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We numerically investigate the ground-state properties of a trapped Bose–Einstein condensate with quadrupole–
quadrupole interaction. We quantitatively characterize the deformations of the condensate induced by the quadrupolar
interaction. We also map out the stability diagram of the condensates and explore the trap geometry dependence of the
stability.
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1. Introduction
Inter-particle interactions in many-body systems play a

key role in determining the fundamental properties of the
systems. In ultracold atomic gases, neutral atoms interact
through the van der Waals force, which can be described
by a contact potential characterized by a single s-wave scat-
tering length. Such a simplification results in great suc-
cess in cold atomic physics.[1] For atoms possessing large
magnetic moments, the long-range and anisotropic dipole–
dipole interaction (DDI) may become comparable to the
contact one, which leads to the dipolar quantum gases.[2]

So far, the experimentally realized dipolar systems include
the ultracold gases of chromium,[3] dysprosium,[4,5] and
erbium[6] atoms. It is also possible to realize dipolar quan-
tum gases with ultracold polar molecules.[7–13] Compared to
the short-range and isotropic contact interactions, DDI in-
teraction gives rise to many remarkable phenomena, such as
spontaneous demagnetization,[14] d-wave collapse,[15] droplet
formation,[16] and Fermi surface deformation.[17]

Recently, a new quantum simulation platform based on
atoms or molecules with electric quadrupole–quadrupole in-
teraction (QQI) was theoretically proposed.[18–24] The quan-
tum phases of quadrupolar Fermi gases in a two-dimensional
(2D) optical lattice[18] and in two coupled one-dimensional
(1D) pipes[20] were studied. Lahrz et al. proposed to
detect quadrupolar interactions in ultracold Fermi gases
via the interaction-induced mean-field shift.[19] For bosonic
quadrupolar gases, Li et al. studied 2D lattice solitons with
quadrupolar intersite interactions.[21] Lahrz[23] studied roton
excitations of 2D quadrupolar Bose–Einstein condensates.

Andreev calculated the Bogoliubov spectrum of the Bose–
Einstein condensates (BECs) with both dipolar and quadrupo-
lar interactions using non-integral Gross–Pitaevskii equation
(GPE).[24] Experimentally, ultracold quadrupolar gases can
potentially be realized with alkaline-earth and rare-earth atoms
in the metastable 3P2 states[25–33] and homonuclear diatomic
molecules.[34–37]

In the present work, we explore the ground-state prop-
erties through full numerical calculations. In particular, we
focus on the static properties, such as the condensate ground-
state density profile and its stability. We also propose a scheme
to quantitatively characterize the deformation of the conden-
sate induced by the QQI. It is shown that, compared to the
dipolar interaction, the quadrupole–quadrupole interaction can
only induce a much smaller deformation due to its complicated
angular dependence and short-range character.

This paper is organized as follows. In Section 2, we give
a brief introduction about the QQI. The formulation for the
quadrupolar condensates is presented in Section 3. We then
explore the ground-state properties in Section 4, with par-
ticular attention paid on the deformation and stability of the
quadrupolar condensates. Finally, we conclude in Section 5.

2. Quadrupole–quadrupole interactions
Here, we give a brief introduction about the QQI. As an

example, we consider the classical quadrupole moment of a
molecule which is described by a traceless symmetric tensor

Θαβ = ∑
a

ea

(
3
2

aα aβ −
1
2

a2
δαβ

)
, (1)
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where α,β = x,y,z, (ax,ay,az) is the Cartesian coordinates of
the a-th particle in the molecule, and ea is its charge. Com-
pared to a dipole moment (a vector described by a magnitude
and two polar angles), the description of a general quadrupole
requires five numbers. However, the situation is greatly sim-
plified for linear molecules or symmetric tops because there is
only one independent nonzero component. Specifically, in a
coordinate system with the z axis being along the molecular
axis, such a molecule has Θzz = Θ , Θxx = Θyy = − 1

2Θ , and
Θαβ = 0 (α 6= β ). After being transferred to a space-fixed co-
ordinate system, the components of the quadrupole moment
can then be expressed as

Θαβ =Θ

(
3
2

nα nβ −
1
2

δαβ

)
, (2)

where 𝑛̂ is a unit vector in the direction of the molecular axis.
For two quadrupoles Θ1 and Θ2 with two molecular axes

being along 𝑛̂1 and 𝑛̂2, respectively, the QQI is[38]

Vqq(𝑟) =
Θ1Θ2

4πε0r5
3
4
[
35(𝑛̂1 · 𝑟̂)2(𝑛̂2 · 𝑟̂)2−5(𝑛̂1 · 𝑟̂)2

−5(𝑛̂2 · 𝑟̂)2−20(𝑛̂1 · 𝑟̂)(𝑛̂2 · 𝑟̂)(𝑛̂1 · 𝑛̂2)

+2(𝑛̂1 · 𝑛̂2)
2 +1

]
, (3)

where r = |𝑟|, 𝑟̂= 𝑟/|𝑟|, and ε0 is the vacuum permittivity. To
further simplify the QQI, we assume that all particles posses
the same quadrapole moment Θ and molecular axes are polar-
ized along the z axis by an electric field gradient.[21] The QQI
then reduces to

Vqq(𝑟) =
3Θ 2

16πε0

1
r5

[
3−30cos2

θ +35cos4
θ
]

=
Θ 2
√

πε0

1
r5 Y40(𝑟̂), (4)

where θ is the polar angle of 𝑟 and Y40(𝑟̂) is the spherical
harmonic.
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θ

Fig. 1. (color online) Angular dependence of the QQI, i.e., Y40(θ ,ϕ). Pos-
itive (negative) value represents repulsive (attractive) region. Dashed lines
mark the boundaries between the attractive and repulsive regions where the
QQI vanishes.

In Fig. 1, we plot the angular dependence of Vqq(𝑟). As
can be seen, the QQI interaction is repulsive along both axial

(θ = 0) and radial (θ = π/2) directions and it is most attrac-
tive along θ ' θm ≡ 49.1◦. Compared to the dipolar inter-
action, the angular dependence of the quadrupolar interaction
is more complicated. Moreover, the 1/r5 dependence on the
inter-particle distance indicates that the QQI is a short-range
interaction, while the DDI is a long-range one.

It should be noted that, from the quantum mechanical
point of view, because the quadrupole moment operator is of
even parity, an atom with definite angular momentum quan-
tum number J and magnetic quantum number M may carry a
nonzero quadrupole moment. Consequently, one may effec-
tively align the quadrupole moment with lights or magnetic
fields to prepare the atoms in a particular angular momentum
eigenstate, |J,M〉, or their superposition.[18,19]

3. Formulation
We consider a trapped ultracold gas of N linear Bose

molecules. In addition to the QQI [Eq. (4)] that was intro-
duced in Section 2, we assume that molecules also interact via
the contact interaction

V0(𝑟) =
4π h̄2a0

m
δ (𝑟), (5)

where a0 is the s-wave scattering length and m is the mass of
the molecules. The total interaction potential then becomes

Vint(𝑟) =V0(𝑟)+Vqq(𝑟). (6)

The confining harmonic potential is assumed to be axially
symmetric, i.e.,

Vho(𝑟) =
1
2

m(ω2
⊥x2 +ω

2
⊥y2 +ω

2
z z2), (7)

where ω⊥ and ωz are the radial and axial trap frequencies, re-
spectively. For convenience, we assume that the geometric
average of the trap frequencies ωho = (ω2

⊥ωz)
1/3 is constant.

Consequently, the external trap is expressed as

Vho(𝑟) =
1
2

mω
2
ho(λ

−2/3x2 +λ
−2/3y2 +λ

4/3z2), (8)

where λ = ωz/ω⊥ is the trap aspect ratio.
Within the mean-field theory, a quadrupolar BEC is de-

scribed by the condensate wave function Ψ(𝑟, t) which satis-
fies the Gross–Pitaevskii equation (GPE)

i
∂Ψ̄

∂ t̄
=

{
− 1

2
∇̄

2 +
1
2

[
λ
−2/3(x̄2 + ȳ2)+λ

4/3z̄2
]

+g0|Ψ̄|2 +gq

∫
d𝑟̄′

Y40(𝑅̂)

|𝑅̄|5
|Ψ̄(𝑟̄′)|2

}
Ψ̄ , (9)

where 𝑅̄= 𝑟̄− 𝑟̄′, 𝑅̂= 𝑅̄/|𝑅̄|, and g0 and gq characterize the
strength of the contact and quadrupolar interactions, respec-
tively. Here, for simplicity, we have introduced the dimension-
less units: aho ≡

√
h̄/(mωho) for length, h̄ωho for energy, ω

−1
ho

for time, and
√

N/a3
ho for wave function. Consequently, 𝑟̄ =
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𝑟/aho, t̄ =ωhot, g0 = 4πNa0/aho, gq =NΘ 2/(
√

πε0h̄ωhoa5
ho),

and Ψ̄ = Ψ

√
a3

ho/N are all dimensionless quantities. The

rescaled wave function Ψ̄ is now normalized to unit, i.e.,∫
d𝑟̄|Ψ̄ |2 = 1. From the dimensionless equation (9), it can be

seen that the free parameters of the system are the trap aspect
ratio λ , the contact interaction strength g0, and the quadrupo-
lar interaction strength gq. Given that we shall only deal with
the dimensionless quantities from now on, the “bar” over all
variables will be dropped for convenience.

The ground-state wave function can be obtained by nu-
merically evolving Eq. (9) in imaginary time. The only numer-
ical difficulty lies at the evaluation of the mean-field quadrupo-
lar potential

Q(𝑟)≡
∫

d𝑟′
Y40(𝑅̂)

|𝑟−𝑟′|5
|Ψ(𝑟′)|2. (10)

Similar to the dipolar gases, Q(𝑟) can be conveniently eval-
uated in the momentum space by using the convolution theo-
rem, i.e.,

Q(𝑟) = F−1
[
F

[
Y40(𝑟̂)

r5

]
F
[
|Ψ(𝑟)|2

]]
, (11)

where F [ · ] and F−1[ · ] denote the Fourier and inverse
Fourier transforms, respectively. Making use of the partial
wave expansion e i𝑘·𝑟 = 4π ∑lm il jl(kr)Ylm(𝑘̂)Y ∗lm(𝑟̂), it can be
easily shown that

F

[
Y40(𝑟̂)

r5

]
=

4π

105
k2Y40(𝑘̂), (12)

where k = |𝑘| and 𝑘̂ = 𝑘/k. Numerically, the evaluation of
Q(𝑟) can be performed using the fast Fourier transform.

Finally, we fix the interaction parameters based on re-
alistic systems. Since the s-wave scattering length is eas-
ily tunable through Feshbach resonance, here we shall only
focus on the quadrupolar interaction strength gq. The qua-
drupole moments of the metastable alkaline-earth and rare-
earth atoms,[39–43] and the ground-state homonuclear diatomic
molecules[44] can be calculated theoretically. In particular, for
the Yb atom and homonuclear molecules, the quadrupole mo-
ment can be as large as 30 a.u.[43,44] Therefore, for a typical
configuration with N = 104, Θ = 20 a.u., ωho = (2π) 1000 Hz,
and m = 150 amu, we find gq ≈ 66. As will be shown below,
this QQI strength is large enough for experimental observa-
tions of the quadrupolar effects.

4. Results
In this section, we investigate ground-state properties of

the quadrupolar condensates. To easily identify the quadrupo-
lar effects, we will focus on pure quadrupolar condensates by
letting g0 = 0. This reduces the control parameters to λ and

gq. We remark that, in the presence of the contact interaction,
the results presented below remain quantitatively valid as long
as gq� g0.

Since the QQI is partially attractive, stability is a partic-
ular important issue for the system. Numerically, it is found
that, for a given λ , the condensate always becomes unstable
when gq exceeds a threshold value g(n)q . In Fig. 2(a), we map
out the stability diagram of a quadrupolar condensate on the
(λ ,gq) parameter space, in which the solid line shows the crit-
ical QQI strength g(n)q . The stability of a quadrupolar conden-
sate strongly depends on the trap geometry. In fact, it becomes
more stable for both highly oblate and elongated traps. This
observation is in agreement with the angular distribution of
the QQI shown in Fig. 1, as in both cases, the overall QQI is
repulsive.








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g
q
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(b) (c) (d)

unstable

stable
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∼
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Fig. 2. (color online) (a) Stability diagram on the (λ ,gq) parameter space.

The solid line is the critical QQI strength g(n)q obtained via full numer-

ical calculations, while the dashed line is g(a)q obtained via Eq. (14) us-
ing condensate peak density along the solid line. Panels (b)–(d) show the
contour plots of the condensate density ñ(x̃, ỹ = 0, z̃) for parameter sets
(λ ,gq) = (1/8,38), (1,33), and (8,52), respectively. Three triangles in
panel (a) marks the positions of these parameter sets.

To gain more insight into the stability of the quadrupo-
lar condensates, we consider a homogeneous quadrupolar con-
densate, for which the dispersion relation of the collective ex-
citations is[23]

ε(𝑘) =

√[
1
4
+

4πgqn
105

Y40(𝑘̂)

]
k4 +g0nk2, (13)

where n is the density of the gas and all quantities are in
dimensionless form under the units that were previously de-
fined. Then, by noting that the minimum value of Y40(𝑘̂) is
−9/(14

√
π), equation (13) leads to an analytical expression

of the critical QQI strength

g(a)q =
245

24
√

πn
, (14)

which suggests that a homogeneous condensate becomes un-
stable when gq > g(a)q . The dashed line in Fig. 2(a) represents
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the critical QQI strength g(a)q . Here, for a given λ , the den-
sity n in Eq. (14) is taken as the numerically obtained peak
condensate density corresponding to the parameters (λ ,gq) on
the solid line of Fig. 2(a). As can be seen, there is only a
small discrepancy between the analytic and numerical stabil-
ity boundaries. The inequality equation (14) underestimates
the critical QQI strength because the zero-point energy in the
trapping potential is neglected when we use the homogeneous
result for the dispersion relation.

We now turn to study how the QQI deforms the conden-
sates. Compared to dipolar gases whose deformation is es-
sentially characterized by a single parameter, the condensate
aspect ratio,[45,46] the situation for quadrupolar condensate is
more complicate. Because it is easier to visualize the defor-
mation if the trapping potential is isotropic, we need to rescale
the coordinates such that the isodensity surface of the conden-
sate is a sphere in the absence of the QQI. For this purpose, we
note that the condensate wave function at gq = 0,

Ψ(𝑟) =
1

π3/4 exp

(
−x2 + y2

2λ 1/3 −
λ 2/3z2

2

)
(15)

can be transformed into a spherically symmetric form by

rescaling the coordinates according to x̃= λ−1/6x, ỹ= λ−1/6y,
and z̃= λ 1/3z. This inspires us to consider the condensate den-
sity in the rescaled coordinates, i.e.,

ñ(𝑟̃)≡ n(𝑟) = |Ψ(𝑟)|2. (16)

In Figs. 2(b)–2(d), we present the contour plots of ñ(x̃, ỹ= 0, z̃)
under three different pairs of parameters. Careful examination
of these contour lines reveals that the condensate is stretched
mainly along the radial and axial directions for λ = 1/8 and
8, respectively. While for λ = 1, the condensate is stretched
roughly along the direction that is most attractive for the
QQI. To characterize the deformation quantitatively, we ex-
pand ñ(𝑟̃) at a given radius r̃ = r̃0 into

ñ(r̃ = r̃0, θ̃ , ϕ̃) = n0

[
1+

∞

∑
ℓ=1

ℓ

∑
µ=−ℓ

β
∗
ℓµYℓµ(θ̃ , ϕ̃)

]
, (17)

where (r̃, θ̃ , ϕ̃) are the spherical coordinates for 𝑟̃, βℓµ are the
deformation parameters, and n0 is determined by r̃0. In this
work, r̃0 is so chosen that n0 is half of the peak condensate
density. We note that because the ground-state wave function
is axially symmetric, βℓµ is nonzero only if µ = 0.

                                                                                                        
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Fig. 3. (color online) (a)–(c) Deformation parameters βl0 versus QQI strength gq for ℓ= 2 (solid lines), 4 (dashed line), and 6 (dash–dotted lines). The trap
aspect ratios are λ = 1/8 (a), 1 (b), and 8 (c). (d) Angular dependence of the QQI in the rescaled coordinates for different λ ’s.

Figures 3(a)–3(c) show the gq dependence of the deformation parameters βℓ0 for ℓ= 2, 4, and 6 and for three different λ ’s.
In all three cases, β60 are negligibly small. Furthermore, β20 dominates in highly anisotropic traps and β40 gives the largest
contribution in isotropic potential, which is in agreement with the observation in Fig. 2. To understand these results, we express
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the angular dependence of the QQI, Y40(θ ,ϕ), in the rescaled coordinates

Ỹ40(θ̃ , ϕ̃)≡ Y40(θ ,ϕ) =
3

16
√

π

[
3− 30

1+λ tan θ̃
+

35
(1+λ tan θ̃)2

]
. (18)

In Fig. 3(d), we plot Ỹ40(θ̃ , ϕ̃) for different λ ’s. As can be seen, for λ = 1/8 and 8 the most attractive direction is shifted to
θ̃m ' 0.42π and 0.12π , respectively. Therefore, one can naturally observe that the condensates are stretched along the radial
and axial directions for λ = 1/8 and 8, respectively. We note that, compared to DDI, the deformation induced by QQI is much
smaller. This can be attributed to the two features of the QQI. The complicated angular distribution of the QQI makes it difficult
to induce a global deformation. Moreover, the short-ranged feature makes the condensate prone to collapse. Therefore, the strong
interaction regime that may be required to generate large deformation is inaccessible.
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Fig. 4. (color online) Quadrupolar interaction energy (a) and condensate peak density (b) versus the QQI strength. The solid, dashed, and dash–dotted lines
represent λ = 1/8, 1, and 8, respectively.

In Figs. 4(a) and 4(b), we plot the gq dependence of the
QQI energy,

Eqq =
1
2

gq

∫
d𝑟|Ψ(𝑟)|2Q(𝑟),

and the peak condensate density, np, respectively. As can be
seen, the angular distribution of the density in an isotropic
potential always makes the overall QQI attractive such that
Eqq remains negative and np increases monotonically with gq.
Meanwhile, in highly anisotropic potentials, the angular de-
pendence of the density is mainly determined by the trap,
which, for both elongate and oblate traps, leads to overall re-
pulsive QQI. Consequently, the peak density decreases with
growing QQI strength in the small gq region. For large gq close
to the stability boundary, the gq dependence of np depends on
the value of λ , which may exhibit distinct tendency.

5. Conclusion
In conclusion, we have studied the ground-state proper-

ties of a trapped quadrupolar BEC. For the geometries of the
ground states, we have quantitatively characterized different
components of the deformation induced by QQI. In addition,
we map out the stability diagram on the (λ ,gq) parameter
plane. Finally, we point out that the QQI interaction strength
required to induce the quadrupolar collapses is in principle ac-
cessible in, for example, a metastable Yb atom or homonu-
clear diatomic molecules, albeit the experimental realization

of BECs of those atoms or molecules still remains challeng-
ing.
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C, Blackley C L, Hutson J M and Cornish S L 2014 Phys. Rev. Lett.
113 255301

120307-5

http://dx.doi.org/10.1103/RevModPhys.80.885
http://dx.doi.org/10.1021/cr2003568
http://dx.doi.org/10.1021/cr2003568
http://dx.doi.org/10.1103/PhysRevLett.94.160401
http://dx.doi.org/10.1103/PhysRevLett.94.160401
http://dx.doi.org/10.1103/PhysRevLett.107.190401
http://dx.doi.org/10.1103/PhysRevLett.107.190401
http://dx.doi.org/10.1103/PhysRevLett.108.215301
http://dx.doi.org/10.1103/PhysRevLett.108.210401
http://dx.doi.org/10.1126/science.1163861
http://dx.doi.org/10.1103/PhysRevLett.101.133004
http://dx.doi.org/10.1103/PhysRevLett.101.133004
http://dx.doi.org/10.1103/PhysRevLett.113.205301
http://dx.doi.org/10.1103/PhysRevLett.113.205301
http://dx.doi.org/10.1103/PhysRevA.91.021401
http://dx.doi.org/10.1103/PhysRevA.91.021401
http://dx.doi.org/10.1103/PhysRevLett.113.255301
http://dx.doi.org/10.1103/PhysRevLett.113.255301


Chin. Phys. B Vol. 27, No. 12 (2018) 120307

[12] Park J W, Will S A and Zwierlein M W 2015 Phys. Rev. Lett. 114
205302

[13] Guo M, Zhu B, Lu B, Ye X, Wang F, Vexiau R, Bouloufa-Maafa N,
Quéméner G, Dulieu O and Wang D 2016 Phys. Rev. Lett. 116 205303
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