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The propagation characteristics of nonlinear ion–acoustic (IA) solitary waves (SWs) are studied in thermal electron–
positron–ion plasma considering the effect of relativistic positron beam. Starting from a set of fluid equations and using the
reductive perturbation technique, we derive a Korteweg–de Vries (KdV) equation which governs the evolution of weakly
nonlinear IA SWs in relativistic beam driven plasmas. The properties of the IA soliton are studied, and it is shown that the
presence of relativistic positron beam significantly modifies the characteristics of IA solitons.
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1. Introduction

The nonlinear propagation of solitary waves and shocks
(SWS) in multicomponent plasmas has been widely stud-
ied for understanding the electrostatic disturbances in various
plasma environments.[1–5] The study of electron–positron–
ion (EPI) plasmas has been growing extensively due to their
presence in the early universe, in the active galactic nuclei,
in the pulsar magnetosphere, ionosphere, in the solar atmo-
spheres, etc.[6–11] It is well known that when positrons are
introduced into an electron–ion plasma, the response of the
electrostatic waves changes significantly in comparison to the
usual two component plasmas.[5,12,13] Therefore, it is worth-
while to study the nonlinear wave propagation in electron–
positron–ion plasmas for understanding the dynamical be-
haviour of astrophysical and laboratory plasmas.[14–20] In the
latter, the authors have shown that the nonlinear waves in the
plasmas having positrons behave differently. Misra et al.[5]

reported that the nonlinear mode of propagation and interac-
tion in an electron–positron plasma exhibits a remarkable fea-
ture which is quite distinctive from the linear mode. Also, in
some earlier works, Popel et al.[14] have found that the max-
imum amplitude of ion–acoustic (IA) solitons could be con-
siderably reduced when a substantial fraction of hot positrons
was present in the system. Interestingly, in a plasma sys-
tem when a source of beam is inserted, it makes the system
prone to a well-known streaming instability. Recently, Shan
et al.[20] showed that due to the increased speed of positron
beam and super-thermal electrons, the region of existence, am-
plitude, and width of solitons can be modified. Again, very re-

cently, Shan et al.[21] found that with the variation in positron
beam speed and positron population, and nonlinearities of the
plasma system can be predominantly changed. Therefore, the
options to create intense sources of positrons capable of fu-
elling extensive antimatter related research need to be devel-
oped, and this gap or requirement motivated us to start our
investigation on ion–acoustic solitary waves (IASWs) in EPI
plasmas with a relativistic positron beam impact which is a
new kind of study not reported elsewhere as far as our knowl-
edge is concerned.

Some of the earlier works considered electron-ion and
EPI plasmas, however, most of them were non relativistic in
nature.[3,22] But when the particle velocities are comparable to
the speed of light, relativistic effects should be taken into ac-
count. Many researchers in due course of time exhibited the
importance of relativistic effects in the modification of plasma
wave dynamics.[23–29] In the ionospheric plasma system,[30]

there is always a possibility of its interaction with highly in-
tense charged particle beam coming from outer space. There-
fore, in such conditions, the solitary wave in nonrelativistic
plasmas may interact with relativistic charged particle beam.
Based on all such observations, our brief communication has
heralded on a model of EPI plasma to know the various effects
of relativistic positron beam on soliton dynamics.

In the present paper, we investigate the propagation
characteristics of ion–acoustic solitons in a relativistic beam
driven plasma, and employ a new potent mathematical for-
malism known as the homogeneous balance method proba-
bly first generated by Wang et al. to show the solution of a
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Korteweg–de Vries (KdV) equation.[32] Here, Wang et al. in-
troduced a new direct method called the homogeneous bal-
ance method to look for travelling wave solutions of non-
linear evolution equations with variable coefficients. It is
seen that the method presents a wider applicability for han-
dling many kinds of nonlinear evolution equations, such
as high-dimensional equations, variable-coefficient equations,
and differential-difference equations. The method is based on
the homogeneous balance principle and linear ordinary differ-
ential equation (LODE) theory. Being concise and straightfor-
ward, this method has been applied to handle nonlinear partial
differential equations in a direct manner with no requirement
for initial/boundary conditions or initial trial function at the
outset.

This paper is structured as follows. Section 2 describes
the basic equations governing the plasma dynamics. The non-
linear evolution equation in the form of a Korteweg–de Vries
equation is derived by using the reductive perturbation tech-
nique. In this section, the homogeneous balance method has
been employed to execute the salient features of solitons. Sec-
tion 3 analyzes thoroughly the results and the discussion parts.
Finally, we conclude the results in Section 4.

2. Basic equations governing the plasma dynam-
ics

We consider the nonlinear propagation of IASWs in an
unmagnetized plasma consisting of thermal electrons and ions
with a flow of relativistic positron beam. The basic equations
governing the plasma dynamics can be written as

∂ni

∂ t
+

∂

∂x

(
ni vi

)
= 0, (1)

∂vi

∂ t
+ vi

∂vi

∂x
+

1
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, where qi = e, (2)(
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)
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∂
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∂
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, (8)(

∂

∂ t
+ vb

∂

∂x

)
pb +3pb

∂

∂x
(γvb) = 0, where qb = e, (9)

and the Poisson’s equation

∂ 2ϕ

∂x2 =−4πe(ni +nb−ne) , (10)

where n j, v j, p j, q j, and m j respectively denote the number
density, the fluid velocity, the thermal pressure, the charge, and
the mass of j-th species particles ( j = i, e, and b respectively
stand for ions, electrons, and positron beams). Furthermore,
kB is the Boltzmann constant, ϕ is electrostatic potential, γ is
the relativistic factor, and c1 is the ratio between the speed of
light in vacuum c and the IA speed cs.

The collective effects in electron–positron plasmas can be
studied if the electron–positron time scale is much longer than
the electron–positron plasma effects, which is typically inverse
of the plasma frequency. In a relativistic regime, the processes
of creation and annihilation of electron–positron pairs become
important. Before studying the nonlinear properties of the
electron–positron plasma, it is necessary to take a look at the
electron–positron pair annihilation time. Based on the theory
of Svensson[32] concerning the electron- positron pair equilib-
ria in relativistic plasma, to neglect the annihilation effect, the
following inequality must be satisfied:

ω
−1
p, j � τann, (11)

where ω
−1
p, j ( j = e and b respectively stand for electrons and

positron beam) is the inverse of the plasma frequency equal to√
4πe2n j0/m and τann is the annihilation time. The annihila-

tion time τann in the relativistic regime can be expressed by the
following relation:

τann =
4
3

1
n jστ c

(
E2

Th
1/4+ ln(2ℵETh +1)

)
for ETh� 1, (12)

where στ (6.65× 10−25 cm2) is the electron Thomson cross
section, and ETh

(
kBTj/(m jc2)

)
is the normalised thermal en-

ergy. Also, ℵ = e−ℵE ≡ 0.5615 with ℵE (≈ 0.5772) is the
Euler’s constant. Combining Eqs. (11) and (12) and using
ne0 = np0 = n0, the pair annihilation condition becomes(

E2
Th

1/4+ ln(2ℵETh +1)

)
� 2.6×10−19n1/2

0 . (13)

For some illustration purposes, we have chosen the number
density value n0 = 104 cm−3, which is typically found in as-
trophysical environment (viz. ionospheric auroral region). By
using the number density value into Eq. (13), one can obtain
0.229003� 2.6× 10−15, which indicates that the electron–
positron pair annihilation can be ignored in our plasma model
Eqs. (1)–(10).

Now, we normalize the physical quantities as follows:
T = tωpi, X = xωpi/cs, Vj = v j/cs, N j = n j/n j0, Φ = eϕ/kBTe,
Pj = p j/n j0kBTj, where ωpi =

√
4πne0e2/(kBTe) is the ion–

plasma oscillation frequency, cs =
√

κBTe/mi is the ion–
acoustic speed, n j0 is the unperturbed number density, and
Tj the temperature of j-th species particles. Thus, we recast
Eq. (1) to Eq. (10) in dimensionless forms as

∂Ni

∂T
+

∂

∂X
(NiVi) = 0, (14)
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∂
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)
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∂X
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∂

∂X
, (21)

where V ′b = Vb
(
1+V 2

b /(2C2
1)
)
, β2 = mb/mi, α = Tb/Te, and

c1 = c/cs,
∂Pb

∂T
+Vb

∂Pb

∂X
+3Pb

∂V ′b
∂X

= 0, (22)

where V ′b =Vb
(
1+V 2

b /(2C2
1)
)
, or V ′b =Vb +V 3

b /(2C2
1), and

∂ 2Φ

∂X2 =Ne (1+µb)−Nbµb−Ni, where µb=
nb0

ni0
. (23)

In order to derive the evolution equation for the propa-
gation of IASWs in a relativistic positron beam plasma, we
use the reductive perturbation technique in which the indepen-

dent variables are stretched as λζ = ε1/2 (X−T ), τ = ε3/2T ,
where λ is the phase velocity and ε is a small nonzero constant
measuring the weakness of the dispersion.

∂

∂X
= ε

1/2 ∂

∂ζ
,

∂

∂T
= ε

3/2 ∂

∂τ
− ε

1/2 ∂

∂ζ
,

and γ =

(
1−

V 2
b

c′2

)−1/2

= 1+
1
2

V 2
b

c′2
. (24)

Now, using the expansions, Ne = 1+ εNe1 + ε2Ne2 + . . . ,Ni =

1 + εNi1 + ε2Ni2 + . . . ,Nb = 1 + εNb1 + ε2Nb2 + . . . ,Ve =

εVe1 + ε2Ve2 + . . . ,Vi = εVi1 + ε2Vi2 + . . . ,Vb = Vb0 + εVb1 +

ε2Vb2 + . . . ,Pb = 1 + εPb1 + ε2Pb2 + . . ., and Φ = εΦ1 +

ε2Φ2 + . . ., and by following the standard procedure and sub-
stituting the values of Ne, Ni, Nb, Ve, Vi, Vb, Pb, and Φ in
Eqs. (14)–(23), and then equating the coefficients of first or-
der and second order in ε , we get together the dispersion rela-
tion for the phase velocity

√
3σ +3αγb/(αγb +(1+αγb)µb),

where γb =
(

1+3V
′2
b

)
, V ′b = Vb0/2C1, and eliminating the

second-order quantities, we obtain the following KdV equa-
tion for the nonlinear propagation of IASWs in a thermal
electron–ion plasma with a relativistic positron beam.

∂Φ1

∂τ
+

p
q

Φ1
∂Φ1

∂ζ
+

1
q

∂ 3Φ1

∂ζ 3 = 0,

∂Φ1

∂τ
+AΦ1

∂Φ1

∂ζ
+B

∂ 3Φ1

∂ζ 3 = 0, A =
p
q
∧B =

1
q
, (25)
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(
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λ
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)
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b
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(
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2λ

(λ 2−3σ)2 +(1+µb)
2λβ1
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2β2
(
λ −2c1V ′b

)
µb

γb

(
β2
(
λ −2c1V ′b

)2−3α

)3 .

Now, we apply the transformation

Φ (ζ ,τ) = Φ (ξ ) , where ξ = ξ −V τ. (26)

Then, we have

−V Φ
′+AΦ

′+BΦ
′′′ = 0, where Φ

′ =
∂Φ

∂ξ
. (27)

Integrating it with respect to ξ once yields

M−V +
A
2

Φ
2 +BΦ

′′ = 0, (28)

where M is an integration constant.

In order to get the soliton solution of Eq. (25), we use the
homogeneous balance method which needs to assume a solu-
tion (ξ ) in the form

Φ (ξ ) = ∑
∞

N=0 aNQ(ξ )N , (29)

where Q(ξ ) is the solution of the equation Q′ (ξ ) = Q2 (ξ )−
Q(ξ ).

Now substituting the value of Eq. (29) into Eq. (28), we

balance the leading order of the nonlinear term with that of the

linear term. This manipulation evaluates the exact numbers for

N of the series obtained as N = 2. Correspondingly, a series

with N = 2 terms become

Φ (ξ ) = a0 +a1Q+a2Q2, (30)

where a0, a1 ∧ a2 are constants to be determined such that

a2 6= 0.

Here Q(ξ ) = 1/(1∓ eξ ) satisfies the following equation

Q′ (ξ ) = Q2 (ξ )−Q(ξ ) . (31)
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From Eqs. (29) and (30), we obtain

Φ
2 (ξ ) = a2

2Q4 +2a2a1Q3 +
(
a2

1 +2a2a0
)

Q2

+2a1a0Q+a2
0, (32)

Φ
′′ (ξ ) = (Q−1)Q [(−1+2Q)a1 +2Q(−2+3Q)a2] . (33)

By substituting Eqs. (30), (32), and (33) into Eq. (28) and re-
arranging all coefficients of Q0,Q1,Q2, and so on, and then
using Mathematica 10 we get the values of a’s, M, and Ω as
Ωa0 = 0,a1 = 0,a2 =−12B/A,M = 0,=

√
V/B. Also taking

the stability condition into account we obtain

Φ (ξ ) =
3V
A

sech2
( √

V
2
√

B
ξ

)
, where ξ = ζ −V τ,

Φ (ξ ) = Φmsech2
(

ξ

∆

)
, (34)

where Φm = 3V/A and ∆ = 2
√

B/
√

V , which is the well-
known solitary wave solution of the KdV Eq. (25).

3. Results and discussion

In what follows, we study the effects of the relativistic
positron beam and other plasma parameters on the profiles
of IASWs. The effects of nonlinearity become significant
when the amplitude of the wave is sufficiently large. Non-
linear structures such as solitons and shocks are formed due
to relative competition between nonlinearity, dispersion, and
dissipation. When the effect of dissipation is small compared
to nonlinearity and dispersion, the system can be supportive
for the formation of solitons. The existence of a soliton solu-
tion with finite amplitude (Eq. (25)) depends on the behavior
of the product AB, where A is the nonlinear term and B rep-
resents that of dispersion in Eq. (25). The solitary wave be-
comes unstable when AB > 0 and gives rise to a compressive
solitary structure. So, some interesting results can be expected
when we are examining positron beam velocity, positron beam
concentration, ion and positron temperature, and mass ratio
along with its amplitude, width, and dispersion relation in our
electron–positron–ion model. We have considered an external
positron beam which is relativistic in nature under the effect
of adiabatic responses of the positron beam to contribute addi-
tional sources of energy to the nonlinear behaviour of the usual
electron positron ion plasma dynamical system.

We numerically examine in Fig. 1 the variation of the
phase velocity λ , plotted with respect to the positron concen-
tration µb along with variable ion temperature σ . The other
plasma parameters are α = 0.2, c1 = 103, and V ′b = 0.2. Fig-
ure 1 shows that the dispersion properties of the present model
have strong dependence on the plasma temperature. At ele-
vated ion temperature σ , dispersion is triumphant and conse-
quently the medium becomes more favourable for the prop-

agation of compressive solitary waves, and the phase veloc-
ity increases as the ion temperature σ increases. The findings
in Fig. 2, where variation of the phase velocity λ is plotted
with respect to the positron concentration µb along with vari-
able positron temperature α with other plasma parameters as
c1 = 103, V ′b = 0.2, and σ = 0.1, are in similar lines with the
outcomes in Fig. 2. In Fig. 3, the variation of the phase ve-
locity λ is plotted with respect to the positron concentrationµb

along with variable relativistic factor V ′b with other plasma pa-
rameters as c1 = 103, α = 0.2, and σ = 0.1. Here, from the
investigation, it can be observed that the phase velocity λ is in-
fluenced by the relativistic effect V ′b even if V ′b is very small or
considered fixed as shown in Figs. 1 and 2. When the ion tem-
perature σ and positron temperature α are kept constant, phase
velocity λ increases as V ′b increases. Thus from the present
investigation it can be emphasized that the behaviour of ion
acoustic solitary waves propagating in a relativistic electron–
positron–ion plasma model is strongly dependent on the ion
and positron temperature, the mass ratio, and the relativistic
effect.

σ=0.1

σ=0.3

σ=0.5

0.3 0.4 0.5 0.6

µb

λ

0.7 0.8 0.9

1.0

1.2

1.4

1.6

Fig. 1. (color online) The phase velocity λ is plotted with respect to the
positron concentration µb along with variable ion temperature σ , where σ

is 0.1, 0.3, and 0.5 for blue dotted, red dashed, and green lines, respectively,
and other plasma parameters are c1 = 103, V ′b = 0.2, and α = 0.2.

α=0.2

α=0.4

α=0.6

0.3 0.4 0.5 0.6 0.7 0.8 0.9

0.9

1.0

1.1

1.2

1.3

1.4

µb

λ

Fig. 2. (color online) The phase velocity λ is plotted with respect to the
positron concentration µb along with variable positron temperature α , where
α is 0.2, 0.4, and 0.6 for blue dotted, red dashed, and green bold lines, re-
spectively, and other plasma parameters are c1 = 103, V ′b = 0.2, and σ = 0.1.
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Vb=0.2′

Vb=0.4′

Vb=0.6′

0.3 0.4 0.5 0.6 0.7 0.8 0.9

0.9

1.0

1.1

1.2

1.3

µb

λ

Fig. 3. (color online) The phase velocity λ is plotted with respect to the
positron concentration µb along with variable relativistic factor V ′b, where
V ′b is 0.2, 0.4, and 0.6 for blue dotted, red dashed, and green bold lines, re-
spectively, and other plasma parameters are c1 = 103, α = 0.2, and σ = 0.1.

Next, we examine the properties of the soliton solution,
namely its amplitude and width for different values of the sys-
tem parameters. The results are shown in Figs. 4–9. Fig-
ure 4 represents the variation of the width plotted with re-
spect to the positron concentration µb along with the increase
in positron temperature, and as the positron temperature in-
creases, the width increases. At higher positron temperature,
i.e., at α = 0.4 and α = 0.6, it can be observed that the level of
the increase in width is greater than that at lower temperature.
Figure 5 exhibits the variation in width plotted along with vari-
able positron temperature α . It shows that the width decreases
with the increase in the positron concentration. On the other
hand, in Fig. 6, the variation of width is plotted along with
variable ion temperature σ . The results obtained in Figs. 5
and 6 seem to differ with the results obtained in non-relativistic
cases.[17] It may be due to the fact that in relativistic electron–
positron–ion plasma, increasing the positron density enhances
the depth of the potential well, resulting in narrower solitons.
Also, when the relativistic factor V ′b is kept constant, the dis-
persion effect starts to dominate over the nonlinearity with in-
creasing values of ion temperature ratio σ . Since the width of
the soliton is inversely proportional to the dispersion effect, the
decrease in the ion temperature ratio σ results in the increase
of the width. Figures 7, 8, and 9 seem to agree quite well
when compared with the results obtained from Figs. 4, 5, and
6. In Figs. 8 and 9, it can be observed that the amplitude in-
creases with increasing µb. The physical reason behind this is
may be due to the consideration of an external positron beam
relativistic in nature under the effect of adiabatic responses,
which contributes additional sources of energy to the nonlin-
ear behaviour of the usual electron positron ion plasma dy-
namical system. This similar observation is also congruent
with the result exhibited in Fig. 7. Also, an interesting fact
can be observed in Fig. 9, that is, the graphs of the three re-

gions (µb = 0.5, 0.7, and 0.9) tend to come closer to each other
at higher ion temperature. This result is quite opposite to the
character as observed for positron temperature in Fig. 8. This
seems to be a quite interesting result, in view of its application
in further study of astrophysical plasma regions.
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Fig. 4. (color online) The soliton width ∆ is plotted with respect to the
positron concentration µb along with variable positron temperature α , where
α is 0.2, 0.4, and 0.6 for blue dotted, red dashed, and green bold lines, re-
spectively, and other plasma parameters are c1 = 103, V ′b = 0.2, σ = 0.1,
β1 = 0.005, and β2 = 0.0054.
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Fig. 5. (color online) The soliton width ∆ is plotted with respect to the
positron temperature α along with variable positron concentration µb, where
µb is 0.5, 0.7, and 0.9 for blue dotted, red dashed, and green bold lines, re-
spectively, and other plasma parameters are c1 = 103, V ′b = 0.2, σ = 0.1,
β1 = 0.005, and β2 = 0.0054.
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Fig. 6. (color online) The soliton width ∆ is plotted with respect to the
ion temperature σ along with variable positron concentration µb, where µb
is 0.5, 0.7, and 0.9 for blue dotted, red dashed, and green bold lines, re-
spectively, and other plasma parameters are c1 = 103, V ′b = 0.2, α = 0.2,
β1 = 0.005, and β2 = 0.0054.
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Fig. 7. (color online) The soliton amplitude φm is plotted with respect to the
positron concentration µb along with variable positron temperature α , where
α is 0.2, 0.4, and 0.6 for blue dotted, red dashed, and green bold lines, re-
spectively, and other plasma parameters are c1 = 103, V ′b = 0.2, σ = 0.1,
β1 = 0.005, and β2 = 0.0054.

µb=0.5

µb=0.7

µb=0.9

0.20 0.25 0.30 0.35 0.40 0.45 0.50

0.13

0.14

0.15

0.16

α

φ
m

Fig. 8. (color online) The soliton amplitude φm is plotted with respect to the
positron temperature α along with variable positron concentration µb, where
µb is 0.5, 0.7, and 0.9 for blue dotted, red dashed, and green bold lines, re-
spectively, and other plasma parameters are c1 = 103, V ′b = 0.2, σ = 0.1,
β1 = 0.0050, and β2 = 0.0054.
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Fig. 9. (color online) The soliton solution is plotted with respect to the
ion temperature σ along with variable positron concentration µb, where µb
is 0.5, 0.7, and 0.9 for blue dotted, red dashed, and green bold lines, re-
spectively, and other plasma parameters are c1 = 103, V ′b = 0.2, α = 0.2,
β1 = 0.0050, and β2 = 0.0054.

4. Conclusion
We have investigated the propagation characteristics

of ion–acoustic solitary waves in an unmagnetized thermal
electron–ion plasma with a flow of relativistic positron beam.
Using the reductive perturbation technique, the KdV equation
is derived which governs the evolution of weakly nonlinear

ion–acoustic solitons in relativistic beam driven plasmas. The
effects of the plasma parameters, namely the ion to electron
temperature ratio, the beam to electron temperature ratio, and
the relativistic parameter due to the flow of positron beam
on the profiles of the ion–acoustic solitons, are studied. It is
found that the propagation characteristics of ion–acoustic soli-
tons are significantly modified by these plasma parameters. To
conclude, the results should be useful for understanding the
properties of ion–acoustic solitons that may be relevant in lab-
oratory and space plasmas.
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