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Phase diagram characterized by transmission in
a triangular quantum dot∗
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We propose a theoretical model to detect the quantum phase transition in a triangular quantum dot molecule with
frustration. The boundaries of the phase diagram are accurately determined by the transmission. For small frustration t, as
the interdot Coulomb repulsion V increases, the system undergoes a Kosterlitz–Thouless (KT) transition from the Kondo
resonance state with a transmission peak at zero energy to the Coulomb blocked state with zero transmission, which is
followed by a first transition to the V -induced resonance (VIR) state with unitary transmission. For large frustration t, as V
increases, the orbital spin singlet without transmission transits to the VIR state through a KT transition.
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1. Introduction
In contrast to bulk materials, artificial quantum dots

(QDs) exhibit large tunability of quantum states and are
ideal nanoscale devices to observe quantum phase transitions
(QPTs). Although QPTs of different kinds have been predicted
in coupled double quantum dot (DQD) and triple quantum
dot (TQD) systems,[1–14] only a few have been experimentally
demonstrated. For instance, as interdot coupling increases,
a continuous transition from a single-peak Kondo resonance
state to a double-peak state has been observed in a DQD fab-
ricated on a GaAs heterostructures.[15] In C60 single-molecule
QD, the singlet–triplet QPT is achieved by tuning the gate
voltage.[16] Generally, the quantum critical phenomenon re-
lated to a zero-temperature QPT is characterized by the behav-
iors of charge and spin correlations, which cannot be directly
observed in the experiment. It is therefore desirable to explore
the QPT through detecting the transport properties, such as
conductance, transmission, and susceptibility. In this paper,
we propose a theoretical model for a triangular TQD system
with frustration. The complicated phase diagram can be ob-
tained by analyzing the behavior of the transmission.

Experimentally, the TQD systems have been real-
ized in semiconductor heterostructures and self-assembled
systems.[17–23] According to different research goals, various
configurations of quantum dots and leads can be fabricated.
The triangular TQD is the simplest system with a closed loop
which causes quantum interference effect and frustration. The
interplay between the strong correlation and interdot hopping
plays an important role in manipulating the spin–spin interac-
tion and electronic transport.

Theoretically, the triangular TQD systems have been
studied by several groups. For triangular cluster of three

spin-1/2 Kondo or Anderson impurities connected in series
to two leads, a crossover between a Fermi-liquid and non-
Fermi-liquid has been found when the interdot exchange in-
teractions or interdot hopping changes.[24] For a similar model
with two-channel environment, a frustration-induced QPT is
driven by varying the interdot exchange coupling.[25] For the
configuration with one metallic lead to four leads, the Kondo
physics, the low-energy properties, and the amplitude leakage
phenomenon have been investigated.[26–29]

All these studies focus on the interplay between the on-
site Coulomb repulsion U and the interdot tunnel couplings.
In this paper, we consider a triangular TQD molecule with two
dots connected to leads, as shown in Fig. 1. The geometrical
frustration can destroy the symmetry in the triangular TQD.
The interplay between the on-site Hubbard repulsion U , the
interdot Coulomb repulsion V , and the frustration t results in a
complicated phase diagram. For small V and without the frus-
tration t, each dot is singly occupied due to the Hubbard inter-
action U and three dots form a spin doublet, which is screened
by the metallic leads and is accompanied with the Kondo res-
onance (KR) at low temperature. As V increases, the system
undergoes a Kosterlitz–Thouless (KT) transition to a Coulomb
blockade (CB) state at the first critical point V =Vc1, followed
by a first order transition to a V -induced resonance (VIR) state
at the second critical point V =Vc2. For small V , as t increases,
there exists a first order transition from the KR state to an or-
bital spin singlet (OSS), in which the even orbital is doubly
occupied and forms an orbital spin singlet. For larger V , as
t increases, we find the CB–VIR transition of first order at tc1

and the VIR–OSS transition of the KT type. The phase bound-
ary can be characterized by the transmission spectra T (ω). For
instance, at the KR–OSS transition point, the Kondo resonance
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peak disappears on the side of the OSS state. Along the two
KT transition lines, the width of the transmission peak depends
exponentially on the distance to the critical point. In the CB
regime, we observe two CB peaks while in the VIR regime
the transmission with unitary limit recovers. Since the trans-
mission can be conveniently obtained by the experiment, we
believe this characteristic provides a possibility to experimen-
tally demonstrate the QPT in a TQD system.





1

leadlead

t0

t0t

Fig. 1. Triangular quantum dots attached to the leads. t0 and t denote
the interdot hopping.

2. The model and calculation methods
We consider a triangular TQD system shown in Fig. 1.

Dots 1 and 2 connect to the leads, and each dot is coupled to
the others. Both the on-site and the interdot Coulomb repul-
sions are taken into account. The Hamiltonian is described as

H = ∑
jkσ

εkc†
jkσ

c jkσ + ∑
jkσ

Vkc†
jkσ

(d1σ +d2σ )+H.c.

+ε∑
i

d†
iσ diσ +U ∑

i
ni↑ni↓+V ∑

i< j
nin j

−∑
i j

ti j(d
†
iσ d jσ +H.c.). (1)

Here, d†
iσ and c†

jkσ
are the dot and lead creation operators, re-

spectively, niσ = d†
iσ diσ and ni = ni↑+ni↓, ε and εk are orbital

energies on the dots and leads, respectively, t13 = t23 = t0 and
t12 = t are interdot hoppings, U and V are the on-site and in-
terdot Coulomb repulsions, respectively, and Vk is the tunnel
matrix element between leads and dots.

We calculate the electronic transport using the numeri-
cal renormalization-group method (NRG).[30,31] We assume a
dispersionless conduction band with a half bandwidth D and a
constant density of state ρ0. The tunnel coupling between dots
and the leads Γ = 2πρ0|Vk|2 is taken as a constant. In our NRG
calculation, the discretization parameter is Λ = 1.5−2.5, and
the number of the states kept at each iteration is between 1300
and 2000. We apply a new procedure to evaluate the Green
function with respect to the reduced density matrix of the full
system, which is demonstrated to lead to accurate spectra.[32]

The linear conductance at zero temperature in the limit of zero
bias is determined by

G =
2e2

h
T (ω = 0), (2)

with the transmission coefficient

T (ω) =−1
2

Γ ∑
i jσ

ImGi jσ (ω). (3)

Here the retarded dot Green function is defined as Gi jσ (t) =
−iθ(t)〈{diσ (t),d

†
jσ}〉.

3. Results and discussions
We present the phase diagram on the t−V plane in Fig. 2.

For small frustration t, with V increasing, the system tran-
sits from the Kondo resonance state to the Coulomb block-
ade state, then to the V -induced resonance state. For large t,
the system enters into the orbital spin singlet state. In the fol-
lowing, we determine the nature of the phase transitions and
describe the characteristics of different phases. We find that
the phase boundary can be characterized by the transmission
spectra T (ω). We focus on the effect of the interdot repulsion
V and the frustration t on the QPT and transport properties. In
this paper, the half bandwidth D of the leads is taken as the
energy unit. We focus on the strongly correlated regime and
take Γ = 0.01, U = 0.1, ε=−U/2−2V , and t0 = 0.01.

0 0.05 0.10 0.15

0

0.01

0.02

0.03

0.04

0.05

0.06

OSS

VIR

CB
KR

t

V

Fig. 2. Phase diagram on the t–V plane indicates the Kondo reso-
nance state, the Coulomb blockade state, V -induced resonance state,
and the orbital spin singlet. Here, Γ = 0.01, U = 0.1, t0 = 0.01, and
ε=−U/2−2V .

3.1. Without frustration for t = 0

First, we study the QPT for t = 0. In this case, the system
is a bipartite system without frustration and has the particle–
hole symmetry at ε = −U/2− 2V . Because the Fermi level
is chosen as εkF = 0 in the NRG calculation, the TQD system
is half filled and the electron occupation in each dot is always
ni = 1 at ε=−U/2−2V .

For small V , each dot tends to be singly occupied due to
the strong on-site Coulomb repulsion U . There are antifer-
romagnetic interactions between dot 3, dot 1, and dot 2 due
to the interdot hopping t0 and the on-site Coulomb repulsion
U . Therefore, the TQD forms a local doublet with a local
spin Sdot = 1/2. At low temperature, this local spin is to-
tally screened by the conduction electrons in the leads, and
the Kondo effect is observed. Figure 3 shows the transmission
T (ω) at zero temperature for different V values. For small V
in Fig. 3(a), one can see a Kondo resonance peak, correspond-
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ing to the full conductance G = 2e2/h, and a Coulomb peak at
about ω =±U/2.

The interdot Coulomb repulsion V is favorable for the
dots doubly occupied and it can destroy the Kondo reso-
nance. As V increases, the width of the Kondo peak be-
comes narrow (e.g., V = 0.062 in Fig. 3(a)). This indicates
that the Kondo effect occurs at lower temperature. When
V is larger than a critical Vc1 = 0.0888 (e.g., V = 0.12 in
Fig. 3(b)), the Kondo peak disappears and the Coulomb peak
is located at about ω = ±(V −U/2). This behavior indicates
that at V = Vc1, there is a transition from the Kondo reso-
nance state to the Coulomb blockade state. To explore the
characteristic of the QPT, we present the transmission T (ω)

in Fig. 4(a) in the regime V < Vc1 and close to the critical
point Vc1. We find that the width of Kondo peak W depends
exponentially on the distance to the critical point (V −Vc1)
and can be adequately described using an exponential func-
tion W = C exp[−A/(V −Vc2)

ν ], where the fitting parameters
C = 1.0002, A = 1.9513, and ν = 0.4370. Figure 4(b) in-
dicates that the fitting function (solid line) agrees very well
with the NRG results (scattering dots). This exponentially-
dependent width W indicates that the KR–CB transition at Vc1

is a QPT of the KT type.[33]

↩. ↩. . .


. (c)

 V/.↪ U/

 V/.↪ U/.

 V/.↪ U/.

 V/.↪ U/.

 V/.↪ U/



.

(b)
 V/.↪ U/.

T
↼ω

↽



.

.
(a)

 V/.↪ U/.

 V/.↪ U/.

ω

Fig. 3. (color online) Transmission coefficient T (ω) at zero tempera-
ture for different V and U values. Here, Γ = 0.01, t0 = 0.01, t = 0, and
ε=−U/2−2V .

As V increases to the second critical point Vc2 = 0.154
(e.g., V = 0.17 in Fig. 3(c)), we also observe a transmission
T (ω = 0) with a unitary limit. We call this ground state as
the V -induced resonance state. The shape of the transmis-
sion spectra does not depend on V in the VIR state. For in-
stance, the curves for different V and the same U coincide
with each other; although with U increasing, the peak becomes

narrow. This feature is quite different from the above KR in
Fig. 3(b). In order to explain this behavior of the transmis-
sion, we introduce the combinations of the dot orbitals; i.e.,
f1σ =(d1σ +d2σ )/

√
2, f2σ =(d1σ−d2σ )/

√
2, and f3σ = d3σ .

Under this transformation, the interaction terms in the dot
Hamiltonian in Eq. (4) can be expressed as

H int
dot =

1
2
(U +V )(n′1↑+n′2↑)(n

′
1↓+n′2↓)+V (n′1↑n

′
2↑+n′1↓n

′
2↓)

+
1
2
(U−V )( f †

1↑ f2↑+ f †
2↑ f1↑)( f †

1↓ f2↓+ f †
2↓ f1↓)

+Un′3↑n
′
3↓+V (n′1 +n′2)n

′
3, (4)

where n′iσ = f †
iσ fiσ and n′i = n′i↑+ n′i↓. In this case, the leads

are just connected to the orbital f1σ with even parity. Accord-
ing to Eq. (3), the transmission T (ω) is merely determined by
the density of state of orbital f1σ .
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′
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µ
2
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Fig. 4. (color online) (a) Transmission T (ω) in the KR state near the
critical point V =Vc1; the curves from top to bottom are for V =0.062 to
0.082 in steps of 0.002. (b) The width of the Kondo peak W (scattering
dots) and its stimulant exponential function (solid line) as a function of
V near Vc1. (c) Double occupation 〈n′i↑n′i↓〉 on the transformed orbital
fiσ as a function of V . (d) Total magnetic moment µ2(T ) as a func-
tion of the temperature T for different V values. Here, U = 0.1 and the
remaining parameters are the same as in Fig. 3.

We show the double occupation 〈n′i↑n′i↓〉 in Fig. 4(c). As
V increases, the double occupation 〈n′1↑n′1↓〉 on dot 1 increases
from about 0.12 at V = 0 to about 0.30 at V = 0.15. It is known
that the double occupation for a half-filled noninteraction or-
bital is 1/4. The Kondo effect requires the dot to be almost
singly occupied. As a result, the Kondo resonance can not be
observed for large V . Meanwhile, according to Eqs. (4) and

117303-3



Chin. Phys. B Vol. 27, No. 11 (2018) 117303

(1), one can deduce that for large V , adding an additional elec-
tron to the system will cost energy V −U/2. Therefore, the
CB peaks appear at ω = ±(V −U/2) as shown in Fig. 3(b).
The continuous change of 〈n′i↑n′i↓〉 at the critical V = Vc1 in-
dicates that the transition from the KR state to the CB state is
continuous.

As V >Vc2, there is an abrupt change of the double occu-
pation 〈n′i↑n′i↓〉 (see Fig. 4(c)). In particular, the double occupa-
tion 〈n′2↑n′2↓〉 on the orbital f2σ increases from 0 to 0.5, which
indicates that the orbital f2σ is doubly occupied or empty.
Meanwhile, the double occupation on the orbital f1σ decreases
to 〈n′1↑n′1↓〉 ≈ 0.2, which is smaller than 0.25 of the double oc-
cupation on a half-filled non-interaction orbital. According to
Eq. (3), after the transformation of dot orbitals, the transmis-
sion T (ω) is determined by the single occupation on orbital
f1σ . The increase of the single occupation on the orbital f1σ

induces a transmission T (ω = 0) with a unitary limit in the
VIR state.

Figure 4(d) shows the temperature dependence of the to-
tal magnetic moment defined by µ2(T ) = 〈S2

z 〉−〈S2
z 〉0, where

〈S2
z 〉 and 〈S2

z 〉0 denote the thermodynamic expectation values
of the square of the z component of the total spin of the system
with and without quantum dots, respectively.[30,31] For small V
(e.g., V = 0.01), at a high temperature T ∼ 0.015, each dot has
a free local spin 1/2 and contributes 1/4 to µ2. Because there is
some possibility of double occupy in this regime, µ2 is about
0.5 which is smaller than the maximum 3/4. With T decreas-
ing (e.g., T ∼ 0.001 < 4t2

0/U), the interdot antiferromagnetic
interactions drive the triple dots to a doublet with µ2 ≈ 1/4.
At lower temperature T → 0, the local spin Sdot = 1/2 is to-
tally screened by the conduction electron in the leads and a
Kondo resonance is observed in Fig. 3(a). For V > Vc1 (e.g.,
V = 0.12), the double occupation on the transformed orbitals
f1σ and f3σ is large (see Fig. 4(c)) while the orbital f2σ is
still singly occupied. As a result, no local spin on the orbital
f1σ can be screened by the conduction electron in the leads.
We observe a residual magnetic moment µ2 = 0.25 in the CB
state, which is the local spin on the orbital f2σ .

Although we observe the full conductance both in the KR
state and the VIR state in Fig. 3, their origins are quite dif-
ferent. For small V in Fig. 3(a), the spin of the electron on
a singly occupied orbital f1σ is screened by the conduction
electron in the leads. Therefore, adding an additional electron
with opposite spin to this orbital does not require overcom-
ing the on-site Coulomb repulsion U . This is the so called
Kondo effect. However, for large V in Fig. 3(c), the full con-
ductance does not mainly result from the screening effect of
the spin on the dot. For instance, even for on-site repulsion
U = 0 we still observe a perfect transmission T (ω = 0) = 1
in Fig. 3(c). From Eqs. (1) and (4), one finds that adding an
electron to the singly occupied dot orbital f1σ requires energy

ε+2V = 0 equal to the Fermi energy and, therefore, the elec-
tron can transmit the dot freely. For U = 0, transmission spec-
tra T (ω) are given by a Lorentzian with a width 2Γ . With
U increasing (e.g., U = 0.05 and 0.1 in Fig. 3(c)), T (ω) be-
comes narrow rapidly. This feature can be explained by the
following picture. As U increases, there is a small antiferro-
magnetic interaction between the dots and the leads. This an-
tiferromagnetic interaction induces a small magnetic moment
µ2 of about 0.13 at temperature T ∼ 0.002 (e.g., for U = 0.1
and V = 0.17 in Fig. 4(d)). At lower temperature T → 0, this
magnetic moment is screened by the conduction electron in the
leads. According to Haldane’s expression,[30,31] the screen-
ing temperature TK decreases exponentially as U/Γ increases,
corresponding to the width of the transmission spectrum. The
calculation shows that as U increases, the transmission spec-
trum changes from the Lorentzian to the sharp peak smoothly.
This feature indicates that in the VIR ground state, although
the on-site repulsion U affects the shape of the transmission
spectrum, the origin of the full conductance is the same as that
for U = 0 and V > 0. As U increases to a critical Uc >V , the
system transits to the CB state in Fig. 3(b). From Fig. 3(c),
we also find that the shape of the transmission spectra does
not depend on V in the VIR state. For instance, the curves for
different V and the same U coincide with each other. This fea-
ture is quite different from the Kondo resonance induced by
the on-site repulsion U .

3.2. Effect of the frustration for t 6= 0

Next, we consider the TQD system with frustration t. For
nonzero interdot hopping t, the particle–hole symmetry is bro-
ken due to the frustration. The electron occupation in each dot
ni = 1 is not kept at ε=−U/2−2V . From the phase diagram
in Fig. 2, we can see that for small V and large V , the phase
sequences are quite different.

For small V (e.g., V = 0.05), Figs. 5(a) and 5(b) show
the transmission T (ω) at zero temperature for different t. For
small frustration t (e.g., t = 0.0114 in Fig. 5(a)), the Coulomb
peaks at ω ≈ ±U/2 and the Kondo resonance peak at ω = 0
are still observed. The ground state is the KR state. As t
is greater than the critical tc = 0.01147 (e.g., t = 0.0115 in
Fig. 5(b)), the Kondo peak disappears and the Coulomb peaks
move to the direction ω < 0, which indicates an increase of
the occupation on the orbital f1σ . In order to understand this
behavior, we give the energy levels of the even orbital f1σ and
the odd orbital f2σ as ε1 = ε− t and ε2 = ε+ t. Obviously,
as t increases, ε1 decreases while ε2 increases. Figures 5(c)
and 5(d) show the charge occupation n′i and the double occu-
pation 〈n′i↑n′i↓〉 on each orbital. It is found that the orbital f1σ

is almost doubly occupied for large t > tc while f3σ is singly
occupied and f2σ is nearly empty. In this case, the Hamilto-
nian in Eq. (1) maps to a single impurity Anderson model with

117303-4



Chin. Phys. B Vol. 27, No. 11 (2018) 117303

impurity orbital f1σ connected to the leads while the singly
occupied f3σ and the empty orbital f2σ decouple from f1σ .
Because the impurity orbital f1σ is doubly occupied, the elec-
trons on f1σ form an orbital spin-singlet (OSS) without Kondo
effect.
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↽
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↼ω
↽

n
iα

n
iβ

′
′

n
i′

0 0.01 0.02 0.03

0

0.2

0.4

0.6

-0.15 0 0.15
0

0.5
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 i/
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 i/
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(c)

 i/

 i/

 i/

t

t/.

(b)

ω

1.0

0.5

0

t/.

(a)

Fig. 5. (color online) (a) and (b) Transmission T (ω) for different t
values. (c) Charge occupation n′i and (d) double occupation 〈n′i↑n′i↓〉
on orbital fiσ as a function of t. Here, Γ = 0.01, t0 = 0.01, U = 0.1,
V = 0.05, and ε=−U/2−2V .

For large V (e.g., V = 0.12), the transmission T (ω) in
Fig. 6 exhibits two kinds of phase transitions. For small t,
the system is in the CB state (Fig. 6(a)) although the two
Coulomb peaks are not symmetric about ω = 0 due to the
frustration. As t is greater than a critical value tc1 = 0.00683
(e.g., t = 0.0069 in Fig. 6(b)), the system transits to the VIR
state with a sharp central peak and a full conductance. With
further increase of t, the peak becomes narrow and disappears
at t = tc2 = 0.0457 (e.g., t = 0.05 in Fig. 6(c)). This feature
indicates that there is phase transition from the VIR state to the
OSS state. Figure 7(a) shows the critical behavior of the trans-
mission on the VIR state near the critical point tc2. The width
of the peak W becomes narrow exponentially as t approaches
to tc2. It can be adequately described using an exponential
function W =C exp[−A/(V −Vc2)

ν ], where the fitting param-
eters C = 1.0051, A = 1.6344, and ν = 0.470. Figure 7(b)
indicates that the fitting function (solid line) agrees very well
with the NRG results (scattering dots). This exponentially-
dependent width W indicates that the VIR–OSS transition at
tc2 is of the KT type.[32] Figures 7(c) and 7(d) present the
charge occupation n′i and the double occupation 〈n′i↑n′i↓〉 on
each orbital for V = 0.12 and different t. The abrupt changes

in n′i and 〈n′i↑n′i↓〉 at the critical point tc1 indicate a first order
QPT from the CB to the VIR state. From Figs. 7(c) and 7(d),
one can easily obtain that the single occupation on the orbital
f1σ increases from about 0.41 to about 0.58 at the critical point
tc1. This feature favors the full conductance in the VIR state as
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Fig. 6. Transmission coefficient T (ω) at zero temperature for differ-
ent t values. Here, Γ = 0.01, t0 = 0.01, U = 0.1, V = 0.12, and
ε=−U/2−2V .
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Fig. 7. (color online) (a) Transmission T (ω) in the VIR state near the
critical point t = tc2; the curves from top to bottom are for t=0.030 to
0.042 in steps of 0.001. (b) The width of the Kondo peak W (scattering
dots) and its stimulant exponential function (solid line) as a function of
t near tc2. (c) Charge occupation n′i and (d) double occupation 〈n′i↑n′i↓〉
on orbital fiσ as a function of t. The remaining parameters are the same
as in Fig. 6.
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discussed in Section 3.1. In the VIR state and near the critical
point tc1, the orbital f2σ is nearly empty while the orbital f3σ

is almost doubly occupied. This feature is somewhat different
from that for t = 0. In the VIR state without frustration (e.g.,
t = 0 and V >Vc2 in Fig. 4(c)), the possibility of being doubly
occupied on the orbital f2σ is the same as that of being empty
due to the particle–hole symmetry. However, the orbital f2σ is
nearly empty due to the frustration t in Fig. 7(c). The common
feature for t = 0 and t 6= 0 is that the increase of the single oc-
cupation on the orbital f1σ induces the full conductance in the
VIR state. As t increases continuously in the regime t > tc1,
the charge occupation and the double occupation on the orbital
f1σ increases continuously. As t > tc2, the system transits to
the OSS state through a QPT of the KT type.

4. Conclusion
We have demonstrated that in a triangular TQD system

with two dots connected to leads, the QPT can be character-
ized by the transmission. The interplay between the on-site
Hubbard repulsion U , the interdot Coulomb repulsion V , and
the frustration t results in a complicated phase diagram. In
case of t = 0, the system is particle–hole symmetric at half-
filling. For small V , each dot is singly occupied due to the
Hubbard interaction U and the TQD forms a spin doublet,
which is screened by the metallic leads and is accompanied
with the Kondo resonance at low temperature. With the in-
crease of V , the system undergoes a KT transition to the CB
state at V = Vc1 and a first order transition to the VIR state at
V = Vc2. As the interdot hopping t is turned on, the particle–
hole symmetry is broken and the system is frustrated. For
small V , with the increase of t, there exists a first order tran-
sition from the KR state to the OSS state, in which the even
orbital is doubly occupied and forms an orbital spin singlet.
For larger V , with increasing t, we find the CB–VIR transition
of first order at tc1 and the VIR–OSS transition of the KT type
at tc2.

The phase boundary can be characterized by the trans-
mission spectra T (ω). For instance, at the KR–OSS transition
point, the Kondo resonance peak disappears on the side of the
OSS state. Along the two KT transition lines, the width of the
transmission peak depends exponentially on the distance to the
critical point. In the CB regime, we observe two CB peaks,
while in the VIR state the transmission with unitary limit re-

covers. Since the transmission can be conveniently obtained
by the experiment, we believe this characteristic provides a
possibility to experimentally demonstrate the QPT in a TQD
system.
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