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Phase transition and charge transport through a triple dot device
beyond the Kondo regime∗
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Semiconductor quantum dot structure provides a promising basis for quantum information processing, within which to
reveal the quantum phase and charge transport is one of the most important issues. In this paper, by means of the numerical
renormalization group technique, we study the quantum phase transition and the charge transport for a parallel triple dot
device in the strongly correlated limit, focusing on the effect of inter-dot hopping t beyond the Kondo regime. We find the
quantum behaviors depend closely on the initial electron number on the dots, and the present model may map to single,
double, and side-coupled impurity models in different parameter spaces. An orbital spin-1/2 Kondo effect between the
conduction leads and the bonding orbital, and several magnetic-frustration phases are demonstrated when t is adjusted to
different regimes. To understand these phenomena, a canonical transformation of the energy levels is given, and important
physical quantities with respect to increasing t and necessary theoretical discussions are shown.

Keywords: semiconductor quantum dot device, parallel triple dot structure, quantum phase transition, charge
transport, strongly correlated effect
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1. Introduction
Semiconductor quantum dot system is considered as a

promising candidate for quantum computation due to its abil-
ity to confine single electron at discrete energy levels and
fine manipulation of parameter space.[1,2] During the past
two decades, tremendous progress has been made in under-
standing the charge and spin transport for single and dou-
ble quantum dot structures both in experimental and theoret-
ical aspects.[3–9] Recently, the research interest has focused
on the triple quantum dot (TQD) systems. Experimentally,
TQDs are used to realize multielectron hybrid qubit,[10–13]

spectral absorbers,[14,15] charge detectors,[16] and current
rectifiers.[17,18] While in the theoretical field, TQD structure
offers the potential to study some new fascinating phenom-
ena at low temperatures, including the Kondo effect,[19–22] the
Fermi liquid theory,[23,24] the quantum interference,[25,26] and
various kinds of quantum phase transitions (QPT).[27–31]

TQD structure could be organized in serial,[32,33]

parallel,[34–36] or triangular[37–40] spatial configuration, which
may naturally result in different quantum behaviors. Among
these configurations, the parallel TQD (PTQD) system is a ba-
sic one, which has also inspired a wealth of research. Although
many works have been done related to the PTQD model, the
charge transport and phase transition are less studied beyond
the Kondo regime, which, in all cases, are important for the
dynamic and static properties, even for the potential applica-

tion in nanodevices. In this paper, we consider a PTQD de-
vice connected to two conduction leads (see Fig. 1(a)) deviated
from the Kondo regime. With the usage of Wilson’s numeri-
cal renormalization group (NRG) method, we find the inter-
dot hopping t may lead to some interesting quantum behav-
iors in the QPT and charge transport at the strongly correlated
limit, quite different from the Kondo regime. More impor-
tantly, these behaviors depend closely on the initial electron
number on the dots, which is usually adjusted by an external
gate voltage. For instance, when the initial charge number of
the dots Ntot ≈ 0.0, the linear conductance G reveals a peak
shape as t increases. An orbital spin-1/2 Kondo effect could
be found between the conduction leads and the bonding or-
bital. When t is large enough, dot 1 (3) and dot 2 form a spin
singlet, while dot 3 (1) is empty. In the regime Ntot ≈ 1.0, G
could be considered as a part of the above case and the quan-
tum state is similar to the empty case as t is large enough.
When the initial charge number Ntot ≈ 2.0, we find the ground
state is a magnetic-frustration phase and G is nearly zero when
t is absent. This phase is sensitive to t, and is replaced by an-
other mixture state even t is just 0.1×104. A first order QPT
could be identified both in dynamic and static physical quanti-
ties.

We organize the remaining sections as follows. In Sec-
tion 2, we present the model Hamiltonian, and the calculation
formulas. In Section 3, we describe the numerical result and
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discussion. Finally, a conclusion is given in Section 4.

2. Model, method, and formulas
The schematic view of the PTQD structure connected to

two conduction leads (source (S) and drain (D)) is presented in
Fig. 1(a), and the second quantized Hamiltonian for the whole
system is written as

H = HS +HD +Hdots +HT. (1)

Here, HS and HD correspond to the noninteracting source
and drain leads respectively with Hα (α = S, D): Hα =

∑kσ 𝜖αkc†
αkσ

cαkσ , where c†
αkσ

(cαkσ ) is the creation (annihila-
tion) operator for an electron with wave vector k, spin σ (σ =↑
or ↓) in lead α , and 𝜖αk denotes the single-electron energy.
Hdots describes the energy of the PTQD:

Hdots =
3

∑
i=1,σ

𝜖d†
iσ diσ +

3

∑
i=1

Uni↑ni↓

−∑
i< j

ti j(d
†
iσ d jσ +H.c.). (2)

Here, diσ (d†
iσ ) is the annihilation (creation) operator for the

electrons on dot site i (i = 1,2,3). niσ = d†
iσ diσ is the num-

ber operator. 𝜖 and U are the energy level and the intra-orbital
Coulomb repulsion respectively, while ti j describes the inter-
dot hopping between dots i and j. To avoid too many param-
eters, we choose ti j = t. Finally, the last term in Eq. (1) illus-
trates the tunneling coupling between conduction bands and
dot levels: HT = ∑αkiσ (ταkiσ c†

αkσ
diσ +H.c.). Here, ταkiσ de-

scribe the couplings of the k,σ electron states belonging to
lead α to the i-th dot site. We assume ταkiσ is symmetric with
respect to the source and drain leads.

In the present work, we are mainly interested in the QPT
and the charge transport of the PTQD device in the strong
correlation regime, thus a sophisticated many-body technique
must be used. Therefore, we use the NRG method,[41–43] to
solve Eq. (1), which is an ideal technique to calculate both
static and dynamical properties of the Anderson-type model.
We first choose a constant density of states for the conduction
leads ρ0 = 1/(2D), with 2D being the band width, and D is
chosen as the energy unit in the following discussions. We
also approximate a constant hybridization strength between
the conduction band and quantum dots Γ = 2πρ0|ταkiσ |2. In
our NRG calculation, Λ , the renormalization parameter, is set
to be 1.8∼ 2.4, and the number of the low-lying energy states
kept at each iteration is about 3000.

The linear conductance through the PTQD G is calculated
by the Meir–Wingreen’s formula[44]

G =
e2

h

∫
dω

[
∂ f (ω)

∂ω

]
T (ω), (3)

where f (ω) is the Fermi function, and T (ω) is the transmis-
sion coefficient, which is defined as

T (ω) =−1
2

Γ ∑
i jσ

ImGi jσ (ω). (4)

Here, Gi jσ (ω) is related to the retarded dot Green’s function
Gi jσ (t) = −iθ(t)〈{diσ (t),d+

jσ}〉, and the Fermi function is
chosen as 𝜖kf = 0, hence the linear conductance at zero tem-
perature in the limit of zero bias can be written as

G = T (ω = 0)e2/h. (5)

The spin–spin correlation between dots i and j is labeled
as 〈SiS j〉, which could be calculated as follows in the NRG
steps:

〈SiS j〉= 〈S+i S−j /2+S−i S+j /2+(ni↑−ni↓)(n j↑−n j↓)/4〉, (6)

with S+i = d†
i↑di↓ and S−i = d†

i↓di↑.

3. Results and discussions
In the following discussion, we fix Γ = 0.01 and U = 0.1.

Since U � Γ , the electron–electron interaction on the PTQD
becomes significantly important, and the system is in the
strong correlation limit. When 𝜖 sweeps downwards, the to-
tal electron number on the dots Ntot = ∑

3
i=1〈ni〉 increases from

empty to full, i.e., Ntot = 0.0 to 6.0. In the regime of Ntot≈ 3.0,
three dots are singly occupied due to strong U , and a spin−3/2
Kondo effect could be found, resulting from the process of a
local spin magnitude 1/2 is screened by the conduction leads.
Thus this regime is considered as the Kondo regime,[45] which
has inspired a wealth of research in the past decade. Since
the effect of the inter-dot hopping t in this regime is referred
by some previous works,[27] here we focus our attention on
the QPT and charge transport affected by t deviate the Kondo
regime.

3.1. Effect of ttt in the empty regime

Let us start our discussion when the quantum dot energy
level 𝜖 is set to be in the unoccupied regime with Ntot ≈ 0.0.
In Figs. 1(b)–1(c), we show the electron number 〈ni〉 on each
dot, and the spin–spin correlation 〈SiS j〉 between dots i and j
at zero temperature as functions of t with fixed 𝜖= 0.1. Here,
〈n1〉 = 〈n3〉 and 〈S1S2〉 = 〈S2S3〉 when t sweeps, since dots
1 and 3 are identical. When t = 0, one may see 〈ni〉 ≈ 0.0
and 〈SiS j〉 ≈ 0.0, since the PTQD is in the frozen-impurity
fixed point with no residual spin. With increasing t, the charge
number on each dot grows continuously, and 〈SiS j〉 decreases
to negative. Because a negative t term in Eq. (2) reduces the
total energy of the system, and favors an antiferromagnetic
spin arrangement between neighboring dots with an effective
strength JAFM =−4t2/U . When t is large enough, 〈n1〉 ≈ 0.5,
and 〈n2〉 ≈ 1.0, illustrating that dot 2 is occupied by a single
electron, whereas only one of dots 1 and 3 is singly occupied,
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and the other one is empty. In this case, 〈S1S2〉 reaches to
about −0.2, showing a spin singlet between dots 1 (3) and 2 is
generated. Therefore, the many-body state of (n1n2n3) mainly
includes configurations (↑↓ 0) (or (↓↑ 0)) and (0 ↑↓) (or (0 ↓↑)),
where dot 3 (1) is empty, while dots 1 (3) and 2 are singly oc-
cupied with antiparallel spin ordering. Here, it is notable that
〈S1S2〉 could not reach−0.75 of the ideal spin singlet, because
the expected value of n1 is unequal to 1.0. Besides, one also
finds 〈S1S3〉 reaches to a larger negative value of −0.1, which
can be attributed to the fact that in this regime, the Ruderman–
Kittel–Kasuya–Yosida (RKKY) interactions mediated by both
the Kondo coupling between the leads and the dots and the
inter-dot hopping t, which favor singly occupied states and
parallel spin arrangement between different dots, become in-
valid. Therefore, in order to avoid the intra-orbital Coulomb
repulsion and reduce the total energy, there are still some pos-
sibilities of dots 1 and 3 to form a negative spin–spin corre-
lation. This behavior is similar to the case where the energy
level goes through the intermediate valence regime in multi-
quantum dot systems.[45–48]

             .            .            . 
t

↩.

↩.





.

.
(b)

(c)

(a)

S D

1

2

3

t

t

i/↪  

i/
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
S


>

<S

S


>

<S
iS

j>
<n

i>

Fig. 1. (color online) (a)Schematic view of the parallel triple dot device con-
nected to source (S) and drain (D) leads. t denotes the inter-dot hopping. (b)
Charge occupation on each dot 〈ni〉, and (c) Spin correlation 〈SiS j〉 between
dots i and j (i, j = 1,2,3) at zero temperature as functions of t for fixed en-
ergy level 𝜖 = 0.1. Here, 〈n1〉 = 〈n3〉, 〈S1S2〉 = 〈S2S3〉 for dots 1 and 3 are
identical for symmetry. The remaining parameters are given by U = 0.1 and
Γ = 0.01.

Now we study the charge transport through the PTQD.
In Fig. 2(a), we depict the transmission coefficient T (ω) =

T↑(ω) + T↓(ω) at zero temperature in terms of different t.
When t = 0, T (ω) ≈ 0.0, suggesting zero conductance (see
Fig. 2(b)). The spectral weight of T (ω) locates in the regime
ω > 0, and a large peak is found at energy ω ≈ 𝜖, which cor-
responds to the process of adding an electron on the bonding
orbital as discussed in the following. With increasing t, the
spectral weight moves to the direction ω < 0. In this pro-
cess, the conductance G = T (ω = 0) increases and reaches to
its unitary limit of 1.0 at about t = 0.075. When t is large
enough, the spectral weight locates in ω < 0 (e.g., t = 0.016
in Fig. 3(a)), and the conductance G decreases to 0.0 gradu-
ally. In this case, the PTQD is in a local moment formation,
and the conductance is suppressed by the spin singlet between
dots 1 (3) and 2, similar to the double quantum dot system
with strong t in the Kondo regime.[49,50]

              .             .            . 
t



.

.



.

.



.

.

i/a

i/b

i/c



.

.

(a)

(b)

(c)

-0.08           0           0.08 
ω

T
 ↼
ω
)

G
<n

i>ϕ

Fig. 2. (color online) (a) Transmission coefficient T (ω) at zero temperature
in terms of different t. (b) Linear conductance G, and (c) charge density on
the transformed orbitals 〈n′i〉 (i = a,b,c) as functions of t for 𝜖 = 0.1. The
remaining parameters the same as in Fig. 1.

In order to get a clear understanding of the quantum be-
haviors above, we invite a canonical transformation of the
three dot levels:

faσ = (d1σ +d2σ +d3σ )/
√

3,

fbσ = (d1σ −d3σ )/
√

2,

fcσ = (d1σ −2d2σ +d3σ )/
√

6. (7)
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Under this transformation, the orbital levels are given by
𝜖a = 𝜖− 4t/3, 𝜖b = 𝜖+ 4t/3, and 𝜖c = 𝜖, respectively, thus
faσ is the bonding orbital, while fbσ and fcσ are the anti-
bonding orbitals. Besides, the HT item turns out to be√

3∑kσ (ταkiσ c†
kσ

faσ +H.c.), suggesting that only the bond-
ing orbital hybridizes with the conduction leads. In Fig. 2(c),
we show the electron number on the bonding and anti-bonding
orbitals 〈n′i〉 (i = a,b,c) at zero temperature as functions of
t. Here, n′iσ = f †

iσ fiσ . One may see as t increases, 〈n′b〉 and
〈n′c〉 keep at 0.0, while 〈n′a〉 increases gradually, since 𝜖a de-
creases with increasing t, while 𝜖b (𝜖c) grows larger (retains at
𝜖). Correspondingly, the peak in T (ω) moves toward the left,
for T (ω) is merely decided by the local density states of the
bonding orbital. When t = 0.075, 〈n′a〉 ≈ 1.0, and the present
model maps to a single impurity Anderson model. An orbital
spin-1/2 Kondo effect could be found between the conduc-
tion leads and the bonding orbital, and the linear conductance
G reaches to its unitary limit (Fig. 2(b)). Here, the value of
t could be estimated as follows: when the bonding orbital is
singly occupied, annihilating (creating) an electron on this or-
bital will cost energy 𝜖− 4t/3, which gives t = 0.075, and
is consistent with our NRG result. When t is large enough,
the bonding orbital is almost fully occupied, thus the electrons
could not transmit the PTQD.

3.2. Effect of ttt in the singly occupied regime

Now we turn to the case when the PTQD is singly occu-
pied with Ntot ≈ 1.0. Figures 3(a)–3(b) show 〈ni〉, and 〈SiS j〉
as functions of t at zero temperature for fixed 𝜖 = −0.004. It
is seen 〈ni〉 ≈ 0.32 and 〈SiS j〉 ≈ −0.05 when t = 0, indicating
the many-body state of (n1n2n3) mainly includes configura-
tions such as (100), (010), and (001), where one of the dots
is singly occupied while the other two are empty. With increas-
ing t, 〈ni〉 grows, while 〈SiS j〉 decreases continuously. When
t is large enough, 〈n2〉 ∼ 1.0, while 〈n1〉 ∼ 0.5, similar to the
case of 𝜖= 0.1 with large t. Thus dot 1 (3) is empty, while dots
3 (1) and 2 are singly occupied with antiparallel spin ordering.

To understand the charge transport through the PTQD,
we illustrate T (ω) for various t, G, and 〈n′i〉 as functions of
t in Figs. 4(a)–4(c), respectively. One finds G = T (ω = 0)
reaches to almost 1.0 of the unitary limit when t is absent. Be-
cause in this case, the charge number on the bonding orbital
〈n′a〉 ≈ 1.0 (Fig. 4(c)), and the orbital spin-1/2 Kondo effect
could be found between the conduction leads and the bonding
orbital. As t increases, the peak in T (ω) moves toward the
left and the conductance decreases to 0.0 gradually due to de-
creasing 𝜖a. In this process, 〈n′a〉 grows correspondingly, then
stabilizes at 2.0 when t is large enough. In Fig. 3(c), we also
give 〈SiS j〉 as functions of t for 𝜖=−0.002. It is seen the be-
haviors are similar to the case of 𝜖 = −0.004, illustrating the
discussions above are robust for the regime Ntot ≈ 1.0.
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Fig. 3. (color online) (a) and (b) 〈ni〉 and 〈SiS j〉 as functions of t for
𝜖 = −0.004. (c) 〈SiS j〉 as a function of t for 𝜖 = −0.002. The remaining
parameters are the same as in Fig. 1.
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Fig. 4. (color online) (a) T (ω) at zero temperature in terms of different
t. (b) and (c) G and 〈n′i〉 as functions of t for 𝜖 = −0.004. The remaining
parameters are the same as in Fig. 3.

108503-4



Chin. Phys. B Vol. 27, No. 10 (2018) 108503

3.3. Effect of ttt in the doubly occupied regime

In this subsection, we focus on the situation where the
PTQD is doubly occupied with initial charge numer Ntot≈ 2.0.
In Figs. 5(a)–5(b), we show 〈ni〉 and 〈SiS j〉 as functions of t
with 𝜖 = −0.01. When t = 0, our NRG results show 〈ni〉 ≈
0.74 and 〈S1S2〉 ≈ −0.10, thus two of the dots are singly oc-
cupied, while the remaining one is nearly empty. The ground
state of the system is considered as a magnetic-frustration
phase,[45,48] and the antiferromagnetic spin–spin correlation is
resulted from the following fact: comparing with the Kondo
regime where Ntot ≈ 3.0, the possibilities of each dot being
singly occupied is weakened in the regime Ntot ≈ 2.0. This
tendency may result in a reduction of the RKKY interaction,
which is mediated by the Kondo coupling between conduc-
tion leads and quantum dots and favors parallel spin align-
ment between different dots. Therefore, to reduce the total
energy, the local spins are more likely to form an anti-parallel
spin ordering on two singly occupied dots. However, this
magnetic-frustration phase is sensitive to the inter-dot cou-

pling t, which breaks the symmetry of the three dots. As

shown in Figs. 5(a) and 5(b), even t is just 0.1× 104, 〈n1〉,
and 〈n2〉 become different with 〈n1〉 ≈ 0.80 and 〈n2〉 ≈ 0.60,

accompanied with 〈S1S2〉 ≈ −0.20. Hence the electrons on

dots 1 (3) and 2 are arranged anti-ferromagnetically. Besides,

one notices 〈S1S3〉 ≈ 0.14, thus the local spins on dots 1 and

3 are likely to be ferromagnetic due to the RKKY interac-

tion mediated by t. Here, 〈S1S2〉 and 〈S1S3〉 could not reach

the ideal value of spin singlet and triplet respectively, for the

ground state here is also frustrated, and the many-body states

of (n1n2n3) may include configurations such as (↑↓ 0) (or

(0 ↓↑)), (↑ 0 ↑) and (↑↓↑). As t increases to about tc ≈ 0.0102,

one finds an abrupt change in 〈ni〉 and 〈SiS j〉, indicating a first

order QPT, e.g., 〈n1〉 drops to 0.42, and 〈S1S3〉 drops to −0.1.

When t is large enough, e.g., t = 0.2, 〈n1〉 ≈ 0.5, 〈n2〉 ≈ 1.0,

〈S1S2〉 ≈ −0.2, and 〈S1S3〉 ≈ −0.1, thus dot 1 (3) is empty,

while dots 3 (1) and 2 are singly occupied with antiparallel

spin configuration, similar to the cases above.
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Fig. 5. (color online) (a) and (b) 〈ni〉 and 〈SiS j〉 as functions of t when 𝜖 is set to be 𝜖=−0.01. (c) 〈SiS j〉 as a function of t for 𝜖=−0.008. The remaining
parameters are given the same as Fig. 1.

Figures 6(a) and 6(b) describe T (ω) for different t. It is
seen when t is absent that there is a sharp dip at ω = 0, cor-
responding to zero conductance (see Fig. 6(c)), which could
be attributed to the fact that in this case two singly occu-
pied dots are arranged anti-parallelly, and the present PTQD
model maps to a two impurity Anderson model with large
inter-dot hopping and the Kondo peak is suppressed.[51] When
t is turned on, e.g., t = 0.011, the dip is filled up continu-
ously, and the charge transport is enhanced (Figs. 6(a) and
6(c)). In this process, the proportion of configuration (↑↓↑)
grows with increasing t, thus dot 1 (3) and dot 2 are more
likely to form a spin singlet, and the remaining one contributes
to the enhanced conductance. Correspondingly, the electrons
on orbital fa increase to about 1.0. However, in this regime,
G could not reach the unitary limit since orbital fb connected
with fa through a hopping term

√
2t/3, which arises during

the canonical transformation above, i.e., Eq. (7). Since orbital
fc is isolated, the present model could be considered as a side-
coupled double dot structure, and the conductance decreases

with growing inter-dot hopping.[52] When t exceeds the criti-
cal point tc, a broadened peak develops at the left side of T (ω),
which moves toward the left when t grows continuously. In
this process, 〈n′b〉 and 〈n′c〉 drop to zero, thus the PTQD model
maps to a single impurity Anderson model. On the other hand,
〈n′a〉 increases from 1.27 to 2.0 gradually, hence G decreases to
0.0 successively according to the Freidel sum rule.[53,54] It is
worth noting that it is convenient for the critical point tc to be
evaluated by the level of fb, i.e., with increasing t, the charge
number 〈n′b〉 drops from 1.0 to 0.0, the critical point is just
the point where the singly-occupied energy level of fb equals
to the empty level, which gives tc ≈ −3𝜖/4. In Fig. 5(c), we
also show 〈SiS j〉 as functions of t for fixed ε = −0.008. One
finds the behaviors are similar to 𝜖 = −0.01, thus our above
discussions are robust in the regime Ntot ≈ 2.0.

For initial charge number Ntot ≈ 4.0, 5.0, and 6.0, the nu-
merical results are similar to the cases Ntot ≈ 2.0, 1.0, and 0.0
respectively, due to particle-hole symmetry. Therefore, we ne-
glect them in the present work.
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Fig. 6. (color online) (a) and (b) T (ω) at zero temperature in terms of different t. (c) and (d) G and 〈n′i〉 as functions of t for 𝜖 = −0.01. The remaining
parameters are given the same as Fig. 5.

4. Conclusion
In conclusion, we have studied the quantum phase transi-

tion and charge transport for a parallel triple dot device in the
strongly correlated limit. We focus our attention on the effect
of inter-dot hopping t beyond the Kondo regime, and we find
the quantum behaviors depend closely on the initial electron
number on the dots, which could be adjusted by the dot level
through external gate voltage. For instance, when the initial
charge number of the dots Ntot ≈ 0.0, it grows continuously
with increasing t. When t is large enough, dot 1 (3) and dot
2 form a spin singlet, while dot 3 (1) is empty. The linear
conductance G reveals a peak shape and reaches to almost its
unitary limit at the point t = 3𝜖/4, where the bonding orbital
is singly occupied and an orbital spin-1/2 Kondo effect could
be found between the conduction leads and the bonding or-
bital. In the regime Ntot ≈ 1.0, G could be considered as a part
of the above case and the quantum state is similar to the case
Ntot ≈ 0.0 as t is large enough. When the initial charge number
Ntot ≈ 2.0, we find the ground state is a magnetic-frustration
phase and G is nearly zero when t is absent. This phase is sen-
sitive to t, and is replaced by another mixture state even though
t is just 0.1×104. G increases due to the charge number of the
bonding orbital grows to 1.0. When t increases to tc ≈−3𝜖/4,
a first order QPT could be found, and a large peak develops in
the transmission coefficient T (ω). As t is large enough, one
of dots 1 and 3 forms a spin singlet with dot 2, while the re-
maining one is empty, similar to Ntot ≈ 1.0 and 0.0 with large
t.

Our results could be used to describe the strongly cor-
related effects for triple level semiconductor or unimolecu-
lar electronic devices connected to the conduction band. We
firmly believe that our work not only settled the underlying
physical mechanism for the charge transport and phase tran-
sition for a PTQD system affected by the inter-dot hopping
beyond the Kondo regime, but it may also provide appropriate
guidelines for related experiments.
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