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Inspired by the recent experimental progress in noisy kicked rotor systems, we investigate the effect of temporal
disorder or quasi-periodicity in one-dimensional kicked lattices with pulsed on-site potential. We found that, unlike the
spatial disorder or quasi-periodicity which usually leads to localization, the effect of the temporal one is more complex
and depends on the spatial configuration. If the kicked on-site potential is periodic in real space, then the wave packet will
stay diffusive in the presence of temporal disorder or quasi-periodicity. On the other hand, if the kicked on-site potential
is spatially quasi-periodic, then the temporal disorder or quasi-periodicity may lead to a shift of the transition point of the
dynamical localization and destroy the dynamical localization in a certain parameter range. The results we obtained can be
readily tested by experiments and may help us better understand the dynamical localization.
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1. Introduction

Anderson localization is a common phenomenon in quan-
tum systems subject to disorder, which breaks the spatial
translational symmetry.[1] It has been widely observed not
only in condensed matter physics, but also in other physical
systems, including the light waves in photonic lattices and
atomic matter waves in ultracold atom systems.[2–5] Beside
disorder, spatial quasi-periodicity can also induce localiza-
tion, which has been intensively investigated in the Aubry–
André (AA) and the Harper models, both theoretically and
experimentally.[6–19] Furthermore, in the study of the period-
ically kicked quantum rotors, the notion of dynamical local-
ization has been put forward, where the localization occurs in
momentum space, instead of the usual real space.[20–27] Re-
cently, it was shown, in the periodically kicked AA model, the
dynamical localization may also occur in real space, which is
controlled by both the strength of the quasi-periodic potential
and the kicking period.[28] An interesting issue remains un-
addressed is, if the kicked AA model is subject to temporal
disorder or quasi-periodicity, then what will happen to the real
space dynamical localization? Similar issues have been inves-
tigated in the kicked quantum rotors, where it has been shown
that the temporal disorder can induce decoherence and destroy
the momentum space dynamical localization.[29–39] In this pa-

per, based on the periodically kicked AA model, we introduce
temporal disorder or quasi-periodicity by suppressing kicks
entirely at certain time instants[39] and then study the wave
packet dynamics along a one-dimensional chain. The joint ef-
fects of the spatial and temporal disorder or quasi-periodicity
on the real space localization properties are discussed and
thanks to the experimental developments in quantum control,
these effects may readily be tested by future experiments and
advance our knowledge of dynamical localization to a higher
level.

2. Method

We consider a one-dimensional kicked AA model whose
Hamiltonian is written as

Ĥ = ∑
i

[
−
(

ĉ†
i ĉi+1 + H.c.

)
+∑

n
δ (t−nT )gnViĉ

†
i ĉi

]
, (1)

where ĉ†
i (ĉi) is the creation (annihilation) operator at site i

and Vi = λ cos(2παi) is the on-site potential. The form of
the on-site potential is that adopted in the AA model[7] and
if α is rational/irrational, then the on-site potential will be
periodic/quasi-periodic in real space. Furthermore, gn is a
number whose value is either zero or one and n is an integer. If
gn = 1 for all n, then the on-site potential will be periodically
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added in time, with T being the kicking period and this is the
usual periodically kicked AA model considered in Ref. [28].
In our study, following Ref. [39], gn is randomly or quasi-
periodically taken to be zero or one. If gn = 0 for a certain n,
then the kick is suppressed entirely at this time instant. In this
way, temporal disorder or quasi-periodicity is introduced to
the kicked AA model. Then we set Ĥ0 =−∑i(ĉ

†
i ĉi+1 + H.c.).

It is time-independent and in the lattice representation, its
nonzero elements are Ĥ0

i,i+1 = Ĥ0
i+1,i =−1, for i = 1, . . . ,L−1

(here L is the number of the lattice sites and open boundary
condition is adopted). On the other hand, the time-dependent
part of Ĥ can be written as

∑
n

δ (t−nT )gnλ ∑
i

cos(2παi)ĉ†
i ĉi = ∑

n
δ (t−nT )λnM̂, (2)

where λn = λgn and M̂ is a diagonal matrix with its i-th diag-
onal element being Mi = cos(2πiα), for i = 1, . . . ,L. The time
evolution operator over one kicking period can be expressed
as

U [nT,(n−1)T ] = e−iĤ0T e−iλn−1M̂. (3)

Given an initial state |Ψ(0)〉 = ∑
L
i=1 ai(0)|i〉 at t = 0 (here |i〉

represents the state with a particle located at the i-th site), the
state after one kicking period is |Ψ(T )〉 = U(T,0)|Ψ(0)〉 =
∑

L
i=1 ai(T )|i〉. Similarly, we have the state after n kicking pe-

riods as

|Ψ(nT )〉=U [nT,(n−1)T ] · · ·U(T,0)|Ψ(0)〉. (4)

The matrix elements of the time evolution operator
〈i|U [nT,(n− 1)T ]| j〉 can be calculated as follows. Firstly,
suppose the µ-th eigenenergy of Ĥ0 is Eµ , with the corre-
sponding eigenvector being |φµ〉, which can be written as
|φµ〉 = ∑ j Cµ j| j〉. Then we have | j〉 = ∑µ C∗

µ j|φµ〉 and 〈i| =
∑µ Cµi〈φµ |, and

〈i|U [nT,(n−1)T ]| j〉= e−iλn−1M j〈i|e−iĤ0T | j〉

= ∑
µ

CµiC∗µ j e−i(λn−1M j+Eµ T ). (5)

Based on Eq. (5), we have,

|Ψ(nT )〉= ∑
i

ai(nT )|i〉=U [nT,(n−1)T ]|Ψ [(n−1)T ]〉

=U [nT,(n−1)T ]∑
j

a j[(n−1)T ]| j〉,

ai(nT ) = ∑
j

a j[(n−1)T ]〈i|U [nT,(n−1)T ]| j〉. (6)

Combining Eqs. (4), (5), and (6), we can obtain the wave func-
tion after n kicking periods.

To see how the wave packet spreads with time, we take the
initial state as |Ψ(0)〉 = |L/2〉 and calculate the mean-square

displacement, which is defined as

σ
2(t) =

L

∑
i=1

(i−L/2)2|ai(t)|2. (7)

In general, σ2(t)∼ tγ during the expansion process in the long
time limit. In the following, we consider different config-
urations of both the spatial and temporal disorder or quasi-
periodicity in the kicked AA model and discuss the wave
packet dynamics. Furthermore, throughout this work, we cal-
culate the results only at t = nT .

3. Results and discussion
We introduce two kinds of temporal disorder or quasi-

periodicity. In the first case, each gn independently takes the
value of zero or one, with an even probability, while in the
second case, gn is consecutively extracted from a very long Fi-
bonacci sequence, which is generated by the substitution rule
A→ AB and B→ A, with A = 1 and B = 0. Since the Fi-
bonacci sequence is quasi-periodic, therefore it leads to tem-
poral quasi-periodicity. In the following, we denote the first
case as randomly kicked and the second one as Fibonacci
kicked. All the results shown below have been averaged over
50 different realizations of disorder or quasi-periodicity. For
the spatial on-site potential Vi, we consider four cases. In the
first case, α is a rational number, while in the second case,
α is irrational. Therefore the on-site potential is periodic and
quasi-periodic in the first and second cases, respectively. For
the purpose of comparison, in the third case, we let the on-site
potential Vi obey the Thue–Morse (TM) sequence,[40,41] which
is generated by the substitution rule A→ AB and B→ BA, with
A = +λ and B = −λ . Finally, in the fourth case, the on-site
potential Vi satisfies the following condition

V2n−1 =V2n = λεn, (8)

where εn are uncorrelated random variables and each εn can
be either +1 or −1, with an even probability. This distribu-
tion of the on-site potential is exactly the same as that in the
random-dimer (RD) model.[42,43]

3.1. In the limit of T,λ � 1T,λ � 1T,λ � 1

As is well known, in the static AA model where the on-
site potential is present all the time (not kicked), the wave
packet dynamics is different for rational and irrational α . If
α is rational, then the on-site potential will be spatially peri-
odic and all the eigenstates will be extended due to the Bloch
theorem, leading to ballistic diffusion σ2(t) ∼ t2 of the wave
packet.[44] In contrast, if α is irrational, then the on-site po-
tential will be spatially quasi-periodic and the wave packet
will be extended (localized) for λ < 2 (λ > 2). On the other

120503-2



Chin. Phys. B Vol. 27, No. 12 (2018) 120503

hand, in the periodically kicked AA model, it has been shown
that in the limit of T,λ � 1, this model can be mapped to
the static AA model with a rescaled strength of the on-site po-
tential λ ′ = λ/T . Therefore a dynamical localization occurs
across λ/T = 2 in the periodically kicked AA model when α

is irrational.[28] When we further introduce temporal disorder
or quasi-periodicity into the kicked AA model, firstly we also
concentrate on the T,λ � 1 limit. In this limit, we further
take α = 1, α = 1/5 and α = (51/2−1)/2 to illustrate our
qualitative results.

For α = 1, in Figs. 1(a) and 1(b), we show the mean-
square displacement σ2(τ) as a function of τ (τ = t/T ) in the
randomly kicked and Fibonacci kicked cases, respectively. We
can see that, for different kicking periods T , the mean-square
displacement always evolves as σ2(τ)∼ τ2, which means that

the wave packet stays ballistically diffusive, with no sign of
localization characterized by σ2(τ) ∼ τ0. We have also ver-
ified that, for arbitrary values of T and λ , as long as α = 1,
then σ2(τ) will always increase as τ2, no matter the model is
randomly kicked or Fibonacci kicked. The reason is that, for
α = 1, M̂ is a unit matrix which commutes with Ĥ0, therefore
equation (4) can be written as

|Ψ(nT )〉= e−i(λ0+λ1+···+λn−1) e−iĤ0nT |Ψ(0)〉. (9)

The phase factor e−i(λ0+λ1+···+λn−1) does not contribute to
σ2(t), due to the |ai(t)|2 term in Eq. (7), which means that the
temporal disorder or quasi-periodicity has no effect on σ2(t)
and it is only determined by Ĥ0. Since Ĥ0 is time-independent
and is periodic in real space, it is well known that the wave
packet shows ballistic diffusion in this case.

                                                                                   

                                                                                               
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Fig. 1. (color online) (a) Time dependence of σ2(τ) in the randomly kicked case, with α = 1, λ = 0.02, and L = 900. The dashed line represents a power-law
fitting. Panel (b) is similar to panel (a), but for the Fibonacci kicked case. Panels (c) and (d) are similar to panels (a) and (b), respectively, but for α = 1/5.

For α = 1/5, as we can see from Figs. 1(c) and 1(d),
σ2(τ) also shows a τ2 dependence as τ → ∞, similar to the
α = 1 case. Here, unlike the α = 1 case, M̂ in the α = 1/5 case
is not a unit matrix and generally it does not commute with H0.
However, according to the Baker–Campbell–Hausdorff (BCH)
formula,[45] equation (3) can also be expressed as

U [nT,(n−1)T ] = e−iHeff
n T ,

Heff
n = Ĥ0 +

λn−1

T
M̂− iλn−1

2
[Ĥ0,M̂]

− λn−1T
12

[
Ĥ0, [Ĥ0,M̂]

]
−

λ 2
n−1

12
[[

Ĥ0,M̂
]
,M̂
]
+ · · · . (10)

In the limit of T,λ � 1, we have

Heff
n ≈ Ĥ0 +

λn−1

T
M̂

and
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exp
(
−iĤeff

2 T
)

exp
(
−iĤeff

1 T
)
= exp

{
−iT

(
Ĥeff

2 + Ĥeff
1 −

iT
2

[
Ĥeff

2 , Ĥeff
1

]
+ · · ·

)}
≈ exp

[
−iT

(
Ĥeff

2 + Ĥeff
1

)]
. (11)

In this limit, equation (4) can be approximated as∣∣Ψ(nT )
〉
= exp

(
−iĤeff

n T
)

exp
(
−iĤeff

n−1T
)
· · ·exp

(
−iĤeff

1 T
)∣∣Ψ(0)

〉
≈ exp

[
−iT (Ĥeff

n + Ĥeff
n−1 + · · ·+ Ĥeff

1 )
]∣∣Ψ(0)

〉
= exp

{
−inT

[
Ĥ0 +

(λn +λn−1 + · · ·+λ1)

nT
M̂
]}∣∣Ψ(0)

〉
= exp

{
−inT [Ĥ0 +

λ ḡ
T

M̂]

}∣∣Ψ(0)
〉
, (12)

where ḡ = (g1 + · · ·+gn)/n is the mean value of gn. From Eq. (12) we can see, in the limit of T,λ � 1, the time evolution of the
wave packet is governed by a time-independent effective Hamiltonian Ĥ0 +(λ ḡ/T )M̂. Since both Ĥ0 and M̂ are periodic in real
space, therefore the wave packet shows ballistic diffusion such that σ2(τ)∼ τ2 as τ → ∞. However, if the condition T,λ � 1 is
not satisfied, then equation (12) will not hold anymore and σ2(τ) will no longer evolve as τ2, as we will show later.
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Fig. 2. (color online) Similar to Fig. 1. Panels (a) and (b) are for α = (51/2−1)/2. Panels (c) and (d) are for the kicked TM model, while panels (e) and (f)
are for the kicked RD model.

For α = (51/2−1)/2, the mean-square displacement is

shown in Figs. 2(a) and 2(b), for the randomly kicked and

Fibonacci kicked cases, respectively. Compared to the cases

with periodic on-site potential [see Figs. 1(a) to 1(d)] which

show no sign of localization, the cases with quasi-periodic on-

site potential exhibit clear signature of localization manifested
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by σ2(τ)∼ τ0. For example, in the randomly kicked case, for
λ = 0.02, we find that the wave packet is diffusive at T = 0.02
while it is localized at T = 0.0025. The localization transi-
tion occurs at T ≈ 0.005, where λ/T ≈ 4. On the other hand,
in the Fibonacci kicked case, for the same value of λ , the
wave packet is diffusive/localized at T = 0.02/0.005, where
the localization transition occurs at T ≈ 0.0062 (λ/T ≈ 3.2).
We have also verified that, for other values of λ , as long as
the condition λ � 1 is satisfied, then the transition will al-
ways occur at λ/T ≈ 4/3.2 in the randomly/Fibonacci kicked
case. The origin of the transition can also be understood from
Eq. (12), where in the limit of T,λ � 1, the wave packet dy-
namics is determined by a time-independent effective Hamil-
tonian Ĥ0 +(λ ḡ/T )M̂. This Hamiltonian is equivalent to that
of the static AA model, with a rescaled strength of the on-site
potential λ ′ = λ ḡ/T . In the randomly kicked case, since gn is
uniformly taken to be zero or one, then ḡ should be 0.5, lead-
ing to the transition point at 0.5λ/T = 2 (λ/T = 4). On the
other hand, in the Fibonacci kicked case, ḡ is 0.618, therefore
the transition point is at 0.618λ/T = 2 (λ/T ≈ 3.2). Further-
more, if gn = 1 for all n, then our model can be reduced to the
periodically kicked AA model and the transition point should
be at λ/T = 2 (ḡ = 1), consistent with that found in Ref. [28].
From above we can see, compared to the periodically kicked
AA model, the temporal disorder or quasi-periodicity can lead
to a shift of the dynamical localization point. Furthermore, in
some parameter range, the dynamical localization may be sup-
pressed. For example, at λ/T = 3, the wave packet is local-
ized in the periodically kicked AA model, while it is diffusive
in both the randomly kicked and Fibonacci kicked cases.

We then come to the case where the on-site potential Vi

obeys the TM sequence. It has been shown that, if this kind
of on-site potential is static, then the wave packet will spread
superdiffusively where σ2(t) ∼ t1.65.[41] On the other hand,
if the on-site potential is kicked, first of all, we denote this
model as kicked TM model. Then, if temporal disorder or
quasi-periodicity is further introduced, we show the results in
Figs. 2(c) and 2(d). We can see that the wave packet stays
diffusive, with no sign of localization.

Finally we consider the case where the on-site poten-
tial Vi obeys Eq. (8). It was suggested that, in the static RD
model, the wave packet is localized when λ > 1, otherwise it
is diffusive.[42] In contrast, for the kicked RD model, we show
the results in Figs. 2(e) and 2(f). Now the localization transi-
tion point is at λ ḡ/T = 1 due to Eq. (12).

3.2. Beyond the T,λ � 1T,λ � 1T,λ � 1 limit

If the condition T,λ � 1 is not satisfied, then equa-
tion (12) will not hold and we show our numerical results in
Figs. 3 and 4, where we take λ = 8 and T = 1 as an example.
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Fig. 3. (color online) The time dependence of σ2(τ) in the periodically
kicked AA model, as well as TM and RD models, with λ = 8, T = 1, and
L = 900.
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Fig. 4. (color online) Similar to Fig. 3, but for the randomly kicked (a) and
Fibonacci kicked (b) cases.

In the periodically kicked case without temporal disorder or
quasi-periodicity (as shown in Fig. 3), the wave packet is bal-
listically diffusive if the on-site potential is periodic in real
space (α = 1 and α = 1/5), while it is localized if the sys-
tem is spatially quasi-periodic (α = (51/2−1)/2). For the
periodically kicked TM and RD models, the wave packet is
diffusive and localized for the former and latter cases, respec-
tively. Once the temporal disorder is introduced [see Fig. 4(a)],
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if α = 1, then the wave packet will still spread ballistically
due to Eq. (9). In comparison, for rational α other than one
or irrational α , it seems that the temporal disorder destroys
the quantum coherence completely and the wave packet shows
normal diffusion denoted by σ2(t)∼ t. We have verified that,
for other values of T,λ ≥ 1, the results remain qualitatively
the same, that is, the wave packet is ballistically diffusive for
α = 1 while it shows normal diffusion for α other than one,
no matter α is rational or irrational. Similar behaviors exist
for the TM and RD models.

In contrast, in the Fibonacci kicked case [see Fig. 4(b)],
for α = 1, the wave packet shows similar behavior as that

in the periodically kicked and randomly kicked cases. For
other values of α , however, the quantum coherence is not sup-
pressed completely and the mean-square displacement evolves
as σ2(t)∼ tγ , where the index γ can vary from one to two, de-
pending on the values of both T and λ , instead of λ/T . That is,
the wave packet spreads superdiffusively for α 6= 1. Neverthe-
less, we can see that the temporal disorder or quasi-periodicity
can also destroy dynamical localization for the parameters we
choose (see the α = (51/2−1)/2 case in Figs. 3 and 4).

Furthermore, beyond the T,λ � 1 limit, an analytical ex-
pression for σ2(t) is difficult to derive, for the following rea-
sons. First, following the similar method in Ref. [44], we have

ain(nT ) = exp
[

i
π

2
(in− i0)

]
exp[−iλ0Mi0 ]∑

i1

· · ·∑
in−1

exp(−iλ1Mi1) · · ·exp(−iλn−1Min−1)Ji1−i0(2T ) · · · Jin−in−1(2T ). (13)

Here i0 = L/2 and Jn(x) is the Bessel function of the first kind. If α = 1, then Mi = 1 for all i and we have

ain(nT ) = exp
[

i
π

2
(in− i0)

]
exp [−i(λ0 + · · ·+λn−1)]∑

i1

· · ·∑
in−1

Ji1−i0(2T ) · · · Jin−in−1(2T ). (14)

By repeatedly using the property of the Bessel function ∑m Jm(x)Jn−m(z) = Jn(x+ z), we obtain

ain(nT ) = exp
[

i
π

2
(in− i0)

]
exp [−i(λ0 + · · ·+λn−1)] Jin−i0(2nT ),

σ
2(nT ) = ∑

in

(in− i0)2 J2
in−i0(2nT ) = 2(nT )2. (15)

Therefore we have σ2(t) ∼ t2 for α = 1. However, if α 6= 1,
then the property ∑m Jm(x)Jn−m(z) = Jn(x+ z) cannot be used
anymore, since Mi now depends on i. Thus currently we do not
have an analytical expression of σ2(t) for α 6= 1 and beyond
the T,λ � 1 limit.

4. Conclusion

In summary, we have investigated the effect of temporal
disorder or quasi-periodicity on the wave packet dynamics in
the kicked AA model. We found that, if the kicked on-site po-
tential is periodic in real space, then the wave packet will stay
diffusive no matter the system is kicked randomly or quasi-
periodically. On the other hand, if the kicked on-site potential
is spatially quasi-periodic, then the introduction of temporal
disorder or quasi-periodicity may shift the dynamical local-
ization point and even destroy the dynamical localization in
some certain parameter range. Since the spatial disorder or
quasi-periodicity usually leads to localization, therefore, the
effect of temporal disorder or quasi-periodicity is quite differ-
ent from that of the spatial one. Furthermore, at T,λ � 1, the
behavior of the wave packet can be fully understood based on
Eq. (12), while at T,λ ≥ 1, an analytical understanding of the
wave packet dynamics will constitute our future study. Finally,

whether such temporal disorder or quasi-periodicity can lead
to localization in time in the recently proposed time crystal
also needs our further investigation.
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marchi T 2008 Phys. Rev. A 78 023628
[13] Deng X L, Citro R, Minguzzi A and Orignac E 2008 Phys. Rev. A 78

013625
[14] Cai X M, Chen S and Wang Y P 2010 Phys. Rev. A 81 053629
[15] Cai X M, Chen S and Wang Y P 2010 Phys. Rev. A 81 023626
[16] Roati G, D’Errico C, Fallani L, Fattori M, Fort C, Zaccanti M, Mod-

ugno G, Modugno M and Inguscio M 2008 Nature 453 895
[17] Lahini Y, Pugatch R, Pozzi F, Sorel M, Morandotti R, Davidson N and

Silberberg Y 2009 Phys. Rev. Lett. 103 013901
[18] Deissler B, Zaccanti M, Roati G, D’Errico C, Fattori M, Modugno M,

Modugno G and Inguscio M 2010 Nat. Phys. 6 354

120503-6

https://doi.org/10.1103/PhysRev.109.1492
https://doi.org/10.1103/RevModPhys.80.1355
https://doi.org/10.1103/PhysRevLett.98.130404
https://doi.org/10.1103/PhysRevLett.98.130404
http://www.nature.com/doifinder/10.1038/nature07000
http://dx.doi.org/10.1088/1367-2630/12/12/123016
http://dx.doi.org/10.1088/1367-2630/12/12/123016
http://dx.doi.org/10.1088/0370-1298/68/10/304
http://cpb.iphy.ac.cn/EN/abstract/abstract60873.shtml
http://dx.doi.org/10.1103/PhysRevLett.51.1198
http://dx.doi.org/10.1103/PhysRevB.28.42.72
http://dx.doi.org/10.1140/epjb/e2002-00372-9
http://dx.doi.org/10.1140/epjb/e2002-00372-9
http://dx.doi.org/10.1103/PhysRevA.77.063605
http://dx.doi.org/10.1103/PhyRevA.78.023628
http://dx.doi.org/10.1103/PhysRevA.78.013625
http://dx.doi.org/10.1103/PhysRevA.78.013625
http://dx.doi.org/10.1103/PhysRevA.81.053629
http://dx.doi.org/10.1103/PhysRevA.81.023626
http://dx.doi.org/10.1038/nature07071
http://dx.doi.org/10.1103/PhysRevLett.103.013901
http://dx.doi.org/10.1038/nphys1635


Chin. Phys. B Vol. 27, No. 12 (2018) 120503

[19] Lucioni E, Deissler B, Tanzi L, Roati G, Zaccanti M, Modugno M,
Larcher M, Dalfovo F, Inguscio M and Modugno G 2011 Phys. Rev.
Lett. 106 230403

[20] Casati G, Chirikov B V, Ford J and Izrailev F M 1979 Lect. Notes Phys.
93 334

[21] Fishman S, Grempel D R and Prange R E 1982 Phys. Rev. Lett. 49 509
[22] Grempel D R, Prange R E and Fishman S 1984 Phys. Rev. A 29 1639
[23] Casati G, Guarneri I, Izrailev F and Scharf R 1990 Phys. Rev. Lett. 64

5
[24] Moore F L, Robinson J C, Bharucha C F, Sundaram B and Raizen M G

1995 Phys. Rev. Lett. 75 4598
[25] Ringot J, Szriftgiser P, Garreau J C and Delande D 2000 Phys. Rev.

Lett. 85 2741
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