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Ion population fraction (IPF) calculations are very important to understand the radiative spectrum emitted from the
hot dense matter. IPF calculations require detailed knowledge of all the ions and correlation interactions between the
electrons of an ion which are present in a plasma environment. The average atom models, e.g., screened hydrogenic model
with l-splitting (SHML), now have the capabilities for such calculations and are becoming more popular for in line plasma
calculations. In our previous work [Ali A, Shabbir Naz G, Shahzad M S, Kouser R, Rehman A and Nasim M H 2018 High
Energy Density Phys. 26 48], we have improved the continuum lowering model and included the exchange and correlation
effects in SHML. This study presents the calculation of IPF using classical theory of fluctuation for our improved screened
hydrogenic model with l-splitting (I-SHML) under local thermodynamic equilibrium conditions for iron and aluminum
plasma over a wide range of densities and temperatures. We have compared our results with other models and have found
a very good agreement among them.
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1. Introduction
The simultaneous presence of multi-charge ions in hot

and dense plasmas predicted by radiative spectra in different
experiments is of critical importance.[1] This is closely rele-
vant to the astrophysical plasma, the plasma found in giant
planets like Jupiter, and the plasma created in the inertial con-
finement fusion (ICF) experiments.[2,3] The calculations of ion
population fractions (IPF) are very important for many ther-
modynamic and radiative properties of such hot dense plas-
mas. These calculations start with the construction of grand
partition function (GPF) for interacting electrons in hot and
dense plasma. The GPF contains all the information of how
different ions have their energy partitioned among themselves
in hot dense plasma. The simplest form of GPF is its con-
struction for Fermi gas, where the particles are not interacting
among themselves, and then GPF is developed for hot dense
plasma for interacting electrons. Now this GPF contains infor-
mation of the level population, level charges, and level ener-
gies of interacting electrons. Finding the solution of this GPF
(to make it factorizable) for the interaction electrons (the case
of hot and dense plasma) over all possible configurations is not
a trivial task as that can be done in the case of non-interaction
electrons. In the latter case, a close form of the generating
function can be obtained or we can easily factorize the GPF.
However, for the interacting electrons systems, the number of
terms in GPF increases rapidly and we have to define some
cut-offs on the electron population to get reasonable results.

Thus it would be difficult to factorize GPF due to the presence
of cross-interaction terms for different electrons of a configu-
ration and due to the conservation of the number of electrons
for each charge state in a consistent manner. For this purpose,
a detailed atomic code would be needed that include all rele-
vant atomic physics processes for the calculation of electron
populations for different ions. These models are broadly di-
vided into detailed level (DL) models[4,5] and average atom
(AA) models.[6–8] Another class of models uses a paramet-
ric potential method to generate speedy atomic data as im-
plemented in Los Alamos National Laboratory code OPAL.[9]

There is a new development on the theoretical basis at Los
Alamos implemented in code ChemEOS,[10] which is based
on a chemical picture representation for a plasma of interact-
ing ions, atoms, and electrons. This code uses the free-energy-
minimization technique for Helmholtz free energy of the in-
teracting species to get thermodynamic functions for the equa-
tion of state (EOS) and IPF for the opacity calculation in the
ATOMIC code.[11]

The average atom models are becoming more popular for
hot and dense plasma studies. This is due to the fact that these
models can be used for in-line calculations of the equation of
state and opacity data contrary to the detailed leveled atomic
calculations. Different versions of AA are proposed in the lit-
erature depending upon the form and model of the potential
used in calculations and boundary conditions imposed on it.
All these models have some limitations and approximations
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based on accuracy and speed. These versions of AA mod-
els are used in different standard codes, e.g., Thomas Fermi
model (TF), quantum statistical model (QSM), or quantum self
consistent field (QSCF) as referred in Ref. [12] are used in
codes THERMOS, CASSANDRA,[13] OPAQS,[14] etc. An-
other famous class of AA models is based on the finite tem-
perature density functional theory (FTDFT) which is basically
an electron density variational model[15,16] based on Khon–
Sham equations developed in codes like multi average ion
model (Multi-AIM),[17] while AA model based on screen-
ing constants, i.e., screened hydrogenic model with l-splitting
(SHML)[18,19] for the construction of hydrogenic potential is
used in codes like ATMED,[20] SCAALP,[21] etc.

These models represent an average electron population
for a given temperature and density and do not include differ-
ent ionization stages, therefore, they cannot be used to study
the experimental spectroscopic data. Using AA models for
such studies started with Green,[22] who calculated the cor-
relation energy and population levels for interacting electrons
for using an average atom prescription under local thermody-
namic equilibrium (LTE) conditions, and the complex opera-
tors was used to form GPF for such system. Another attempt
was made by Perrot,[23] who calculated the correlation energy
by minimizing the Helmholtz free energy using density func-
tional theory (DFT) for the AA model. He has included the
bound–bound, bound–free and free–free electron interaction
contributions to the calculation of IPF. Wilson[24] introduced
the saddle point technique for correlation energy calculations.
In this method, GPF summation is transformed into multidi-
mensional integrals from which it is easier to get IPF. This
work was extended by Faussurier[25,26] by proposing classical
theory of fluctuations in saddle point technique for the calcu-
lation of IPF.

Faussurier[25,26] proposed his version of screened hydro-
genic model with l-splitting for the in-line calculation of EOS
and opacity for high energy density system, and included IPF
calculation by improving the saddle point technique. We have
improved this SHML model, I-SHML,[27] regarding contin-
uum lowering potential calculations, and by including the ex-
change and correlation effects to study the density effect in
high energy density systems. We have also developed a com-
puter code named OPASH by implementing this improved ver-
sion of SHML and presented the results for average charge
state calculations for different plasma conditions. In this study,
we have included IPF calculation using improved SHML and
compared our results with Faussurier model and other models.
In the next section, we will briefly describe the I-SHML model
and inclusion of IPF calculation will be discussed in Section 3.
Results and discussion will be presented in Section 4. In Sec-
tion 5, we will summarize and conclude our results.

2. Brief introduction of I-SHML
We briefly describe the basic ingredients of SHML[18,19]

model and the improvements made by us to lay down some
mathematical notation for the next section. SHML is basi-
cally an AA model based on the central field approximation
in which each electron of a level k (k = 1+ lk +nk(nk−1)/2,
where nk is the principal quantum number and lk is the angular
momentum quantum number) moves in an independent effec-
tive hydrogenic potential characterized by Zk/r, where Zk is
the level screened charge with limitation of 1≤ k ≤ kmax. kmax

is the maximum number of orbitals considered in the calcula-
tion, which in our case is 55 corresponding to all levels up to
n = 10. In AA the electrons in different levels are not statis-
tically correlated and can be characterized by a fixed number
of states, each with a fixed electron occupation number (not
necessarily an integer), i.e., a fixed electronic configuration
{P1,P2,P3, . . . ,Pk, . . . ,Pk max}. The total energy of the ion for
a given electronic configuration in AA is given in Rydberg
units as

Eshm =−Ryd
kmax

∑
k

Pk
Z2

k

n2
k
, (1)

where Ryd is the Rydberg constant and Zk is the level screened
charge given by

Zk = Z−
kmax

∑
k′

σkk′

(
1− δkk′

D0
k

)
Pk′ , (2)

where δkk′ is the Kronecker delta, σkk′ is a set of screening
constants that represent the interaction of an electron at level
k with another electron at level k′ in the multi electron system,
D0

k = 2(2lk + 1) is the isolated atom degeneracy for the sub
shell k, and Pk is the occupation number (average number of
electrons in k) given by

Pk =
Dk

1+ exp [(εk + ∆I − µ)/kT ]
, (3)

where Dk is the density dependant degeneracy given by

Dk =
D0

k

1+
[
azm(r0

k/Rws)
]bzm

,

where azm and bzm are the two empirical parameters. r0
k is the

Bohr radius of the sub shell k

r0
k = a0

3n2− l(l +1)
2Z0

k
,

and Rws is the Wigner–Seitz radius defined as

Rws =

(
4πρNA

3A

)−1/3

=

(
4πni

3

)−1/3

,

where ni is the ions number density, NA the Avogadro number,
and A is the mass number of the element. In Eq. (3), ∆I is the
effective continuum lowering (CL) energy (which will be dis-
cussed below), µ is the chemical potential, kT is the thermal
energy, and εk are the sub shell energies calculated as

εk = −Ryd
Z2

k

n2
k
+ 2Ryd

kmax

∑
k′

Pk′
Z2

k′

n2
k′

σk′k

(
1− δkk′

D0
k

)
. (4)
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The average charge state can be calculated by the charge neu-
trality condition as

kmax

∑
k

Pk +Z = Z, (5)

and chemical potential is adjusted by finding the root of the
equation

Z =
4√
π

A
ρNA

(
mkT
2π h̄2

)3/2

f1/2(η), (6)

f1/2(η) is the Fermi–Dirac integral fα(η), with α = 1/2

fα(η) =
∫

∞

0

xα

1+ ex−η
dx , η =

µ

kT
. (7)

Equations (2)–(6) are solved self-consistently by using iso-
lated atom data and initial guess for Z and η . The ion sphere
model representation of CL as given in Ref. [18] is

∆IIS = czm 3.6
(

Z
Rws

)
, (8)

where czm is a free parameter. The problem of this form is
that the empirical parameter czm produces unrealistic average
charge state results for values greater than or equal to 1 due to
the double counting of degeneracy effects. In order to com-
pensate for this discrepancy we have improved the continuum
lowering energy calculations of Eq. (3) of SHML model by

making it free from the empirical parameters and by adding
exchange and correlation terms. We have bench-marked our
results for average charge state calculation for different plasma
conditions and studied the effect of this improved feature of I-
SHML in Ref. [27], which is

∆Iint =
Z̄

Rws

[
3.6−0.5

n2
k

Z2
k R2

ws

{
n2

k−3lk (lk +1)+1
}]

. (9)

This form is free from any empirical parameter and gives very
close results with other standard codes. This form of CL is
further improved with the addition of exchange and correla-
tion effects. In SHML model, the central field approximation
was assumed for many electron systems in which each par-
ticle moved in an independent effective hydrogenic potential.
This approximation is not truly valid because the free elec-
trons in AA cannot be treated as true free particles and must
have some background interaction with other electrons. There-
fore, we need to incorporate exchange and correlation effects
especially for near and above solid densities. In I-SHML,[27]

we only consider the local density approximation (LDA) for
which, according to page 90 of Ref. [28], the exchange term
derived by authors[29–31] is given by

Ex =−0.916
Z

Rws
in unit (Ryd). (10)

The correlation effects are obtained from Padé approximal in-
terpolation using plane wave approximation as

Ec = 0.0621814

{
ln

x2

x2 +bx+ c
+

2b√
4c−b2

arctan

√
4c−b2

2x+b

− bx0

x2
0 +bx0 + c

[
ln

(x− x0)
2

x2 +bx+ c
+

2(b+2x0)√
4c−b2

arctan

√
4c−b2

2x+b

]}
, (11)

where b = 3.72744, c = 12.9352, x0 = −0.10498, and x =√
Rws. Now the effective continuum lowering which is used in

I-SHML becomes

∆I = ∆Iint +Ex +Ec. (12)

With this form of effective continuum lowering, the energy
levels εk are much more refined and give appreciable results
for Z as bench-marked in our previous work.[27] Now we use
this version to include the IPF calculations that are discussed
in the next section.

3. Ion population fraction calculations in I-
SHML
The simultaneous presence of different ions in plasma

cannot be modeled directly within the AA approximation. In
order to model IPF in hot dense plasma using the AA model,
one starts with the quantum statistical representation of GPF

which is written in terms of energy levels of the particles
within GFP. The energy levels further require the information
of number of particles, their population level, and the corre-
sponding charge. Formally, the ion population fractions were
calculated by using isolated atom data of energies in Saha–
Boltzman equation, with CL taken into account along with
some empirical cut off for the partition function. The problem
with Saha–Boltzman equation is that it breaks down at higher
ion densities.[32] Moreover, Saha–Boltzman is limited for non
degenerate electrons at high temperature and low to moderate
densities. The inclusion of different configurations interac-
tions has been added which improves the results but does not
solve the problem of the breakdown for higher densities. An-
other approximate solution is the use of binomial distribution
for ion population fraction, which is based on the ideal Fermi
Dirac gas model, e.g, used in NIMP model (non LTE ionized
material package).[33] But that itself is based on the fact that
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there is no correlation between electron probabilities which are
dominant at higher densities and at low temperature. The re-
sult for binomial distribution and Saha Boltzman distribution
matches for the low density and very high temperatures, but
fails to predict the average charge state and IPF results at lower
temperatures and at higher densities where strong interactions
between electrons are dominant. Moreover, isolated energies
are used under the approximation that the kinetic temperature
is comparable to the isolated energies, which is questionable to
date.[25,26] For the development of IPF in I-SHML, we follow
the work of Ref. [25] for the development of the systematic in-
teger charge state distribution around the average charge state
using classical theory of fluctuations. The detailed derivation
and discursion of these equations can be found in Ref. [25] as
well as Refs. [34] and [35]. According to Ref. [25], the GPF
for Z +1 ion system can be factorized and is given by

Z =
Z

∑
Z′=0

√ (2π)kmax

det(ω)

exp[−(1/2) (∆Z′/σZ′)
2]√

2πσZ′

, (13)

where ∆Z′ = Z − Z′ is the deviation of ionization state Z′

from average charge state Z with the ion charge limitation
0 ≤ Z′ ≤ Z . σ2

Z′ is the ionization variance around the aver-
age charge state and is defined as

σ
2
Z′ =

kmax

∑
k,k′

Ck,k′ , (14)

where Ck,k′ is the correlation matrix computed from the aver-
age atom values as

Ck,k′ = (ω)−1
kk′ = ∆Pk∆Pk′ , (15)

where ∆Pk = Pk
Z′ −Pk is the deviation of occupation number

of level k of ionization state Z′ from average atom occupation
number Pk. Pk

Z′ represents the occupation number of the k-th
level in Z′ ion, while ωkk′ is symmetric, definite, and positive
matrix constructed from the electron–electron interaction en-
ergy matrix Vkk′ using average atom values for Dk and P̄k as

ωkk′ = β Vkk′ +
δkk′

ω
2
k
, (16)

where β = 1/kBT is the inverse of the thermal temperature
which is in unit eV, and Vkk′ is the interaction energy of elec-
tron in level k with the electron in the level k′ given as

Vkk′ =
∂ 2Eshm

∂Pk∂Pk′
, (17)

where Eshm is the total energy of the average atom given by
Eq. (1) and

ω
2
k =

P̄k (Dk− P̄k)

Dk
. (18)

It is clearly seen from Eqs. (15), (16), and (18) that at higher
temperatures, β tends to be zero and consequently

Ck,k′ ≈ δkk′ ω
2
k ,

the correlation effects become negligible and we have non-
interacting gas which is Fermi Dirac gas, and from Eq. (14)

σ2
Z′ approaches binomial distribution value

kmax
∑
k

ω
2
k . On the

other hand, at lower temperatures, correlation effects domi-
nate and we have an interacting electron distribution given by
electron–electron interaction energy matrix Vkk′

Ck,k′ ≈ kBT (V−1)kk′ .

In this way σ2
Z′ will give us the signatures for interaction ef-

fects over a wide range of densities and temperatures for the
calculation of IPF. Once σ2

Z′ is calculated using AA I-SHML,
the normalized IPF can be calculated using σ2

Z′ as

FZ ′ =
exp(−1/2) (∆Z′/σZ′)

2

Z
∑

Z′=0
exp[−(1/2) (∆Z′/σZ′)

2]

. (19)

The above equation gives a fast calculation of IPF and it inher-
ently includes the interaction energy between different elec-
trons through Vkk′ and exchange and correlation effects in Z.
In this way, the IPF results obtained from the above equations
are better than SHML, and are comparable with other standard
codes over a wide range of densities and temperatures.

4. Results and discussion
We have implemented the IPF calculations using

Eqs. (13)–(19) in our I-SHML model. To check the correct-
ness of our implementation, we first compare our model with
SHML for IPF for aluminum plasma in Fig. 1(a) and average
charge state in Fig. 1(b). The difference in the results is due
to the inclusion of improved CL with exchange and correla-
tion effects. A detailed discussion on this point can be found
in our previous work.[27] For more elaboration of this point,
we have compared in Fig. 2 the ionization variance σZ and in
Fig. 3 the corresponding average charge state of the two mod-
els for a wide range of temperaturse (from 1 eV to 1 keV) at
different mass densities of aluminum plasma. It is obvious
from Fig. 2 that there is no difference between the two mod-
els at low mass densities and noticeable difference at higher
mass densities. This is due to the fact that at higher densi-
ties, the effect of exchange and correlation in the calculation
of CL is higher compared to that at lower densities. In SHML
model, all bound levels are shifted by the same amount of CL,
which causes unrealistic results of the average charge state.
This point is also discussed in detail in our previous work.[27]

We see that σZ in Fig. 2 at 1 g/cc varies abruptly for SHML re-
sults. This is due to the fact that the ionization variance is the
measure of fluctuation of ionization, i.e., if ionization varies
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abruptly, so does the σZ . At low temperatures and near solid
density where plasma is degenerate, the SHML model gives
an unrealistic charge state. As can be seen clearly from Fig. 3,
the average charge state by SHML abruptly changes between
2 eV and 5 eV at 1 g/cc because of the inappropriate choice
of CL as mentioned in this manuscript as well as in our pre-

vious results.[27] At 10 g/cc the result of average charge state
changes smoothly over the entire range of temperatures, and
consequently σZ changes smoothly. Compared to SHML, our
I-SHML model with proper choice of CL gives smooth and
consistent results of average charge state for the cases of 1 g/cc
and 10 g/cc.
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Fig. 1. (color online) (a) Comparison of ion population percent fraction between I-SHML and SHML for aluminum plasma at a density of 0.0135 g/cc as a
function of temperature. (b) Comparison of average charge state between I-SHML and SHML models for aluminum plasma at a density of 0.0135 g/cc as a
function of temperature.

100          101          102          103          104 

Temperature/eV

100          101          102          103          104 100          101          102          103          104 

100          101          102          103          104 

Temperature/eV

Temperature/eVTemperature/eV

0

0.2

0.4

0.6

0.8

1.0

Io
n
iz

a
ti
o
n
 v

a
ri
a
n
c
e
 (
σ
Z
↽

Io
n
iz

a
ti
o
n
 v

a
ri
a
n
c
e
 (
σ
Z
↽

Io
n
iz

a
ti
o
n
 v

a
ri
a
n
c
e
 (
σ
Z
↽

Io
n
iz

a
ti
o
n
 v

a
ri
a
n
c
e
 (
σ
Z
↽



.

.

.

.

.



.

.

.

.

.



.

.

.

.

.

SHML 0.0001 g/cc

I–SHML 0.0001 g/cc

SHML 1 g/cc

I–SHML 1 g/cc

I–SHML 0.01 g/cc

SHML 0.01 g/cc

SHML 10 g/cc

I–SHML 10 g/cc

(a) (b)

(c) (d)

Fig. 2. (color online) Comparison of ionization variance between SHML model and I-SHML model for aluminum plasma at a temperature range of 1 eV to
10 keV and at densities of 0.0001 g/cc (a), 0.01 g/cc (b), 1.0 g/cc (c), and 10.0 g/cc (d).

We have compared the results of our model with several other models as well. The most important is the model of the
Kiyokawa[17] that uses a multi average ion (Multi-AIM) formulism developed for hot dense plasma. Multi-AIM uses finite
temperature density functional theory (FTDFT), in which pair correlation functions are obtained self consistently by minimizing
the free energy of the system. They have also included the exchange and correlation potentials in their calculations, and self
consistency for IPF is achieved using Saha equation. We have compared our results of IPF for low density (0.0081 g/cc) iron
plasma at different temperatures with Multi-AIM model in Fig. 4. Very good agreement at a low temperature of 25 eV is found
with the increase of the temperature. We have found a slight change of the IPF peak position and the profile shape. The I-
SHML model is showing a better structural profile due to the exchange and correlation potential in this model. The data for the
comparison is taken from the tables provided in the reference.
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Fig. 3. (color online) Comparison of Z for aluminum between SHML and I-SHML models at a temperature range of 1 eV to 10 keV and at densities of
0.0001 g/cc (a), 0.01 g/cc (b), 1.0 g/cc (c), and 10.0 g/cc (d).
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Fig. 4. (color online) Comparison of charge state distribution of Fe plasma at an ion density of 0.0081 g/cc and temperatures of 25 eV (a), 50 eV (b), 100 eV
(c), and 300 eV (d), respectively, between Multi-AIM and I-SHML model.
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Perrot’s result,[37] and the black line is for the binomial distribution. The
I-SHML results are drawn by the wine color and sea green lines that stand
for the cases with and without correlation, respectively.
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Fig. 7. (color online) Comparison of the charge state distribution of Fe
plasma at an ion density of 7.874 g/cc and a temperature of 100 eV, among
the binomial model, Multi-AIM, and I-SHML results with and without cor-
relation.

In Fig. 5, we have compared the IPF calculations of
solid density aluminum plasma with the binomial distribution
model by Son et al.[36] at temperatures of 30 eV to 500 eV .

This model uses a two step method for the construction of IPF.
In the first step it performs the average atom calculations us-
ing self consistent Hatree–Fock method, and in the next step
it computes the IPF using binomial distribution formula by se-
lecting a limited number of possible excited configurations.
They also presented the effect of CL energy on the average
charge state using average atom model. The peaks in the bi-
nomial model have lower values for all temperatures, which is
due to the fact that this model is ideal for Fermi Dirac gas
and underestimates the IPF predictions. For elaboration of
this point, we have compared our IPF calculations with and
without correlation effects for solid density aluminum plasma
and iron plasma in Figs. 6 and 7, respectively, among different
models.
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Fig. 8. (color online) Comparison of IPF of I-SHML with the ChemEOS
code for iron at an ion density of 1023 and at a temperature of 192.91 eV.

The comparison of I-SHML calculations with ChemEOS
model is presented in Fig. 8 for iron plasma. We found very
close agreement between the two models, as the ChemEOS
model is based on the interacting particle theory that uses
Plank–Larkin partition function with particles interaction
taken into account. This shows the validity of our I-SHML
model. In Fig. 9, we have compared IPF calculation for alu-
minum plasma at 400 eV temperature and at different densi-
ties with detail level calculations by Li et al.[38] The results
are in excellent agreement because of the high temperature.
This shows that I-SHML model gives very reasonable results
for hot dense plasma in comparison with detailed level calcu-
lation. We also compared the results with Zeng et al.[39] who
used detailed term accounting approximation for the calcula-
tion of IPF for aluminum plasma at 20 eV and a low density of
0.01 g/cc. The average charge state is the same but profiles de-
viate because Jiaolong calculation relay on the Saha ionization
model and they have used a large number of configurations for
their calculation. Also they have used Debye–Huckel model
for CL model which is also the cause of the deviation.
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Fig. 9. (color online) Comparison with detail level calculation of Ref. [38]
for aluminum plasma at a temperature of 400 eV and at different densities
of 1 g/cc (a), 5 g/cc (b), and 20 g/cc (c).

5. Summary and conclusion
The IPF calculations for the hot dense matter are very

important to understand the emitted complex radiative spec-
tra from the experiments which show the presence of differ-
ent ions with composite electronic structures. These multi-
plex electronic structures in dense plasmas are due to CL phe-
nomenon which arises due to the interaction between bound
and free electrons. The calculation of IPF involves the so-
lution of GPF for interacting electrons, which is obtained ei-
ther from DL calculations or by the AA model using classical
theory of fluctuations. In this study, we present the IPF cal-

culations under the LTE plasma conditions based on classical
theory of fluctuations using I-SHML which contains the im-
proved form of CL. The results of IPF computations for alu-
minum and iron are compared with the published literature of
Saha model and binomial distribution models, and are corre-
spondingly discussed. Good agreement is found for high tem-
perature and low density plasma conditions with binomial and
Saha models. Some deviations are seen for low temperature
and high density plasma conditions where there are strong cor-
relation interactions which are not addressed in binomial and
Saha models. Our results gives good estimate for IPF over a
wide range of densities and temperatures due to the presence
of CL and correlation effects.
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