the distance between the ob-
ject and the glass plate to be L = 8.50 cm. The coherent
length of the random laser speckles in the object plane is about
1.22AL/d ~ 14.98 pm, which is smaller than the pixel pitch
20.0 um of the charge coupled device. This ensures the well-
performed thermal light ghost imaging, and fulfills the three
assumptions proposed in Section 1.

Figure 3 shows our experimental results of the ghost im-
ages reconstructed from the normalized fractional-order mo-
ment

o = A @
(Ig ) (1)

A binary object, which contains m = 373 nonzero el-
ements, is applied in our experiment. The number of the
sampling is taken as N = 1.2 x 10° in the experiment. The
ghost images from the fractional-order moments are depicted
in Figs. 3(a)-3(j) for u = —16.5, —12.5, —4.5, —1.5, —0.5,
0.5, 1.5, 4.5, 12.5, and 16.5, respectively. The parameter
v =2.7183 = ¢ is fixed in all the ghost images. We can see
that the negative ghost images are obtained for negative orders
u < 0 in Figs.3(a)-3(e). While the positive ghost images are
obtained for positive orders y > 0 in Figs. 3(f)-3(j). The neg-
ative images distinguish our technique from that by the Boyd’s
group,!'7-181 in which just positive integers of the correlation
orders were considered.

Image quality also varies with the fractional orders. The
visibility degrees V and peak SNRs R,, are listed in Table 1.
The values of visibility degrees and peak SNRs are obtained by
substituting the experimental data (N, (Ig1)),, and (Ig1") )
in each image into Eq. (15). We find that the greater the ab-
solute order |u| is, the higher visibility degree of the ghost
image becomes. In general, negative ghost images have better
visibility than positive images. However, the behaviors of the
peak SNRs differ greatly from that of the visibility degree. The
approximate tendency of the peak SNRs for positive ghost im-
ages in Fig. 3 is that they decrease when |u| increases. How-
ever, the peak SNRs of the negative ghost images first increase
and then decrease when || increases. This tendency is in ac-
cordance with the prediction of Fig. 2.
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Fig. 3. Experimental results with binary objects. The ghost images are obtained from the normalized fractional-order moments in Eq. (21). The fractional orders
are set t = —16.5 in panel (a), 4 = —12.5 in panel (b), 4 = —4.5 in panel (c), 4 = —1.5 in panel (d), p = —0.5 in panel (e), 4 = 0.5 in panel (f), u = 1.5 in
panel (g), 4 = 4.5 in panel (h), u = 12.5 in panel (i), and p = 16.5 in panel (j). The parameter v = 2.7183 is fixed in all the ghost images. Each image has

56 x 56 pixels.

Table 1. Image visibility V and peak SNR R, in Fig. 3.

Figure 3(a) 3(b) 3(c) 3(d) 3(e)

3(f) 3(2) 3(h) 3 30

u —-165 —125 —-45 -15 —0.5 0.5 1.5 4.5 12.5 16.5
Vv 04722 0.2608 0.067 0.0219 0.0073 0.0072 0.0215 0.0632 0.1778 0.2430
R, 1.383 1.762  2.005 1.997 1.989 1.978 1.965 1.918 1.714 1.555

From these experimental results, we can see that our
method of fractional-order ghost imaging has at least three
distinguished features, compared with the methods of integer-
order ghost imaging.!'-'8! First, the fractional orders pro-
vides more detailed parameters than that in integer-order ghost
imaging. These continuous parameters allow us to control the
image quality in a more detailed way than the discrete integer
orders. Second, the fractional-order ghost imaging produces
negative images for negative correlation orders. The quality of
the negative images is better than that of the positive images,
in the cases that the fractional orders have the same absolute
values. In the previous investigations, negative images do not
exist in integer-order ghost imaging but they do exist in condi-
tionally averaged ghost imaging.[?!-??! Third, fractional-order
ghost imaging gives a more universal theory than integer-order
ghost imaging does. In other words, integer-order ghost imag-
ing is a particular case of fractional-order ghost imaging. Our
theory can predict all the behaviors of the integer-order ghost
imaging.

5. Conclusions

In summary, we deduced the joint PDF between the
bucket and reference signals. The joint PDF is the crucial
step for us to investigate the fractional-order moments in TLGI
systems. We found that the object information can be suc-
cessfully reconstructed through measuring the fractional-order
moments. The image visibility and peak SNRs varied with the

fractional orders. We obtained negative (positive) ghost im-
ages for negative (positive) orders of the bucket signals. Our
theory of fractional-order moments was illustrated in an ex-
periment with a binary object. The positive and negative ghost
images were successfully observed. When the absolute order
of the bucket signals increases, the image visibility increases
and the peak SNR of the positive image decreases. For nega-
tive images, however, their peak SNRs first increases and then
decreases with the decreased orders.

Although our method was illustrated with binary objects
in the experiment, it is also suitable for more complicated ob-
jects. The fractional-order moments show detailed correlation
between the bucket and reference signals. These fractional or-
ders provide wider parametric space than the integer orders do
in thermal light ghost imaging. Although there is a long way
to completely control the image quality in ghost imaging, the
image visibility and SNR can now be adjusted to certain ex-
tent by choosing appropriate orders. We hope that our method
provide an effective technique for signal processing.
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