http://cpb.iphy.ac.cn
http://iopscience.iop.org/cpb

Chinese Physics B

N-soliton solutions for the nonlocal two-wave interaction system via Riemann-Hilbert method

Si-Qi Xu(#&E5%), Xian-Guo Geng(Hkiik )
Citation:Chin. Phys. B . 2018, 27(12): 120202. d0i: 10.1088/1674-1056/27/12/120202
Journal homepage: http://cpb.iphy.ac.cn; http://iopscience.iop.org/cpb

What follows is a list of articles you may be interested in

Multiple Darboux-Backlund transformations via truncated Painlevé expansion _and Lie point
symmetry approach

Shuai-Jun Liu(XJJi#), Xiao-Yan Tang(fF##), Sen-Yue Lou(FsAk &)
Chin. Phys. B . 2018, 27(6): 060201. doi: 10.1088/1674-1056/27/6/060201

Solitary wave for a nonintegrable discrete nonlinear Schrddinger equation in nonlinear optical
waveguide arrays

Li-Yuan Ma(37.4%), Jia-Liang Ji(ZE£ESL), Zong-Wei Xu(f5:5255), Zuo-Nong Zhu(AA4k)
Chin. Phys. B . 2018, 27(3): 030201. doi: 10.1088/1674-1056/27/3/030201

Soliton-cnoidal interactional wave solutions for the reduced Maxwell-Bloch equations

Li-Li Huang (51N F), Zhi-Jun Qiao(F+& %), Yong Chen([%: )
Chin. Phys. B . 2018, 27(2): 020201. doi: 10.1088/1674-1056/27/2/020201

Localized waves of the coupled cubic-quintic nonlinear Schrédinger equations in nonlinear
optics

Tao Xu(#:#), Yong Chen(l%: 5), Ji Lin(bk#1)
Chin. Phys. B . 2017, 26(12): 120201. doi: 10.1088/1674-1056/26/12/120201

Soliton and roque wave solutions of two-component nonlinear Schrédinger equation coupled to
the Boussinesqg equation

Cai-Qin Song(K# J+), Dong-Mei Xiao( ¥ % H#), Zuo-Nong Zhu(4AE 1<)
Chin. Phys. B . 2017, 26(10): 100204. doi: 10.1088/1674-1056/26/10/100204


http://cpb.iphy.ac.cn/EN/abstract/abstract73178.shtml
http://cpb.iphy.ac.cn/
http://iopscience.iop.org/cpb
http://cpb.iphy.ac.cn/EN/abstract/abstract72109.shtml
http://cpb.iphy.ac.cn/EN/abstract/abstract72109.shtml
http://cpb.iphy.ac.cn/EN/abstract/abstract72109.shtml
http://cpb.iphy.ac.cn/EN/abstract/abstract71725.shtml
http://cpb.iphy.ac.cn/EN/abstract/abstract71725.shtml
http://cpb.iphy.ac.cn/EN/abstract/abstract71462.shtml
http://cpb.iphy.ac.cn/EN/abstract/abstract71056.shtml
http://cpb.iphy.ac.cn/EN/abstract/abstract71056.shtml
http://cpb.iphy.ac.cn/EN/abstract/abstract70784.shtml
http://cpb.iphy.ac.cn/EN/abstract/abstract70784.shtml

Chin. Phys. B Vol. 27, No. 12 (2018) 120202

IN -soliton solutions for the nonlocal two-wave interaction system
via the Riemann-Hilbert method”

Si-Qi Xu(f&E55)!?7 and Xian-Guo Geng(Hkiik [H)!

1Schoo] of Mathematics and Statistics, Zhengzhou University, Zhengzhou 450001, China
2CoHege of Civil Engineering, Xinyang Normal University, Xinyang 464000, China

(Received 11 July 2018; revised manuscript received 15 September 2018; published online 10 November 2018)

In this paper, a nonlocal two-wave interaction system from the Manakov hierarchy is investigated via the Riemann—
Hilbert approach. Based on the spectral analysis of the Lax pair, a Riemann—Hilbert problem for the nonlocal two-wave
interaction system is constructed. By discussing the solutions of this Riemann—Hilbert problem in both the regular and non-
regular cases, we explicitly present the N-soliton solution formula of the nonlocal two-wave interaction system. Moreover,
the dynamical behaviour of the single-soliton solution is shown graphically.
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1. Introduction

In recent decades, study of the coupled nonlinear

Schrodinger equation of Manakov type

iuy + e+ 2(Ju* + v u =0,
ivt+vxx+2(|u|2—|—|v|2)v=0 (1)

has attracted a lot of attention due to its use for modelling
equations in diverse areas including deep water waves, non-
linear fibre optics, plasma physics and others (see, e.g.['=]
and references therein). This model was first proposed by
Manakov to study intense electromagnetic pulse propagation
in birefringent fibre. Subsequently, this system was derived
as a key model for light-wave propagation in optical fibres.[!
Much research on the coupled nonlinear Schrodinger equa-
tion (1) has been conducted. For example, multi-soliton solu-
tions, collisions, algebro-geometric solutions, asymptotic be-
haviour of solutions, and other properties have been widely
investigated for the coupled nonlinear Schrédinger equation
of Manakov type.5-13]

The aim of this paper is to study the Cauchy problem of
the nonlocal two-wave interaction system from the Manakov
hierarchy!14-171
u — iy +vo~H(w*) =0,

—2v,—ud H(u*v) =0,

u(x,0) = up(x), v(x,0) =vo(x), 2)

(x,1) € R x [0, +o0),

via the Riemann—Hilbert approach,!!®2?1 where u = u(x,t)
and v = v(x,r) are the wave envelopes, and the star de-
notes complex conjugation, by which the multi-soliton solu-
tions for this system are constructed. We assume here the

DOI: 10.1088/1674-1056/27/12/120202

rapidly decreasing conditions u(x,t),v(x,t) — 0 as x — oo,
and (371 f(x) = [*., f(x')dx. System (2) can be used to de-
scribe the soliton wave phenomenon in nonlinear waves aris-
ing in a nonlinear dispersive medium.!">! Furthermore, a sim-
ilar prototypical system of evolution equations which models
the nonlocal interaction of two waves in quadratic nonlinear
media is investigated in Ref. [17]; the solvability of its ini-
tial value problem is shown and its conservation laws are ex-
plicitly presented. The related three-wave resonant interaction
system is studied in Refs. [14] and [16], the bounded ratio-
nal soliton solutions are obtained in Ref. [14] by means of
the Darboux—Dressing method, and the multi-dark—dark—dark
soliton solutions for this three-wave resonant interaction sys-
tem are constructed through the generalized Darboux trans-
formation method.!'®! Moreover, various types of other exact
solutions have been obtained such as breathers, rogue waves
and other solutions. For the latest literature in this area, we
refer to Refs. [23]-[29].

The structure of this paper is as follows. In Section 2, we
start with the spectral analysis of the Lax pair for the nonlocal
two-wave interaction system (2). Then we formulate the cor-
responding Riemann—-Hilbert problem for the nonlocal two-
wave interaction system. In Section 3, we study the inverse
scattering transformation of the nonlocal two-wave interaction
system (2) and solve the Riemann-Hilbert problem. In Sec-
tion 4, the spatial and temporal evolution of scattering data is
discussed. In Section 5, N-soliton solutions of the nonlocal

two-wave interaction system (2) are constructed.
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2. Direct scattering transformation

In this section, we shall study the direct scattering prob-
lems for the nonlocal two-wave interaction system (2) and
construct the corresponding Riemann—Hilbert problem. Let us
consider the spectral and auxiliary problems associated with
the nonlocal two-wave interaction system (2)

—iA u v

Yo=Uy=| —u i1 0 |y, 3)
—v* 0 ik
—2iA u 2v

Y=vy=| —u 0 =97 'wv) |y, &

—2v* 37 Mwv*)  2iA
where A is a spectral parameter, and ¥ (x,7, A1) is a matrix func-
tion. Assume that the potentials # and v decay to zero suffi-

ciently fast as x — =oo. It is convenient for us to introduce a
new matrix spectral function

J(x,t,A) =Y (x,t,\)E] ", Q)

where
El — eiﬂ,(iox—2iﬂ,61t
GOZdiag(_lalvl)v Glzdiag(lvoa_l)v (6)

and E is a solution of the above spectral equations at x — d-co.
Therefore, the spectral problem equations (3) and (4) can be
rewritten as

Je = iA[c0,J ]+ O, (7
J, = —2iAloy, 7]+ O, (8)

where [0;,J| = 6,J —Jo;, i =0,1,

u
Q= —u O
° |

too
J_;,_(X,)y) :1_/ ellO'O(x,

J,(x,l) :I+/ ei/lco(x_

Hence J (x, 1) admit analytical continuations off the real axis
A € R if the above Volterra integrals converge. Let us split J4
into column vectors, i.e., J& = ([J1]1,[J+]2,[J+]3). Then the
column vectors [J_],[J+]2,[J+]3 can be analytically contin-
ued to the upper half plane A € C., while the column vectors
[J+]1,[J=]2,[J-]3 can be analytically continued to the lower
half plane A € C_. Furthermore, if we denote £ = eitoox it
follows easily that both J. E and J_FE are fundamental matrix
solutions of the spectral problem (3), which indicates that they
are not independent and are linearly related by a scattering ma-

trix S(A)
J_E=J,ES(L), A €R, (16)

0 u 2v
o= —u 0 -0 Yuv) |. )
—2v* 9~ (uv*) 0

It is easy to see that both the matrices Q and Q; possess the

“symmetry” conditions, i.e.

0'=-0, ©p00y=-0, (10)
0l =0, )

where the superscript 1 denotes the Hermitian of a matrix.

In the scattering process, the time ¢ is fixed and can be
treated as a dummy variable, hence it will be suppressed in our
notation. We assume that the matrix Jost solutions J4 (x, A1) of
the spectral problem (7) fulfil the asymptotic condition

X — oo,

X — —oo, (12)
where I denotes the 3 x 3 unit matrix. Noticing the identity
(detJ), = detJ -tr (J.J 1), (13)
and tr (Q) = 0, we arrive at
detJL =1 (14)
for all (x,4), where detJ denotes the determinant of matrix J
and tr(-) represents the trace of a matrix. Besides, it is easy

to verify that the matrix Jost solutions J+ solve the Volterra

integral equations:

Y0r (g A) e FDdg,

QI (L, 1)e *ool=C g, (15)

\
with S(A) = (5ij(1))3x3. In view of Egs. (14) and (16), we

have
detS(A) =1. a7

In what follows, we shall construct the Riemann—Hilbert
problem. To this end, we introduce the following matrix func-
tion

1‘-)Jr :]_Hl +J+H2 +J+H3
=J, (ES(A)E""H, + H, + H3)
S11 0 0
e2itg 1 0 |, (18)
eZi)Lxs31 0 1

=J.
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where
H, =diag(1,0,0), H, =diag(0,1,0),
H; = diag (0,0, 1). (19)

From the analytic property of Jy, we get that P is analytic in

A € C,. In view of Eq. (15), it follows that
PT(x,A) =1, A€C, — oo (20)

In order to obtain the analytic counterpart of Pt in C_,
we start with the adjoint spectral equation of Eq. (7):

K. =iA[0y,K] — KQ. 1)

It is not difficult to verify that J;! satisfies Eq. (21), where J1!
is partitioned into rows in the following form

3! =1
JA= ], = P (22)
[P =P
In view of Eq. (16), we have
E-VZ'=RMETLY, A€ER, (23)
where R(A) = S71(X) = (rj)3x3. Similar discussions lead to
the conclusion that the row vectors [J;']', [JZ112, [J=1]? are

)

analytic in A € C,, while other row vectors [J=']', [J!]?
[J1']? are analytic for A € C_. Noticing the analytic property
of J_ and J;l, it follows that s1; admits analytic continuation
to C, and s22, 533, $23 and s3, can be analytically continued
to C_, while s13, 531, 512 and s, are only defined for A € R.
Similarly, 22, 23, 32 and r33 can be analytically continued to
C., r; allows analytical continuation to C_, while ry3, 1,
r13 and r3; are defined only for A € R. Therefore, we obtain
that the adjoint Jost solutions

A
P = [P

P

=H [J- |+ Ho[J] )+ H3 [

= [HER(A)E™" + Hy + H3)J !
o rlze—zilx }’13672””

=10 1 0 I (24)
0 0 1

are analytic for A € C_. In addition, we have that

P (x,A) =1, AeC_ . 25)

By now, we have obtained two matrix functions P and

P~, which are analytic in C; and C_, respectively. On the

real line, they are related by

P (x, )Pt (x,A) = G(x,A), A€R, (26)

where
G(x,A)= (HlERE*l +H, +H3)J;1J+(ESE71H1 + Hy + Hs)
11811 + r12821 + 113831 ,126—2i/1x r13e—2iﬂ,x
= S21 eZi)Lx 1 0
$31 eZi)Lx 0 1
1 r126—2i7ux rlSe—Zilx
= [ s eZi?Lx 1 0 , (27)
S31€2MX 0 1

where 11511 4 r12521 + 713531 = 1 is followed by the fact that
R(A)S(A) = L

Hilbert problem we needed, and the associated canonical con-

Equation (26) is just the matrix Riemann—

dition is as follows:

PE(x,A) =1, A — oo, (28)

3. Solutions to the Riemann—-Hilbert problem

In this section, we shall solve the Riemann—Hilbert prob-

lem (26) in both regular and non-reguluar cases.!>!! Before
this, from Eqs. (14) and (18), it is easy to see that
det P (1) =s11(A), (29)
detP_(ﬂt):r”(k). (30)

We first consider the regular Riemann—Hilbert prob-
lem (26), i.e., det PT = 517 # 0 and det P~ = rq1 # O in their
analytic domains. Equation (26) can be rewritten as

(PH)"H(A) =P (1) =GA)(PT)'(A), AR, (3D

where G = I — G. By Plemelj’s formula, we obtain that the
solution to the regular Riemann—Hilbert problem (26) under
condition (28) takes the form

- L =GP ()

PH T A) =T+ — / ———"
AeC,. (32)
Next, we consider the non-regular Riemann—Hilbert

problem (26), that is, det P* (1) and det P~ (1) possess simple
zeros, which are denoted by A, € C and ik cC_,1<k<N,
respectively, where N is the number of these zeros. Therefore
A and Ay are also zeros of the scattering coefficients s11 (1)
and ry (1), where

r (A) = 522(),)533 (l) — 823 (l)ﬁz(l) (33)

Now we discuss the symmetry properties of the scattering ma-
trix S(A) and the Jost functions. Taking the Hermitian on both
sides of the spectral problem (7), in view of Eq. (10), we have

—JL0. (34)

Since J_ ! fulfills Eq. (21), it follows that

(J1)x = iA"[00, /1]

JL(A) =I5 (1), (35)
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from which, together with Egs. (18) and (24), P+ satisfies the
property

(PHTAY) =P (A). (36)
In view of Eq. (16), we have
SA)=E'ILUE. (37)

Then we obtain by using Eq. (23) that S satisfies the property
ST (A7) =571 (A), (38)
from which we have the following symmetric relation

A=A (39)

Since all the zeros are simple ones, then both ker P*(A;) and
kerP*(ik) are one-dimensional and spanned by a single col-
umn vector L and row vector fl, respectively. Hence we have

P+(7Lk)lik =0,
P~ (&) =0,

1<k<N, (40)
1<k<N. 1)

Taking the Hermitian of the first equation in Eq. (40) and uti-
lizing the property (36), we obtain

i P~ (A) =0. 42)

Then, comparing it with the second equation in Eq. (40), we
see the eigenvectors L and [l satisfy the property

The solution to this non-regular Riemann—Hilbert prob-
lem (26) under the canonical normalization condition (28) is
unique and is given by the following theorem.

Theorem 1 The solution to the non-regular Riemann—
Hilbert problem (26) with zeros determined by Eq. (40) under
the canonical normalization condition (28) is

PH(A) =P ()T (Q), (44)‘

P~(A)=T"'(A)P~ (1), (45)
where
.u/ jk.uk
)y=1+ , 46
jkzl A— Afk 40
N 1
1 7 (M )jk”k
r'a)=1 j,kzliz’ PP (47)

and M is an N x N matrix with its (j, k)th element given by

Mj =22 1<jk<N, 48

Jjk Aj—)tk J ( )

detT (1) = ﬁ A (49)
TA— A

and P(A) is the unique solution to the following regular
Riemann—Hilbert problem:

2 €R, (50)

where P*(A) are analytic in C., respectively, and P=(1) — I
as A — oo,

Proof For a constructive proof of this theorem, we refer
to Ref. [21]. O

4. Evolution of scattering data and potential re-
construction

4.1. Spatial and temporal evolution

In this section, we shall establish the spatial and temporal
evolution of scattering data, and present the reconstruction of
potentials u and v. From the Theorem 1, we know the mini-
mal scattering data needed to work out the non-regular matrix
Riemann-Hilbert problem and reconstruct the potentials. We
take the scattering data

{s21(A),531 (), r12(A), 13 (L), A € Ry Ak, Ay, i, flg, 1 <k < N}, (5D

where p; and fl; are dependent on x, and the others are not.
Let us take the x-derivative of Eq. (40), together with the fact
that P satisfies the spectral equation (7), i.e.

Pr (A, x) = i4]00, PT (A, x)] + QP (A,x),  (52)
which implies
d
P (24,) (“" - i?tkoouk> —0. (53)
dx
Therefore, we have
e 2o = 0. (54)
dx

The temporal evolution of vector y; is derived in a similar
manner. Together with these results, we arrive at

,uk(x,t) _ ei?chofoi?chlt ’(€)7 (55)

fe(x,) = pg e M RO, (56)

where ,u,? = W |x=r—0 Tepresents a constant vector and ,uk1 de-
notes the Hermitian conjugation of u,?.

Next, we shall present the temporal evolution of scatter-
ing data 51 (1), 531 (1), r12(A), and r13(A). Since J. satisfies
Eq. (8), we obtain

(Jo)r = =2iA[01, 1]+ O/, (57)

120202-4
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and from the fact that J,. - J! = I one easily has
= =T
Inserting Eq. (57) into Eq. (58), one obtains

(1) = —I N (<2iA[on, I ]+ 014 ) I

Sy =E () +I7 (T ))E

= 2iAE oI E+2iAE U V_0E = —2iAc ET I _E +2iAET U U _Eoy

=2iAJ oy —2ido i U1 0. (59)
(58) From Eq. (16), we know that
SA)=E"'ULVE, (60)
where E = 4% Hence by Egs. (57)-(60) we have
|
=E'2iAJ o1 —2idor T — I O + (—2iA) oo+ 2iA0 oy + U Q1) E
(61)

= —2ido;S+2iASo; = —2i)v[0'17S},

where we utilize the two facts that

Eloy=0cE = diag(emx,O,—e*i“),

Eoc; =01E = diag(e*ilx,O,—eiM).

By a similar consideration, we also have

R, = —2iA[oy,R], (62)
which, together with Eq. (61), implies

0 d
% = ZiASZh % = 4iﬂ,S31,
0 d
% = 2i)w12, % = —4i),r13,
8.&‘11 8r11

dt dt (63)

Thus we obtain

so1(t:A) = 521 (0: ) ¥4, 31 (1) = 31 (0; 1) e,
ra(tA) = ria(0;4) e M ri3 (1 4) = ri3(0:4) e A (64)
In view of Egs. (15), (23), and (37), we note that the initial

scattering data 551 (0,1), s31(0,4), r12(0,4), and r13(0, 1) are
determined by the initial values u(x) and vo(x).

4.2. Potential reconstruction

Noting that P™ solves the spectral problem (7) and is ex-
panded at large A as

1
PrxA) =145 P ()+0(A %), A—eo (65
we obtain by inserting this expansion into Eq. (7) that
Q = _i[GOvPr]
0 Zi(PfL)lz Zi(PlJr)lg,
= | =2i(P")a 0 0 (66)
=2i(P);1 0 0
Hence the potentials # and v could be reconstructed as
u=2i(P), v=2i(P")s. ©7)

In view of Theorem 1, the unique solution to the non-
regular Riemann-Hilbert problem (26) under the canonical
normalization condition (28) is

(p+)71(1):1+2im/:° T(é)é(é)rgl_(i)(ﬁﬂ](é)dg’ AeCy, (68)
where
0 —r12(0;4) e HANH) —_py5(0;1) e~ 2AH2)
GAix,t) =1-G= | —sp(0;1)e?*(H) 0 0 (69)
—s531(0;4) 214020 0
As A — oo, we arrive at
') = *2;11 :OT(é)GA(é)Y‘I(5)(13+)‘1(§)d€ (70)
Therefore, we have
(P+)(l)%l+ﬁ _:m (E)GET (&) (P (§)dE (71)
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For Eq. (46), when A — oo, we easily obtain

1 ¥ .
T(A) 1+ Yo (M) e

(72)
jk=1

From Egs. (44), (71) and (72), we have

N N
Prx,) =Y Z.uj(M_l)jk.ak

j=lk=1

o [ TEGET @) @)aE 73)

271 J oo '

5. N-soliton solutions

In this section, we shall give N-soliton solutions of the
nonlocal two-wave interaction system, which corresponds to
the case G = I. Therefore the integral term in Eq. (73) van-
ishes, that is,

N

Pre,) =Y wi(M™") i,
k=1

(74)
|

u(x,1) = 4¢10u By e291-2i6; (x-+1)
T e P et By P20 4 Lo 201520

and

N

u(x,r) = 2i( Z i (M) i,
k=1
N
v(x,1) =2i( Z IJ-j(Mil)jkﬁk)l% (75)
k=1

where [I; = ,u,j , vectors (1; are defined by Eq. (40), and M is
given by Eq. (48).

Next, we shall study the properties of these N-soliton
solutions. We first consider the simple case where N = 1,

namely, single-soliton solutions. For simplicity, we set

up = (ou,Bi,m)", A=61+igr. (76)
Then the single-soliton solutions (75) read
4 o 72i91(x+21)
Vo) = s o 17{26 2 soaneray U1
|0y [2e201(420) | By 262915 4 [y [2 e 201 (x+21)

Setting oy = 1 = 1 =i and 8; = ¢; = 1, we plot the graphs of the single-soliton solutions for the nonlocal two-wave interaction

system (2) as shown in Fig. 1.

—0.2
—0.1/
T 0
0.1
0.2
117
| - 4 1.5
0.5
’ 0
—2 0 2
t

1.0 |y |

—0.2
—0.1
0 x
- 0.1

0.2
1.5
| 1.0
0.5

0 2

—2

Fig. 1. (color online) Single-soliton solutions for the nonlocal two-wave interaction system (2).

For N > 2, we introduce the following notations

0= —ilj(x+2t), O, = iljx,

ud = (0, 85,7)", 1l = 09" = (0, B, %), (78)
1<j,k<N.
In view of Egs. (55) and (56), we have
uj= (ajeej"lﬂBje@j’z,’yje_@j’l)Ta
A x O nx O -0y
i = (og e™®t, Blie k2 pie Tk, (79)

Then the N-soliton solutions (75) read as
al ;46
u(x,t):2i Ocj,B,fe it k,2(M71>jk7
Jk=1

N
v(xt)=2i Y o %17 8% MY i, (80)

Jk=1
where the element of the matrix M = (M jx)yxy is defined by

+ ¥ e il @"’1]

07,46, 01,10
M = o oy e PO - B By POk

(1)

Moreover, N-soliton solutions (75) can be written as

.detF)

"detit’

detry
detM’

u(x,t) =-2

v(x,t) = -2 (82)

120202-6
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where two (N + 1) X (N + 1) matrices F; and F, are given by

0 Bre%z ... Brefhe
al e@lAl ][411 MIN
F = . . . ) ; (83)
aye®v My, Myn
O ’Jflkeiel 1 . ’}/*Neiely\‘/,l
o e® My My
k= ) (84)
aye®t My, Myy

6. Conclusion

In this paper, we discuss the N-soliton solutions for the
nonlocal two-wave interaction system arisen from the Man-
akov hierarchy by means of the Riemann—Hilbert method.
Our presentation is based on the Riemann—Hilbert formula-
tion, which can be summarized as follows: we firstly construct
a Riemann—Hilbert problem for the nonlocal two-wave inter-
action system (2) through the spectral analysis of the corre-
sponding Lax pair. Secondly, we solve the Riemann—Hilbert
problem for the nonlocal two-wave interaction system in both
the regular and non-regular cases. Thirdly, by reconstructing
the potentials and discussing the spatial and temporal evolu-
tion of the scattering data, we explicitly give expressions for
the N-soliton solutions of the nonlocal two-wave interaction
system (2). Finally, the dynamical behaviour of the single-

soliton solution is displayed graphically.
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