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In this work, we study the quantum steering in two-qubit Heisenberg models with Dzyaloshinskii-Moriya (DM)
interaction and an external magnetic field. We find that the steerable weight (SW) and the critical temperature where
SW — 0 can be enhanced by the DM interactions. In the special case where the magnetic field is vanishing and the two
spins are ferromagnetically coupled, the DM interaction can tune the zero-temperature SW from zero to a finite value. In
addition to the SW, some other measurements used to identify the quantum entanglement and quantum correlations are
investigated, i.e., the concurrence, the quantum discord, and the robustness of coherence. In the strong magnetic field limit,
our results show that the SW is dramatically different from the other measurements.

Keywords: quantum steering, Heisenberg model, Dzyaloshinskii—-Moriya interaction

PACS: 03.67.—a, 03.65.Ud, 75.10.Jm, 75.10.Pq

1. Introduction

Quantum entanglement, a unique concept in quantum me-
chanics, refers to the special relationship between two par-
ties in a quantum system,[!! even though these two parties
are far from each other. Numerous measurements'>~’! have
been proposed to describe quantum entanglement and nonlo-
cal quantum correlations, e.g., concurrence, quantum discord,
and quantum coherence. Quantum steering is a typical mea-
surement to identify quantum entanglement. This aspect can
be traced back to 1935 by Schrodinger®°! as a generalization
of the Einstein—Podolsky—Rosen paradox ! for arbitrary pure
entangled quantum states. In 2007, Wisemann et al. found
an operational method to identify quantum steering expressed
in mathematical representation.!!!l Briefly, quantum steering
is defined under the following scenario. Consider a bipartite
quantum state shared by Alice and Bob. Bob trusts his own
measurements and believes that the state can be described by
a local hidden state!'?l model. In order to convince Bob that
the state is quantum entangled, Alice performs her own mea-
surement using the scheme proposed by Bob temporarily and
informs him of her results. If the results of Alice and Bob’s
measurements cannot be explained by any local hidden state
theory, i.e., Alice has the magic power to predict Bob’s re-
sult before his measurement, Bob will believe that there does
exist some quantum entanglement. Quantum steering has at-
tracted great attention in recent years in terms of both theoret-
ical development!!'3-1°1 and experimental investigation.[20-24]
This measurement plays an important role in a broad range of
quantum information, such as quantum teleportation,*! quan-
tum key distribution, 6! and quantum computation.?”!
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2. Model Hamiltonians

In this work, we study the two-qubit Heisenberg model
(generally, the XY Z model) subject to Dzyaloshinskii—-Moriya
(DM) interactions and an external magnetic field. Three mod-
els are investigated. The first one is the XXZ model subject
to a z-component DM interaction without a magnetic field.
The second one is similar to the first one, the only difference
is that the z-component DM interaction has been replaced by
an x-component DM interaction. The third one is the general
case, the XYZ model subject to a z-component DM interac-
tion and external magnetic field. The analytic expressions of
the finite temperature density matrix for all these models can
be calculated explicitly. The first model is a special case of
the third one. We present it separately as the first case such
that we can compare the impact of z and x components of
the DM interaction on quantum correlations straightforwardly.
The impacts of the DM interaction on quantum correlations in
a two-qubit Heisenberg model have been investigated in pre-
vious studies,?3% and include thermal entanglement, con-
currence, and quantum discord. However, quantum steering
for the Heisenberg model with DM interaction has not been
investigated as far as we know.

The first Hamiltonian is the two-qubit XXZ model with a
z-component DM interaction, which is given by the following
formulal3!!

Hy =T (S{S5+8\8)) +1.8185+D.(S{8 - §183), (D)

where J and J, are the Heisenberg coupling constants between
the two spins, D; is the z-component parameter of the DM
interaction, and S’;, S;, and Sj- are the three spin-operators lo-
cated at the j-th site (j = 1,2). Their explicit expressions for
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the spin-1/2 states are given by the Pauli matrices, §;”° =
lio*™2 /2. In the following discussion, we set the Heisenberg
coupling constants and the DM interaction to be dimension-
less. The Planck constant 7 is set to be 1. Under the basis,
{1 119,141, 1 )}, the finite temperature density matrix
with the z-component parameter of the DM interaction can be
written as a 4 X 4 matrix,

pl 0 0 0
p— | O PR O @)
AR A
0 0 0 p

where k is the Boltzmann constant and T is the temperature.
p3 = —a;e?sinh(X))/A;, p?2 = e¥ cosh(X;), pl! =79,
0, :JZ/4kT, X :Al/ZkT, o =J+1iD,, A = \/Jz—l—Dg. 7
in the denominator is the partition function, whose expression
is given by

Z1 =Tr(e My =2¢7% 4 e cosh(Z)). 3)

The second Hamiltonian is the XXZ Heisenberg model
with an x-component DM interaction, which can be expressed
as

Hy = (S{S5+S818)) +J.5i85+ D (5185 - 5783), (4

where D is the x component of the DM interaction. The 4 x 4
finite temperature density matrix can be expressed as follows:

11 12 12 14

P =P P Py
e L P PP PP —py’ )
2| -p* p3 P |
Pt P —pt Py

where pJ! = e % /2 + 4e"1D2(e M /@y + eM/L}), p)?
—ieV1Dysinh(A)/n1, p3* = e 01 /2 —4e1D2(e ™M /oy
oM /1), pR = e /2 1 e (apett — re)/dmy, p3?
e % /2 4 eV (ﬁzeil] — OCQG}L‘)/4T]1, v = J/4kT, M
N1 /4kT, Q) =X, /4kT, £ = 2] —J,, I} = 8D? +202,
8D +2B3, o = A+ 11, B = Ay — M1, M = (/4D2 + A3,
Ay = J +J,. The finite temperature partition function of this
model Hamiltonian is given by

+

Z, = Tr(e_Hz/kT)

o 8D? o )
— 91 1 11+V| X 2
=qe T4e T 4e — 4+
{ < 11 2”1

_ 8D B
MAv [ OFx P2
ree () ) ®

The third Hamiltonian is the general Heisenberg model
with both an external magnetic field and a z-component DM
interaction,

Hy= Y J:SiSh+B(S}+55)+D.(S1S— 5183), (D)

I=X,y,2

where B represents the external magnetic field. The 4 x 4 finite
temperature density matrix is

pll 0 0 p
P ®)
Z| o pp2 0 |
plt 0 0 pH

where pil = J,/4+ B, pi* = (J, = Jy) /4, p3* = —J /4, p3* =
(Je +Jy) /4 +1iD;/2, p3* = J,/4 =B, Ay = J, — Jy, X3 =

Je+Jdy, M = /16B2+ A%, I3 = (/4D? + X2, o3 = J,/4KkT,

B3 = M2 /4kT, 6, = I, /4kT. The partition function,
Z3 =Tr(e M/KT) =2~ % cosh(Bs) +e% cosh(ar).  (9)

Generally, equation (1) can be considered as a special case of
Eq. (7) by setting Jy =J, =J and B=0.

3. Quantum correlation measurements

Quantum steering,[!! dating back to Schrodinger in
1935, can be described by a collection of ensembles of dis-
tant quantum states based on Bob and Alice. Such sys-
tems in a two-spin state can be entitled assemblages. The
assemblage, 3% {Qa\x}a,x, is related to Alice getting an output
a when putting in x. For any no-signaling assemblage, it is sat-
isfied with p(a|x) = Tr(0y,). These are strictly no-signaling
condition in the quantum assemblages:

Y Oue =Y Qs Vx,X, (10)
a a
and the normalization condition,

Tr) QO =1, Vx (11)

Although a local hidden state model cannot produce the
assemblages, it can be observed in two distant parties. We
restrict ourselves in this work to a more detailed assemblage
form,

{Qa|x} :ZDA(A’)Qa\x(a7xv/’L)€(;L)v Vx,a, (12)
A

where A sent to Alice through assemblages is named a local
hidden variable. &(A) is the normalized state. An assem-
blage { Qa‘x} is unsteerable if there is a probability distribution
Dj(A). Any assemblage that does not admit a local hidden
state model as in Eq. (12) is called steerable. The assemblages
can be divided into two parts, {Q2|x} and {Qg‘i , where {Q2|x}
refers to the steerable part and the other part {Qg‘i} is unsteer-
able. The steerable weight (SW) is defined as the minimal
value of 1 — x with x defined as a proper division of Q.

Qupr = XO + (1= )05, Vax, 0<x <1, (13)

Obviously, the SW takes a value between 0 and 1. SW =1
means the state is completely steerable, while SW = 0 means
the state is completely unsteerable.
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In order to get a complete understanding of the quan-
tum correlation and quantum steering, we study three other
measurements of quantum correlation, i.e., the concurrence, !
quantum discord,>~%) and the robustness of coherence.!” Now
let us introduce the definitions of these measurements. The
concurrence,?! which is used to describe the quantum entan-
glement between two parts, is defined as follows for the two-
qubit states:

(p) = max {0, /A1 /Ao /s — VA

where Ay, Ay, Az, and A4 are the four eigenvalues of the fol-
lowing matrix in decreasing order,

(14)

p(oy®o0y)p*(0,®0y), (15)

where p* is the complex conjugate of the density matrix p.
The definition of quantum discord*-%! for a bipartite state
p”* contains two different definitions of quantum mutual in-
formation which are extensions of two equivalent definitions
of classical mutual information. Quantum mutual information,

pi”? =S(p”) - S(/|B), (16)

AB

which is the total of corrections in the bipartite state, where
S(|B) = S(p??) —S(p?) is the conditional entropy of the
&/ side. Alternative mutual information based on a general
measurement N on party % can be written as

p =S ) =Y. p(m)S(py)) =S(p”) = S(|%c), (17)

where p; corresponds to /’s state conditioned on %’s mea-
surement output m, and (.7 |Bc) = ¥, p(m)S(p;) is /s
averaged entropy on the condition of Z’s measurement out-
comes. pfd # is the classical correlation between .7 and 2.
Obviously, we obtain a quantum correlation measurement

pi”? —pZ =S(\Bc) —S(A|B). (18)

1.0 oo . i
h= D =05
%0 0.8F -~ D =10 -
S DZ:1.5
o 0.6 1
Q0
S 04} .
[0}
2 0.2
2 (@) |
0 ! 2 --0-8
0 0.2 0.4 0.6 0.8
kT
1.0 = :
E — J::0
0 0.8} —= J.=04 4
g J.=0.9
© 0.6 :
0
S 04 1
8
$ 0.2 (C) 1
0 : re-o-e
0 0.2 0.4 0.6 0.8

kT

We can see

2(p) = min(p;”” — pi7id’) = min[S(7 | Bc) — S(7 | 2)].
NZ NB

19)
The last quantity we used to identify the quantum correla-
tion is the robustness of coherence.!”! It is defined as follows.
Let 2(C?) be the convex set of density matrices acting on a d-
dimensional Hilbert space and .# € 2(C?) be the incoherent

states subset. Then the robustness of coherence is given by

min {sEO‘FH_ST 6/}.
T€9(C9) I+s

r(P) = (20)

In previous studies,?®] the XXZ model with the DM in-
teraction has been concentrated on the concurrence. In this
paper, we take advantage of quantum steering to describe this
model.

4. Results

29301 show that the quantum entangle-

Previous studies!
ment between the two spins can be effectively enhanced by
the DM interactions. Here we show that the SW can also be
enhanced by the DM interactions. Figure 1 shows the SW ver-
sus temperature for different parameters. Figures 1(a) and 1(b)
present the results for the XXZ model with the z-component
DM interaction given in Eq. (1) and the X XZ model with the x-
component DM interaction given in Eq. (4), respectively. One
can find that the critical temperature where the SW vanishes
increases with DM interactions. For a given temperature be-
ing lower than the critical temperature, the value of the SW is
larger for a larger DM interaction.

1.0 fee

D, =05
—= D =1.0 -
D =15

0.8F

0.6
0.4

0.2}

Steerable weight

0 ‘ s et sed
0 0.2 04 06 0.8 1.0
kT

0.8
0.6

0.4

Steerable weight

0.2

0 | | A
0 0.2 04 06 0.8

kT

Fig. 1. (color online) The SW versus kT for different cases: (a) and (c), the XXZ model with z-component DM interaction shown in Eq. (1); (b) and (d), the
XXZ model with x-component DM interaction shown in Eq. (4). J = 1.0 and J, = 0.2 are chosen for plotting panels (a) and (b). {/,D;} = {1.0,1.0} and

{J,D,} = {1.0,1.0} are chosen for plotting panels (c) and (d), respectively.
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In Figs. 1(c) and 1(d), we show the SW versus temperature for different J,s, where figure 1(c) gives the results for the XXZ
model with the z-component DM interaction, and figure 1(d) presents the results for the XXZ model with the x-component DM
interaction. For both of these two cases, one can find that the SW is enhanced by the anisotropic coupling J, i.e., both the values
of the SW and the critical temperature where the SW vanishes increase with J;. In addition, by comparing the purple lines labeled
with ‘X in figures 1(c) and 1(d), where J = 1.0, J, = 0 are fixed and D, = D, = 1.0, we can find that the x component of the DM
term is more efficient than the z component term in enhancing the SW. On the other hand, the blue lines labeled with ‘A’ are
very close to each other, which demonstrates that, in this case (J; = 0.9), the SW is dominated by the anisotropic term J, rather
than the DM term.

=D = - D = == D =0 =D =0 =D =

= - D =02 - D =04 - D =04 oD =04 oD =0.4
-%0 0.75 «-D =05 7 —- D =08 —— D =0.8 ~-D_=0.8 ~-D =0.8
2 D =09 | D_=2.0 D_=2.0 D =20 D =20
[
= 0.50 1
< \
ot
8 |
£ 0.25 1|

@ || (b) © (@) (e)

—x—D,’:O —x—DJ:O —'(—DI:U —"—D,,,:O —"—D,,,:O

b=} D, =0.2 - D =04 —-D =04 —o-D,=0.4 —-D =04
.%0 0.75 —~-D =05 1| D =08 D'=08 D. =08 D =0.8
B D,=09 | D,=2.0 D, =20 D =20 D.=2.0
9 1l
< 0.50
< \
'
@ |
&= 0.25 1

|| (8) (h) (i) ()

0.2 0.4 0.6 0.8 0.2 0.4 0.6 0.8
kT kT

0.2 0.4 0.6 0.8

0.2 0.4 0.6 0.8 0.2 04 0.6 0.8
kT kT kT

Fig. 2. (color online) The SW as a function of the absolute temperature k7 for XXX model and XXZ model with different D.s: (a) J =J, = 0.3; (b)
J=J,=-3.0;(c)J=0.8and J; =0.2; (d) J = 0.8, J; = —0.8; (¢) / = 0.2 and J; = 0.8. (f)—(j) The counter plots with the D, term replaced by the D, term.

Figures 2(a)-2(e) and figures 2(f)-2(j) show the SW as a
function of kT for the different D_s and D,s presented in mod-
els Eq. (1) and Eq. (4), respectively. Here we focus on the ef-
fect of DM interactions in antiferromagnetic (J > 0) and ferro-
magnetic (J < 0) coupled systems. Figures 2(a) and 2(b) show
the results for different D,s in antiferromagnetically (J = 0.3)
and ferromagnetically (J = —3.0) coupled XXX models. Fig-
ures 2(c) and 2(d) show the results for different D.s in anti-
ferromagnetically (J/ = 0.8, J, = 0.2) and ferromagnetically
(J =0.8, J, = —0.8) coupled XXZ models. For the ferro-
magnetically coupled states, as shown by the purple lines in
Figs. 2(b) and 2(d), the SW vanishes for an arbitrary temper-
ature. This is because the ground states are degenerated. De-
tailed calculations show that the density matrix of the ferro-
magnetically coupled XXX model at zero temperature is given
by

p = SN+ L+ gL+ 1+ 410,

Similarly, the ground state of the ferromagnetically coupled
XXZ model presented in Fig. 2(d) is threefold degenerated,

p = SUL(I+ 21U — 1)t — 1
+ 21 L+ ).

When D, # 0, as shown in Figs. 2(b) and 2(d), the SW will
have a finite value at zero temperature. The reason for this re-
sult is that the degeneracy of the ground state is lifted. On the
other hand, as shown in Figs. 2(a) and 2(c), if the two qubits
are antiferromagnetically coupled, the ground state will be the
Bell state,

p = St — L1t~ U,

and the SW is not vanishing. In addition, the purple lines la-
beled with ‘%’ in Figs. 2(a) and 2(c) are very close to the red
lines labeled with ‘o’, which demonstrates that, in this case
(D is relatively small), the SW is dominated by thermal fluc-
tuations. Next, we compare the effects of the z component
and x component of the DM interaction on the SW. For the
isotropic XXX model shown in Figs. 2(a), 2(f) (antiferromag-
netic), and Figs. 2(b), 2(g) (ferromagnetic), we find that the
SW is independent of the orientation of the DM interaction.
This is induced by the spin rotation symmetry of the XXX
model. When J > J,, we find that, as shown in Figs. 2(c), 2(d),
and 2(h), 2(i), the Dy is more efficient in enhancing the SW.
However, when J < J,, the D, is more efficient (see Figs. 2(e)
and 2(j) for details). This is ascribed to the purity of the den-
sity matrix. It is easy to check that the energy gap between
the first excited state and the ground state is smaller for the D,
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case if J > J;. This smaller energy gap makes the purity of the
density matrix lower at finite temperature, so that the SW is
more easily destroyed by thermal fluctuation. When J < J_, it
is the opposite.

Now we study the Ising model with a transverse magnetic
field, which is a special case of the model Hamiltonian Eq. (7)
by taking J, = J, = 0.

1.0
—&- D =0

08k D.=02 ]
= —4— D =05
.20 )
S o6f D.=0.9 ]
2
T 04} .
[0}
Q
3
wn

0.2 | ]

5.0

Steerable weight

0 :
—10 ) 0 5 10

Fig. 3. (color online) The SW is plotted as a function of the external mag-
netic field B for different D, in kT = 0.1 (a) with Jy = 0.8, J, = J; = 0; and
in kT = 0.4 (b) with J, = 0.8, J, = J, = 0.

Figures 3(a) and 3(b) show the SW versus the external
magnetic field B for fixed temperatures k7T = 0.1 and kT = 0.4,
respectively. Generally, in the strong magnetic field limit,
|B| — o, SW — 1, for different DM interactions. For the spe-
cial case with D, = 0 (the purple lines labeled with ‘[1"), the
results are consistent with those given in Ref. [33]. Compar-
ing Figs. 3(a) and 3(b), one can find that there is an additional
in-gap peak near B = 0 in Fig. 3(a) for the red line and blue
line labeled with ‘A’ and ‘A’, respectively. The disappear-
ing when D, < 1 of these in-gap peaks in Fig. 3(b) is easy to
understand. In the high-temperature regime, the SW is sup-
pressed by thermal fluctuation. Only when D, > 1.2 is big
enough to overcome the thermal fluctuations, there is an ad-
ditional in-gap peak near B = 0 in Fig. 3(b). For the special
case with D, = 0, i.e., the purple line labeled with ‘[J°, the in-
gap peak disappears. This is induced by ground state degen-
eracy. Straightforward calculations show that the ground state

for the model Hamiltonian Eq. (7) with D, =B=J,=J,=0
is twofold degenerated,

p = 21— (U — 1T |+ 4 — T T — 1L .

This result demonstrates that the in-gap peak in Fig. 3(a)
is induced by the DM interaction. After some tedious but
straightforward calculations, we find that the ground state de-
generacy is lifted by the DM interaction. The eigenvalue of
the ground state is —/4+25D2/10 and the corresponding
(unnormalized) eigenvector is (0, —i+/4 +25DZ,2i +5D,,0).
The eigenvalue of the first excited state is —1/5. The energy
gap between the ground state and the first excited state in-
creases with D, such that the SW is more robust against ther-
mal fluctuation for larger D,. This explains why the in-gap
peak is higher for a larger D,.

In order to get a more intuitive understanding of the quan-
tum correlation and quantum steering of the model Hamilto-
nian Eq. (7) affected by the DM interaction, here we study the
other measurements, i.e., the concurrence, quantum discord,
and the robustness of coherence. The numerical results are
shown in Figs. 4(a)-4(c), and the temperature is chosen to be
kT = 0.4 in the numerical calculations.

Figure 4(a) presents the concurrence of the Ising model
with respect to the external magnetic field B for different DM
interactions. As shown by the purple lines in the plotting, the
quantum concurrence is zero when D, = 0 and B = 0. When
D, increases to a finite value, i.e., D, = 0.7, there is an in-gap
peak near B = 0. Previous studies>* demonstrated that the
DM interaction can delay the quantum phase transition, where
the concurrence suddenly drops to zero at a finite magnetic
field in the regime 0 < |B| < 5, i.e., the critical value |B.| ~ 2
for D, = 1.5 as shown by the red line labeled with ‘+’ in the
figure. In addition, previous investigation®>! showed that the
concurrence has a maximum at a low temperature and with a
weak magnetic field applied. As we can see, there is an addi-
tional peak in the regime 0 < |B| < 5. Generally, the DM in-
teraction and the external magnetic field play competing roles
in enhancing the quantum concurrence. In the strong magnetic
field regime, as demonstrated in Ref. [35], the field influence
on the concurrence behavior will overcome the DM interac-
tion, such that the concurrence drops again and all the lines
shown in Fig. 4(a) tend to overlap.

Figure 4(b) presents the quantum discord of the Ising
model as a function of the external magnetic field for different
DM interactions at k7 = 0.4. Itis not hard to see that Z(p) =0
for the special case at B =0 and D, = 0. Meanwhile, for the
fixed value B = 0, the stronger the DM interaction, the larger
the value of the quantum discord. These results coincide with
those given in Ref. [30]. As shown by the purple, green, and
blue lines for D, =0, 0.5, and 0.9, there are bimodal structures
due to the fact that the discord in fixed temperature will reach
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a maximal value when the magnetic field and DM interaction
are roughly equal to each other. For a very large DM inter-
action, i.e., D, = 1.5, our calculation shows that the bimodal
structure disappears and Z(p) gets a large value at B = 0.

As shown in Fig. 4(a), there are zero points near |B| = 1;
however, the discord shown in Fig. 4(b) exhibits a bimodal
structure in this regime for small D,s. Here we give an in-
tuitive explanation. When both B and D, are vanishing, the
ground states are the twofold-degenerated product states, so
one can find that, in this case, both concurrence and dis-
cord are zero. Detailed calculations show that, as D, in-
creases (B = 0 fixed), the degenerated states are lifted, and

the ground state prefers the antiferromagnetic-like entangled
state, (—Jy —2iD;)/\/J2+4D2| 11) + | [1). On the other
hand, if we make D, = O fixed and |B| increasing, the ground
state reveals the ferromagnetic-like entangled state, | 1) +
Jy/ <4B - \/m) | L1). There is a quantum phase tran-
sition between these two states. The transition point is located
at 2|B| = D,. At this phase transition point, these two states
blend and the quantum entanglement vanishes. This explains
not only the zero points near |[B| = 1 in Fig. 4(a), but also the
zero points in Fig. 3 in the same regimes. Due to the fact that
these two states are both entangled, the quantum correlation

does not vanish.

0.5 T T T T 0.3 T T T T 0.84 T T T T
concurrence —=D.=0 discord 5% = D.=0 coherence ﬁf = D.=0
04l —--D_=0.5 | —-D =0.5 -
—-D =0.7 --D_=0.9 0.63
—D =0.9 0.2 _ b
03 . D =15

0.2

0.1
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0.3 0.6 0.9 1.2 0.3 0.6 0.9 1.2

D D

z z
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0

D D
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coherence
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Fig. 4. (color online) (a)—(c) The concurrence, quantum discord, and robustness of coherence as functions of the external magnetic field B for the Ising
model, J, = J, =0, J, = 0.8, and different D,s. (d)—(g) The contour plots of the SW, quantum concurrence, quantum discord, and quantum coherence as
functions of D, ranging from 0 to 1.5 and magnetic field B from —15 to 15. kT = 0.4 is set in all the plots.

In Fig. 4(c), we conduct a quantitative study of quantum
coherence. Numerical calculations show that, for the Heisen-
berg model with the DM interaction, the robustness of coher-
ence equals the norm-1 coherence, which is defined as the
summation of the absolute value of the off-diagonal elements
of the density matrix. Taking the summation over all the oft-
diagonal elements of the density matrix given in Eq. (8), we
can obtain an analytic expression of the robustness of coher-

ence,
A /1682 + A2
Cr(p) =2e"*% > sinh T
\/ 168>+ A?
\/4D2 + X2
—2e% = sinh il
4kT

\/4D? + X2

After some tedious but straightforward calculations, we find
that ¥r(p) takes the maximum at B = 0. From the ana-

Iytic expression, we can find that the coherence is negative-
proportional to the transverse magnetic field |B|, which is
demonstrated in the plotting. At the fixed point B = 0, we find
that $r(p) is positively correlated to the DM interaction. In
addition, in the strong magnetic field limit, |B| — oo, the influ-
ence of D, is negligible, and the four lines tend to completely
overlap.

Figures 4(d)—4(g) show the contour plots of the four mea-
surements, SW, quantum concurrence, quantum discord, and
quantum coherence versus the DM interaction and magnetic
field. Figure 4(d) shows that the SW enhances with D, and
the external magnetic field, respectively. For the special case
B =0, SW—1 for a large DM interaction, i.e., D, = 1.2.
This result coincides with the additional in-gap peak shown
in Fig. 3(b). When the external magnetic field is big enough,
i.e., |B|>3, it is almost maximally steerable. Figure 4(e) gives
a panoramic view of the concurrence for different D, and
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B. Here we find that the concurrence increases when D, in-
creases, while the influence of B on the concurrence is differ-
ent from the D,s. The concurrence increases near the B = 0
point while it decreases beyond this region. The contour plot
of quantum discord, as shown in Fig. 4(f), is similar to the con-
currence. The only difference is that the quantum discord con-
verges two peaks into a single peak with D, increasing, which
corresponds to the transformation from a bimodal structure to
a single peak as D, increases, as shown in Fig. 4(b). As shown
in Fig. 4(g), we find that the coherence increases with the D,
while it decreases with the external magnetic field. These con-
tour plots show clearly that: (i) the SW can be preserved in the
strong magnetic field which is dramatically different from the
other measurements, and (ii) the DM interaction plays a posi-
tive role in enhancing both the SW and other quantum corre-

lations.

5. Summary

In this work, we study the influence of the DM interac-
tion on the quantum entanglement of the two-qubit Heisen-
berg model, realizing the difference between the SW and other
measurements, i.e., the concurrence, the quantum discord, and
the robustness of the coherence. We find that the DM inter-
action and the anisotropic coupling can effectively enhance
the value of the SW. In addition, with the increase of J;, Dy,
and D,, the critical temperature and the entanglement increase.
Furthermore, the influence of D, is more obvious than that of
D, for the XXZ model if J > J,. If J < J, the influence of D,
is more obvious. Meanwhile, as the temperature rises, the SW
will survive and behave robustly in the strong magnetic field
regime when the thermal fluctuation of the system exceeds the
quantum effect. Last but not least, the increase of the DM in-
teraction, at a specific temperature (low temperature) or in a
particular system (ferromagnetic), can lift the degeneracy of
the ground state and make the SW go from zero to a finite

value.
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