
 

The entanglement of deterministic aperiodic quantum walks 

Ting-Ting Liu(刘婷婷), Ya-Yun Hu(胡亚运), Jing Zhao(赵静), Ming Zhong(钟鸣), Pei-Qing Tong(童培庆) 

Citation:Chin. Phys. B . 2018, 27(12): 120305. doi: 10.1088/1674-1056/27/12/120305 

Journal homepage: http://cpb.iphy.ac.cn; http://iopscience.iop.org/cpb   

 

What follows is a list of articles you may be interested in  

 

Extended Bell inequality and maximum violation 

Yan Gu(古燕), Haifeng Zhang(张海峰), Zhigang Song(宋志刚), Jiuqing Liang(梁九卿), Lianfu Wei(韦联福) 

Chin. Phys. B . 2018, 27(10): 100303. doi: 10.1088/1674-1056/27/10/100303 

Localization of quantum walks on finite graphs 

Yang-Yi Hu(胡杨熠), Ping-Xing Chen(陈平形) 

Chin. Phys. B . 2016, 25(12): 120303. doi: 10.1088/1674-1056/25/12/120303 

A quantum walk in phase space with resonator-assisted double quantum dots 

Zhi-Hao Bian(边志浩), Hao Qin(秦豪), Xiang Zhan(詹翔), Jian Li(李剑), Peng Xue(薛鹏) 

Chin. Phys. B . 2016, 25(2): 020307. doi: 10.1088/1674-1056/25/2/020307 

Implementation of a one-dimensional quantum walk in both position and phase spaces 

Qin Hao, Xue Peng 

Chin. Phys. B . 2014, 23(1): 010301. doi: 10.1088/1674-1056/23/1/010301 

Non-Markovian decoherent quantum walks 

Xue Peng, Zhang Yong-Sheng 

Chin. Phys. B . 2013, 22(7): 070302. doi: 10.1088/1674-1056/22/7/070302 

-------------------------------------------------------------------------------------------------------------------- 

http://cpb.iphy.ac.cn/EN/abstract/abstract73264.shtml
http://cpb.iphy.ac.cn/
http://iopscience.iop.org/cpb
http://cpb.iphy.ac.cn/EN/abstract/abstract72931.shtml
http://cpb.iphy.ac.cn/EN/abstract/abstract68722.shtml
http://cpb.iphy.ac.cn/EN/abstract/abstract66430.shtml
http://cpb.iphy.ac.cn/EN/abstract/abstract57344.shtml
http://cpb.iphy.ac.cn/EN/abstract/abstract54280.shtml


Chin. Phys. B Vol. 27, No. 12 (2018) 120305

SPECIAL TOPIC — 60th Anniversary of Department of Physics of Nanjing Normal University

The entanglement of deterministic aperiodic quantum walks*

Ting-Ting Liu(刘婷婷)1, Ya-Yun Hu(胡亚运)2, Jing Zhao(赵静)3,
Ming Zhong(钟鸣)1,†, and Pei-Qing Tong(童培庆)1,4,‡

1Department of Physics and Institute of Theoretical Physics, Nanjing Normal University, Nanjing 210023, China
2Physics Department, 104 Davey Laboratory, Pennsylvania State University, University Park, PA 16802, USA

3College of Mathematical and Physical Sciences, Anshun University, Anshun 561000, China
4Laboratory for Numerical Simulation of Large Scale Complex Systems, Nanjing Normal University, Nanjing 210023, China

(Received 18 August 2018; revised manuscript received 9 October 2018; published online 25 November 2018)

We study the entanglement between the internal (coin) and the external (position) degrees of freedom in the dynamic
and the static deterministic aperiodic quantum walks (QWs). For the dynamic (static) aperiodic QWs, the coin depends on
the time (position) and takes two coins C(α) and C(β ) arranged in the two classes of generalized Fibonacci (GF) and the
Thue–Morse (TM) sequences. We found that for the dynamic QWs, the entanglement of three kinds of the aperiodic QWs
are close to the maximal value, which are all much larger than that of the homogeneous QWs. Further, the first class of GF
(1st GF) QWs can achieve the maximum entangled state, which is similar to that of the dynamic disordered QWs. And the
entanglement of 1st GF QWs is greater than that of the TM QWs, being followed closely by the entanglement of the second
class of GF (2nd GF) QWs. For the static QWs, the entanglement of three kinds of the aperiodic QWs are also close to the
maximal value and 1st GF QWs can achieve the maximum entangled state. The entanglement of the TM QWs is between
1st GF QWs and 2nd GF QWs. However, the entanglement of the static disordered QWs is less than that of three kinds of
the aperiodic QWs. This is different from those of the dynamic QWs. From these results, we can conclude that the dynamic
and static 1st GF QWs can also be considered as maximal entanglement generators.

Keywords: quantum walks, quantum entanglement, aperiodic, entanglement production

PACS: 03.67.Bg, 03.65.Ud, 61.44.Br, 05.40.Fb DOI: 10.1088/1674-1056/27/12/120305

1. Introduction

Recently the quantum walks (QWs)[1–4] have attracted
extensive attention. This is because of the diffusion of QWs
is faster than that of the classical random walks[1–9] and QWs
are widely used in quantum information.[6–9] The another rea-
son is that QWs can be used to simulate and explain dy-
namical behaviors in variety of the physical systems, such as
Landau–Zener tunneling,[10] the Klein paradox,[11] and Bloch
oscillations.[12] In addition, many experimental schemes have
been suggested and reported to implement QWs, such as op-
tical lattices,[13] trapped ions,[14–16] waveguide lattices,[17,18]

light pulses in optical fibers,[19,20] and single photons.[21,22]

On the other hand, the entanglement in quantum state has
far reaching application in information fields such as quan-
tum cryptography, quantum computation, quantum teleporta-
tion, and quantum algorithms.[23–26] Only quantum system has
this fantastic property.[27,28] In recent years, the entanglement
of QWs has drawn much attention. Carneiro et al.[29] stud-
ied the entanglement of the homogeneous QWs between the
coin and position degrees of freedom. They used the von Neu-
mann entropy to measure the entanglement and found that the
entanglement with Hadamard coin tends to be 0.872. Then,

Vieira et al.[30] studied the entanglement of the dynamic dis-
ordered QWs and pointed out that the entanglement of the dy-
namic disordered QWs approaches one, the maximal value of
entanglement, and the entanglement is independent of the ini-
tial condition of the walker. Therefore, the dynamic disorder
QW can be considered as a maximal entanglement generator.
They also studied the static disordered QWs and showed that
the entanglement oscillate around a value smaller than 1. This
is different from that of the dynamic disordered QWs.[31,32]

Since the discovery of quasicrystals by Shechtman et
al.[33] and the studies of many experimental works of
quasiperiodic superlattices,[34–36] a great deal of attention has
been focused on studies of aperiodic systems. Despite the ab-
sence of translational invariance in these structures, they are
perfectly ordered. Such systems can be regarded as intermedi-
ate between homogeneous and disordered systems. The ape-
riodic systems exhibit some unusual physical properties. For
example, the electronic energy spectra of the Fibonacci lat-
tice is singular continuous and the wave functions are criti-
cal, i.e., neither localized nor extended.[37,38] The widely stud-
ied aperiodic systems are the two-element Fibonacci,[35–45]

generalized Fibonacci (GF),[39,46–50] and Thue–Morse (TM)
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systems.[39,45,51–54] They can be classified by different math-
ematical and/or physical properties. Burrows and Sulston de-
fined the degrees of sequence disorder for two-element aperi-
odic sequences by the Shannon entropy.[55] They found that
the second class of GF (2nd GF) sequences are more disor-
dered than that of TM sequences, being followed by the first
class of GF (1st GF) sequences. The degrees of sequence dis-
order for three kinds of the aperiodic sequences are between
those of the disordered and homogeneous sequences. On the
other hand, based on the wandering number, Luck showed that
the quantum phase transition (QPT) of the Fibonacci, 1st GF
and TM quantum Ising chain (QIC) belong to the same univer-
sality class of homogeneous QIC.[39] The QPT of the 2nd GF
QIC is similar to that of the disordered QIC. Recently, the dy-
namic Fibonacci[40–46] and nonuniform QWs[56–60] have been
widely investigated. It is found that the dynamic Fibonacci
QWs leads to a sub-ballistic dynamic behavior characterized,
i.e., σ(t) ∝ tα(0.5 < α < 1).[40] This behavior is between that
of the homogeneous QWs (α = 1) and the dynamic disordered
QWs (α = 1/2). It is also found that the dynamic behavior of
the dynamic GF QWs is the sub-ballistic behavior and the α

of the 2nd GF QWs is greater than that of the 1st GF QWs.[46]

Therefore, there are two very interesting questions. One ques-
tion is what is the entanglement of different dynamic (static)
aperiodic QWs? Another is what is the relationship between
the entanglement of different dynamic (static) aperiodic QWs
and their relationship to entanglement of the disordered and
homogeneous QWs? To address these questions, we study the
entanglement of the dynamic and static aperiodic QWs.

The paper is organized as follows. The models of the dy-
namic and the static deterministic aperiodic QWs and the en-
tanglement are introduced in Section 2 and Section 3, respec-
tively. In Section 4, the numerical results of the entanglement
of the aperiodic QWs are given and discussed. Section 5 is a
short summary.

2. Models
Consider a one-dimensional discrete QWs. The system

can be described by a Hilbert space Hp⊗Hc, where Hp denotes
the position space Z spanned by {| i⟩, i ∈ Z}, and Hc denotes
the inner coin space spanned by {| ↑⟩, | ↓⟩}. A general state
for a quantum walker can be written as[31]

|Ψ(t)⟩=
+∞

∑
−∞

[R(i, t) |↑⟩⊗ | i⟩+L(i, t) | ↓⟩⊗ | i⟩], (1)

with normalization condition demanding that ∑
+∞
−∞[| R(i, t) |2

+ | L(i, t) |2] = 1. At t step the state of QW is

|Ψ(t)⟩=U(t) |Ψ(t −1)⟩, (2)

where,

U(t) = 𝒮𝒞(t), (3)

and

𝒮 = ∑
i
| ↑⟩⟨↑ | ⊗ | i+1⟩⟨i |+∑

i
| ↓⟩⟨↓ | ⊗ | i−1⟩⟨i |,(4)

𝒞(t) =
∞

∑
i=−∞

C(i, t)⊗ | i⟩⟨i | . (5)

Here, 𝒮 is the conditional displacement operator, moves the
walker at site j to the site j+ 1 if its coin state is | ↑⟩ and to
the site j−1 if its coin state is | ↓⟩. C(i, t) is the quantum coin
acting on the internal degree of freedom at site i and time t. In
our studies, we select the coin operator C(i, t) as

C(i, t) =
(

cosθ(i, t) sinθ(i, t)
sinθ(i, t) −cosθ(i, t)

)
, θ ∈ [0,π/2]. (6)

When θ(i, t) is independent of the time and position, i.e.,
θ(i, t) = θ , the model becomes to the ordinary homogeneous
QWs. In this paper, we consider two kinds of the aperiodic
QWs: the dynamic and the static aperiodic QWs. For the dy-
namic aperiodic QWs, θ(i, t) = θ(t), i.e., the quantum coin is
only dependent on the time. The time evolution of the system
is obtained by applying U(t) to an arbitrary state at time t −1,
then the recurrence relations can be written as[31]

R(i, t) =cosθ(t)R(i−1, t −1)+ sinθ(t)L(i−1, t −1),

L(i, t) =sinθ(t)R(i+1, t −1)− cosθ(t)L(i+1, t −1).
(7)

For the static aperiodic QWs, θ(i, t) = θ(i), i.e., the quantum
coin is only dependent on the position. The recurrence rela-
tions become

R(i, t) = cosθ(i−1)R(i−1, t −1)
+ sinθ(i−1)L(i−1, t −1),

L(i, t) = sinθ(i+1)R(i+1, t −1)
− cosθ(i+1)L(i+1, t −1).

(8)

In order to study the deterministic aperiodic QWs, the
θ(t) (θ(i)) takes two values α and β arranged in the gener-
alized Fibonacci (GF) and the Thue–Morse (TM) sequences at
the t-th step (i-th position) of the walker. The GF sequences
for coin operators are generated from a seed (e.g., C(α)) by
the following rule[39]{

C(α)→C(α)nC(β )m,

C(β )→C(α),
(9)

with n and m being positive integers and C(α)n representing a
string of n C(α)’s. The length Fl of the l-th generation is given
by the recursion relation Fl = nFl−1+mFl−2 with F0 = F1 = 1.

We can classify the GF sequences by a wandering index
ω . The wandering index of the GF sequences is

ω =

ln

∣∣∣∣∣n−
√

n2 +4m
2

∣∣∣∣∣
ln

n+
√

n2 +4m
2

. (10)
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The cases with ω < 0 (n+1 > m) correspond to the first class
of (1st) GF sequences and those with ω > 0 (n+ 1 < m) cor-
respond to the second class of (2nd) GF sequences.

The typical example of the 1st GF sequence is a se-
quences with m = n = 1, which is the well-known Fibonacci
sequence. It is generated by the following rule:{

C(α)→C(α)C(β ),

C(β )→C(α).
(11)

The infinite Fibonacci sequence is given by

C(α)C(β )C(α)C(α)C(β )C(α)C(β )C(α)C(α)C(β )....

Another well-studied aperiodic system is the TM system.
The generating rule of the TM sequence for the coin operators
is {

C(α)→C(α)C(β ),

C(β )→C(β )C(α).
(12)

The length Fl of the l-th generation is Fl = 2l .

3. Entanglement
Similarly, we also use the von Neumann entropy S of

the reduced density matrix in the coin space to quantify the
entanglement.[29–32] That is

S(t) =−Tr[ρC(t) log2 ρC(t)]

=−λ+ log2 λ+−λ− log2 λ−,
(13)

where,

ρC(t) = TrP[ρ(t)]≡TrP[|Ψ⟩⟨Ψ |]

=

(
ρ11(t) ρ12(t)

ρ12 * (t) ρ22(t)

)
, (14)

and TrP[·] is the trace over the position degree of freedom. The

ρ11(t) = ∑
i
|R(i, t)|2, ρ22(t) = ∑

i
|L(i, t)|2,

ρ12(t) = ∑
i

R(i, t)×L*(i, t),
(15)

and L* is the complex conjugate of L. λ± are the eigenvalues
of ρC(t) and

λ± =
1
2
±
√

1
4
−ρ11(t)[1−ρ11(t)]+ |ρ12(t)|2. (16)

S = 1 is the maximal entanglement between the coin and po-
sition degrees of freedom in QWs.

To gain further insights into the asymptotic limit of S(t),
we studied S(t) evolution over time by

∆S(t) = S(t)−S(t −1). (17)

If ∆S(t) is close to zero in the long time limit, then the S(t)
can achieve stationary value. In order to determine whether to

approach the maximal value of entanglement, we further stud-
ied the differences of the entanglement and the maximal value
(S = 1) evolution over time, i.e.

∆E(t) = 1−S(t). (18)

If ∆E(t) reduces to zero in the long time limit, then the entan-
glement can approach the maximal entanglement.

4. Results and discussions
In the following, we study the entanglement of the ape-

riodic QWs. Due to the nonuniformity of the aperiodic se-
quences, the numerical results need to be averaged as done in
the random case.[31] In our numerical calculations, we gener-
ate a very long but finite the GF or the TM sequence of size
L according to the rule (9) or rule (12). We select continu-
ous sequence of size N from the sequence of size L (L ≫ N)
randomly. N is the size of time steps (position spaces) for the
dynamic (static) aperiodic QWs. Then we obtain the values of
S(t). Finally, we perform the averaging over 100 realizations,
and results averaging over more different selections are simi-
lar to those averaging over 100 different selections. In short,
we use ⟨S(t)⟩ to denote the averaged entanglement. In our nu-
merical calculations, we chose the initial state as

|Ψ(0)⟩= 1√
2
|↑⟩⊗ | 0⟩+ i√

2
| ↓⟩⊗ | 0⟩. (19)

For different initial states, the entanglement of the aperiodic
QWs are similar.

4.1. Dynamic QWs

In Fig. 1, we give a typical result of ⟨S(t)⟩ as a function of
time for the dynamic Fibonacci QWs with α = π/3,β = π/6.
We can see that the averaged entanglement grows rapidly from
0 in the first few steps, then grows slowly over time and tends
to be a stationary value finally. In the inset of Fig. 1, we also
give the ∆S(t) [Fig. 1(a)] and the ∆E(t) [Fig. 1(b)] as functions
of time, respectively. It can be seen that the ∆S(t) oscillates
around 0 and the amplitude of oscillation decreases over time.
It means that ⟨S(t)⟩ tends to a stationary value. And the ∆E(t)
decreases over time and follows a power law approximatively,
∆E(t)∼ t−γ with γ ≈ 0.25. Therefore, the averaged entangle-
ment approaches the maximal value S = 1, it means that the
dynamic Fibonacci QWs can achieve the maximum entangled
state. This behavior is similar to that of the dynamic disor-
dered QWs.

In order to study the entanglement of different sequences
of the dynamic 1st GF QWs, we study the entanglement of the
QWs with n= 2,m= 1 and n= 3,m= 1, respectively. The nu-
merical results are shown in Fig. 2. We can see that ⟨S(t)⟩ as
functions of time are all similar to that of the Fibonacci case.
This indicates that the entanglement of the different sequences
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of the dynamic 1st GF QWs all approach the maximal value
S = 1, which is similar to that of the dynamic disordered QWs.
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Fig. 1. (color online) Averaged entanglement ⟨S(t)⟩ for the dynamic Fi-
bonacci QWs (m = 1,n = 1) with α = π/3, β = π/6. The insets (a) and
(b) are ∆S(t) and ∆E (t), respectively. The solid curve was obtained by fit-
ting of the simulated data, where we have dropped the first 100 points
to better highlight the asymptotic behavior. The slope of this solid is
(−0.25±0.002).
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Fig. 2. (color online) Averaged entanglement ⟨S(t)⟩ for the dynamic 1st
GF QWs with α = π/3,β = π/6. The orange and blue curves correspond
to n = 2,m = 1 and n = 3,m = 1, respectively. The insets (a) and (b)
are ∆S(t) and ∆E (t), respectively. The solid curves were obtained by fit-
ting of the simulated data, where we have dropped the first 100 points to
better highlight the asymptotic behavior. The slopes of these solids are
(−0.20±0.003) and (−0.22±0.003), respectively.

To compare the entanglement of the other aperiodic QWs,
we give the numerical results of the dynamic 2nd GF QWs
and the dynamic TM QWs in Figs. 3 and 4, respectively. In
Fig. 3, we show the averaged entanglement of two sequences
with n = 1,m = 2 and n = 1,m = 3, respectively. We can see
that ⟨S(t)⟩ of these two sequences all tend to the stationary
value. This illustrates that the entanglement of the different
sequences of the dynamic 2nd GF QWs have same behavior.
It also can be see that the entanglement of the dynamic TM
QWs tend to the stationary value (see Fig. 4). However, their
entanglement are different from that of the dynamic 1st GF
QWs and can not reach the maximal entanglement value.

In order to compare the entanglement of different aperi-
odic QWs with that of the homogeneous QWs and the disor-
dered QWs, we give the results of ⟨S(t)⟩ as functions of time
for those QWs in Fig. 5. It is found that the entanglement of
those QWs with α = π/3,β = π/6 follow the order:

Sdisordered≈S1st GF > STM > S2nd GF > Shomogeneous. (20)
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Fig. 3. (color online) Averaged entanglement ⟨S(t)⟩ for the dynamic 2nd
GF QWs with α = π/3,β = π/6. The green and violet curves correspond
to n = 1,m = 2 and n = 1,m = 3, respectively. The inset is ∆S(t).
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Fig. 4. (color online) Averaged entanglement ⟨S(t)⟩ for the dynamic TM
QWs with α = π/3,β = π/6. The inset is ∆S(t).
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Fig. 5. (color online) Averaged entanglement ⟨S(t)⟩ for the dynamic disor-
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(pink), the dynamic 2nd GF QWs (green) with α = π/3,β = π/6, and the
homogeneous QWs (black) with θ = π/3 and θ = π/6.
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For further understanding the entanglement of the dy-
namic QWs, we study the distributions P(ρ12) of the nondi-
agonal elements ρ12 of density matrix ρ . In Fig. 6, we give
the distributions of the dynamic disordered, 1st GF, 2nd GF,
TM, and homogeneous QWs in different time periods, respec-
tively. We can see that the P(ρ12) of the disordered, 1st GF
and TM QWs are all Poisson distribution (see Figs. 6(a)–6(c)).
For the disordered and 1st GF QWs, the P(ρ12) are centered
around the origin ρ12 = 0 and the peaks of P(ρ12) at ρ12 = 0
get higher as time increasing. It means ρ12 → 0 and entangle-
ment S → 1 in the limit t → ∞. Therefore, the entanglement
of the 1st GF QWs is similar to that of disordered QWs. How-
ever, for the TM QWs, the peaks of P(ρ12) keep unchanged
as time evolution, which means ρ12 cannot achieve 0 and the
entanglement cannot become the maximum entanglement in
the limit t → ∞. In contrast, the P(ρ12) of the 2nd GF and ho-
mogeneous QWs are Gaussian distribution (see Figs. 6(d) and
6(e)). The ρ12 corresponding the peaks of P(ρ12) are nonzero
value, which means ρ12 ̸= 0 and the entanglement will be S =

(1/2+ρ12) log(1/2+ρ12)+ (1/2−ρ12) log(1/2−ρ12) ̸= 1.
However, the ρ12 corresponding the peaks of P(ρ12) of the
2nd GF QWs are close to 0. Therefore, the entanglement of
the 2nd GF QWs is close to the maximal value.

Finally, we analyze the entanglement of the dynamic ape-
riodic QWs with the different angles. In Fig. 7, we plot the
averaged entanglement as functions of β (0 ≤ β ≤ π/2) for
α = π/4. We can see that the entanglement of three kinds
of the dynamic aperiodic QWs follows the order of expres-
sion (20) in most of angles. When β is close to α , the entan-
glement of three kinds of the dynamic aperiodic QWs tend to
be equal and are close to 0.872 (the entanglement of the homo-
geneous QWs for θ = π/4). This is because that when α = β ,
these dynamic aperiodic QWs are equal to the homogeneous
QWs. Also we found that when the β approaches π/2, the en-
tanglements of the dynamic 2nd QWs are different for odd m
and even m. The entanglement is close to that of the homoge-
neous QWs for even m. The reason is described below. When

β = π/2, the coin becomes C(π/2) =
(

0 1
1 0

)
. Then,

R(i, t +2) = L(i−1, t +1) = R(i, t),

L(i, t +2) = R(i+1, t +1) = L(i, t).
(21)

It means that the state of the walker at t + 2 step is same as
that at t step. Therefore, the dynamic 2nd QWs with even m
for β = π/2 are equivalent of the homogeneous QWs.
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Fig. 6. (color online) The distributions P(ρ12) of the nondiagonal elements ρ12 of density matrix ρ . The inset (a) is the P(ρ12) of the dynamic disordered
QWs; inset (b) is the P(ρ12) of the dynamic 1st GF QWs; inset (c) is the P(ρ12) of the dynamic TM QWs; inset (d) is the P(ρ12) of the dynamic 2nd GF
QWs; and inset (e) is the P(ρ12) of the homogeneous QWs.

4.2. Static QWs

In Figs. 8–10, we give the numerical results for the entan-
glement of the static 1st GF QWs, the static 2nd GF QWs and
the static TM QWs, respectively. In Fig. 8, we show the results

of ⟨S(t)⟩ as functions of time for three sequences of the static

1st GF QWs. We can see that the entanglement of the different

sequences of the static 1st GF QWs all tend to the stationary

value finally. The ∆E(t) follows a power law approximatively,
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∆E(t)∼ t−γ with γ ≈ 0.33 (see the inset (b) of Fig. 8). This il-
lustrates that the static 1st GF QWs can achieve the maximum
entangled state.
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Fig. 7. (color online) Averaged entanglement of three kinds of the aperi-
odic QWs for α = π/4,0 ≤ β ≤ π/2.
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Fig. 8. (color online) Averaged entanglement ⟨S(t)⟩ for the static 1st GF
QWs with α = π/3,β = π/6. The red, orange, and blue curves corre-
spond to n = 1,m = 1; n = 2,m = 1, and n = 3,m = 1, respectively. The
insets (a) and (b) are ∆S(t) and ∆E (t), respectively. The solid curves were
obtained by fitting of the simulated data, where we have dropped the first
100 points to better highlight the asymptotic behavior. The slopes of these
solids are (−0.33±0.002).

0 0.5 1.0 1.5 2.0

t/104

1.00

0.95

0.90

0.85

0.80

0.75

0.70

<S
>

t/104
0 0.5 1.0 1.5 2.0

∆
S

 ↼
t↽

0.2

0.1

0

-0.1

-0.2

n/↪ m/
n/↪ m/
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n = 1,m = 2 and n = 1,m = 3, respectively. The inset is ∆S(t).
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Fig. 10. (color online) Averaged entanglement ⟨S(t)⟩ for the static TM QWs
with α = π/3,β = π/6. The inset is ∆S(t).

Similarly, from Figs. 9 and 10, we can also see that the en-
tanglement of the static 2nd GF QWs and the static TM QWs
are similar to that of the dynamic cases.

In Fig. 11, we compare the entanglement of the static dis-
ordered QWs, three kinds of the static aperiodic QWs and the
homogeneous QWs. We found that the entanglement of three
kinds of the static aperiodic QWs are all greater than that of
the static disordered QWs and the homogeneous QWs. They
follow the order:

S1st GF > STM > S2nd GF > Sdisordered. (22)

This is quite different from that in the dynamic cases.
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Fig. 11. (color online) Averaged entanglement ⟨S(t)⟩ for the static disor-
dered QWs (red), the static 1st GF QWs (blue), the static TM QWs (pink),
the static 2nd GF QWs (green) with α = π/3,β = π/6, and the homoge-
neous QWs (black) with θ = π/3 and θ = π/6.

Similar to that in the dynamic aperiodic QWs, we also
analyzing the distributions P(ρ12) of the nondiagonal element
ρ12 of density matrix ρ for the static QWs (see Fig. 12). We
found that the P(ρ12) of the static disordered, 1st GF, TM and
2nd GF QWs are all Poisson distribution. For the 1st GF QWs,
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the distributions are similar to that of the dynamic disordered
QWs (see Fig. 12(b)). Then the entanglement of the 1st GF
QWs can create the maximal value. However, for the disor-
dered, TM and 2nd GF QWs, the P(ρ12) are extensions and

the peaks of P(ρ12) keep unchanged as time evolution, which
means ρ12 cannot achieve 0 and the entanglement cannot be-
come the maximal value in the limit t →∞ (see Figs. 12(c) and
12(d)).
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Fig. 12. (color online) The distributions P(ρ12) of the nondiagonal elements ρ12 of density matrix ρ . The inset (a) is the P(ρ12) of the static disordered
QWs; inset (b) is the P(ρ12) of the static 1st GF QWs; inset (c) is the P(ρ12) of static TM QWs; inset (d) is the P(ρ12) of the static 2nd GF QWs; and
inset (e) is the P(ρ12) of the homogeneous QWs.
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α = π/4,β = π/2.

Similarly, we also study the entanglement of the static
aperiodic QWs with different angles in Fig. 13. It can be found
that the results of the static aperiodic QWs are similar to that of
the dynamic aperiodic QWs. However, when the β approach
π/2, the entanglement of three kinds of the static aperiodic
QWs are all away from the maximal entanglement S = 1. This

is because that when the position with coin C(π/2) =
(

0 1
1 0

)
the coin state at this position was overturned. It leads the av-
eraged entanglement of the static aperiodic QWs becomes os-
cillating function and cannot tend to a stationary value (as an
example, see the inset of Fig. 13 for ⟨S(t)⟩ of the static aperi-
odic QWs with n = 2,m = 1).

5. Conclusions
In this paper, we have discussed the entanglement in the

dynamic and static deterministic aperiodic QWs. For the dy-
namic aperiodic QWs, the entanglement of the 1st GF QWs
can reach the maximal entanglement value, which is similar to
that of the dynamic disordered QWs. The entanglements of the
2nd GF and TM QWs are all close to maximal value. For the
static aperiodic QWs, the entanglement of 1st GF QWs also
can reach the maximal entanglement value, which is different
from that of the static disordered QWs. The entanglements of
the 2nd GF and TM QWs are similar to those of these kinds
of the dynamic QWs. From our results, we can conclude that
both the dynamic and static 1st GF QWs are the determinis-
tic maximal entanglement generators. At the same time, we
found that whether dynamic or static QWs, the entanglement
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of the 1st GF QWs is greater than that of the TM QWs, being
followed closely by the entanglement of 2nd GF QWs. The
entanglements of three kinds of the dynamic aperiodic QWs
are between those of the disordered and homogeneous QWs,
however, the entanglements of three kinds of the static ape-
riodic QWs are all greater than those of the disordered and
homogeneous QWs. Moreover, the classification of the aperi-
odic systems according to the entanglement of QWs is differ-
ent from that by the quantum phase transition of the aperiodic
quantum Ising chain[39] and that by the degrees of sequence
disorder of those sequences.[55]
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