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A detailed comparative numerical study between the two-dimensional (2D) and quasi-two-dimensional (quasi-2D)
turbulent Rayleigh–Bénard (RB) convection on flow state, heat transfer, and thermal dissipation rate (TDR) is made. The
Rayleigh number (Ra) in our simulations ranges up to 5×1010 and Prandtl number (Pr) is fixed to be 0.7. Our simulations
are conducted on the Tianhe-2 supercomputer. We use an in-house code with high parallelization efficiency, based on the
extended PDM–DNS scheme. The comparison shows that after a certain Ra, plumes with round shape, which is called
the “temperature islands”, develop and gradually dominate the flow field in the 2D case. On the other hand, in quasi-2D
cases, plumes remain mushroom-like. This difference in morphology becomes more significant as Ra increases, as with
the motion of plumes near the top and bottom plates. The exponents of the power-law relation between the Nusselt number
(Nu) and Ra are 0.3 for both two cases, and the fitting pre-factors are 0.099 and 0.133 for 2D and quasi-2D respectively,
indicating a clear difference in magnitude of the heat transfer rate between two cases. To understand this difference in the
magnitude of Nu, we compare the vertical profile of the horizontally averaged TDR for both two cases. It is found that the
profiles of both cases are nearly the same in the bulk, but they vary near boundaries. Comparing the bifurcation height zb
with the thermal boundary layer thickness δθ , it shows that zb < δθ (3D) < δθ (2D) and all three heights obey a universal
power-law relation z ∼ Ra−0.30. In order to quantify the difference further, we separate the domain by zb, i.e., define the
area between two zb (near top and bottom plates respectively) as the “mid region” and the rest as the “side region”, and
integrate TDR in corresponding regions. By comparing the integral it is found that most of the difference in TDR between
two cases, which is connected to the heat transfer rate, occurs within the thermal boundary layers. We also compare the
ratio of contributions to total heat transfer in BL–bulk separation and side–mid separation.
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1. Introduction

Thermal convection exists widely in natural phenomena
and industrial applications. Rayleigh–Bénard (RB) convec-
tion, which describes the convective motion of fluid in a closed
sample heated from below and cooled from above, is one of its
classical model systems.[1] Due to its complicated fluid mo-
tions with various coherent structures, it plays an important
role in the researches on the heat transfer and turbulence mech-
anism.

The relation between the global heat transfer, indicated
by the Nusselt number (Nu), and the control parameters of
the system, i.e. Rayleigh number (Ra), and Prandtl number
(Pr) is a hot issue in RB convection. Numbers of theoreti-
cal models have been proposed hitherto (see the review from
Ahlers et al.[1] for details). Among them, the theory proposed
by Grossmann and Lohse (GL)[2,3] is obviously the most suc-
cessful one. Based on two exact equations connecting the ther-
mal and viscous dissipation rate with Nu, GL theory decom-
posed these two dissipation rates into the boundary layer and
bulk contributions. According to whether the boundary layer

or bulk dominates the global heat transfer, the whole phase
space can be divided into a few regimes. GL theory has suc-
cessfully explained almost all experimental and numerical re-
sults up to the ultimate regime after updating its pre-factors
by Stevens et al.[4] A great breakthrough has been made in
experiments in recent years. The results for the Ra range
4×1011 ≤ Ra ≤ 2×1014 at Pr = 0.8 were reported by He et
al.[5] Their results reveal that a transition in the power law re-
lation between Nu and Ra comes up when Ra>Ra∗1(2×1013).
However, owing to the limits of experimental conditions like
the lack of suitable working fluid, the reliable experimental re-
sult for high Ra is actually hard to obtain and the situation near
the ultimate regime is still unclear.

With the development of computer hardware, the direct
numerical simulations (DNS), which can simulate the ideal-
ized conditions exactly, becomes increasingly important in the
research of RB turbulence. Huang et al.[6] investigated the ef-
fect of spatial confinement, i.e., aspect ratio Γ , through experi-
ments and numerical simulations. They focused on convective
cells with a rectangular shape and found that the Nu increases
at a range of Γ < 1, although the flow monotonically decreases
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with Γ . Schumacher et al.[7] extrapolated their DNS results to
a larger Ra and concluded that the Ra∗ of the ultimate region
is about 1011 for Pr = 0.021. Actually, the computational re-
sources required for simulations of RB convection with high
Ra is huge since the meshes need to fully resolve the local
Kolmogorov and Batchelor length scale of the flow, which de-
crease as Ra increases. For example, the simulation reported
by Stevens et al.[8] for a Γ = 0.5 sample with Ra = 2× 1012

and Pr = 0.7 was performed on a 2701× 671× 2501 grid
and took about 105 vectorial CPU hours on HLRS. How-
ever, compared with the three-dimensional (3D) case, the two-
dimensional (2D) simulation needs much less CPU-time. This
means that the 2D simulation can reach a higher Ra and a bet-
ter resolution with the same numerical effort as the 3D simu-
lation. Indeed, more and more results based on the 2D sim-
ulation have been reported over recent years. van der Poel et
al.[9] investigated the local mean temperature profiles in the
boundary layer and found the logarithmic behavior in regions
where thermal plumes are emitted. Huang et al.[10] simulated
a series of 2D samples and studied the mean temperature pro-
files near the bottom plate. Bao et al.[11] analyzed the effect of
Pr in two dimensions for 0.05≤ Pr ≤ 20 and Ra = 1010.

There are lots of similarities between 2D and 3D con-
vections, but significant differences also exist. Previously, a
comparison work had been reported by van der Poel et al.[12]

and it gave an overview on the system responses with data sets
from numerical and experimental studies. Nevertheless, since
all 3D results for high Ra were taken from experiments, a more
detailed comparison on high Ra flow state and heat transfer is
needed. Nowadays, we are able to achieve it by DNS.

In this paper, we show the DNS results for both 2D and
quasi-2D cases over a range 109 ≤ Ra≤ 5×1010 at Pt = 0.7.
We make a comparison on flow structures with the help of
the flow visualization technique and provide a detailed study
on Nu and the thermal dissipation rate (TDR). A character-
istic height has been found and investigated with the thermal
boundary layer.

2. Numerical methods
The simulations focus on a 2D square domain and a quasi-

2D rectangular counterpart. We simulate the non-dimensional
governing equations under the Boussinesq approximation as
follows:

∇ ·𝑢= 0, (1)
D𝑢

Dt
=−∇P+

1√
Ra/Pr

∇
2𝑢+θ ẑ, (2)

Dθ

Dt
=

1√
Ra ·Pr

∇
2
θ , (3)

where ẑ is the vertical unit vector whose direction is oppo-
site to gravity. 𝑢, P, and θ represent the non-dimensional

velocity, pressure, and temperature respectively. The normal-
ization parameters we used to non-dimensionalize the govern-
ing equations are the height of domain H, the free-fall veloc-
ity
√

gβ∆T H, and temperature difference between two hor-
izontal plates ∆T . Three control parameters of the system,
as previously mentioned, are defined as Ra = gβ∆T H3/(υκ),
Pr = υ/κ , and Γ = D/H, where D is the length or the lateral
width of the domain for the 2D and quasi-2D case respectively,
g the acceleration of gravity, β the thermal expansion coeffi-
cient, υ the kinematic viscosity, and κ the thermal diffusivity.

The Parallel Direct Method of DNS (PDM–DNS), which
is a highly efficient parallelization scheme, has been developed
for 2D RB convection by Bao et al.[13] Compared to other
DNS methods, the PDM–DNS method has two main advan-
tages. One is that the Poisson equation of pressure is solved by
introducing the parallel diagonal dominant (PDD) algorithm
hence the amount of data needed to communicate decreases.
The other is that the domain decomposition way is adjusted so
that time-consuming all-to-all communication can be avoided.
On such a basis, we extend the scheme to the quasi-2D situa-
tion and apply it to our simulation as well. The results prove
that it also presents high efficiency and excellent scalability.

With the improved scheme, a series of 2D simulations are
performed with Ra ranging from 108 to 5× 1010 and Γ = 1.
For comparisons, quasi-2D samples with Ra equal to 109,
1010, and 5× 1010 and Γ = 1/4 are simulated. All simula-
tions are with Pr equal to 0.7 and conducted on the Tianhe-2
supercomputer. The boundary conditions are set as non-slip
for velocity and impermeable for pressure on all walls. As
for the boundary conditions for temperature, the sidewalls are
adiabatic, and the top and bottom plates are those with fixed
temperature θt =−0.5 and θb = 0.5 respectively.

To ensure the flow is fully resolved, high-resolution
meshes with grid points refined near the horizontal plates
were chosen, e.g., a 2048× 2304 grid for the 2D case and
a 1536× 192× 1728 grid for the quais-2D case for Ra =

5× 1010. According to the investigation by Stevens et al.,[14]

the criteria of the resolution in grid design are to resolve the
relevant scales, i.e., the Kolmogorov scale ηK and the Batch-
elor scale ηB. Moreover, the minimal number of grid points
required for resolving the boundary layer is derived by Shishk-
ina et al.[15] The meshes we used in the simulations fulfill
both rules mentioned above. In addition, the time interval ∆t
we used is less than 1/1000 of the Kolmogorov time scale for
all simulations, which means the temporal resolution is suffi-
cient to catch the smallest time scale in turbulence. For all 2D
simulations, the total time simulated is up to 1000 dimension-
less time units, while that for quasi-2D simulations is 600 for
Ra = 109, 300 for Ra = 1010, and 260 for Ra = 5×1010.
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3. Results and discussion
3.1. Flow structure

Figure 1 shows snapshots of instantaneous temperature
fields for both 2D and quasi-2D cases. Three columns of
the panels from left to right are for Ra = 109, Ra = 1010,
and Ra = 5× 1010, respectively. Note that the colormap
limit for all temperature snapshots in our study is set between
−0.1≤ θ ≤ 0.1 so that thermal plumes can be shown clearly.
Additionally, a visualization method with transparency control
is adapted to quasi-2D samples. By adjusting transparency ac-
cording to the temperature value, it prevents the obstruction in

view of the flow structure by that in front. It appears that, in
contrast to the 3D case, the quasi-2D convection is more simi-
lar to the 2D one in the overall flow pattern. In the 3D case, the
large-scale circulation (LSC) was found to be less pronounced
and a certain portion of plumes would pass through the bulk
directly from the center of the domain.[12] Whereas in both 2D
and quasi-2D cases, a more pronounced single-roll LSC can
be found. Under the drive of LSC, almost all plumes move to
the opposite horizontal plate along the left or right sidewall.
This is probably because in quasi-two dimensions the front
and back walls limit the plumes on their motion.

(a)

(d) (e) (f)

(b) (c)

-0.10 0.10-0.05 0.050

Fig. 1. (color online) Snapshots of instantaneous temperature fields for 2D (top panel) and quasi-2D case (bottom panel) at Ra = 109 [(a) and (d)],
Ra = 1010 [(b) and (e)], and Ra = 5× 1010 [(c) and (f)]. The dark gray histogram over the colormap indicates the transparency of the corresponding
temperature value in quasi-2D snapshots.

However, in terms of plume morphology, differences be-
tween both cases can be found and they grow with Ra. For
lower Ra, both cases are dominated by mushroom-like plumes.
The ribbon-like plumes, which are generated by the stretching
of vortices, also exist in two dimensions. As Ra increases, it
can be seen that the 2D plume morphology has changed and
the flow is gradually dominated by the round shaped plumes,
which we called the “temperature island”. This type of plume
is also observed in the work from van der Poel et al.[9] (see
Fig. 1(a)). They are formed adjacent to the boundary layer
and can move along with LSC until they are dissipated.[13] In
the quasi-2D, plumes still keep mushroom-like while they be-
come more and more incoherent, as shown in Figs. 1(d)–1(f).

By taking an average on the instantaneous flow data in

the statistically steady state, the effects of transient structures
can be averaged out and a time-averaged field, which reveals
the large scale characteristics of the system, can be obtained.
Figure 2 shows the time-averaged temperature field with cor-
responding streamlines for both 2D and quasi-2D cases. Spe-
cially, for the convenience of comparison, a spatial average
along the lateral direction was made for the quasi-2D case.
To ensure the results are statistically convergent, we collect
data for at least 400 dimensionless time units for the 2D case
and at least 100 for the quasi-2D case. Comparing both the
top and bottom panels in Fig. 2, three main differences can be
observed. First is the shape of LSC. The shape of 2D LSC
is obviously round, rather than oval type, which was found
in previous studies for Ra near 108.[16,17] However, in the
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quasi-2D case, the shape of LSC is more like a short spindle.
Second is the amount of corner rolls. The result reported by
Zhang et al.[18] shows that several secondary rolls were found
at four corners of the 2D domain for Ra = 1010, Pr = 5.3.
Analogously, we found that there are generally four corner
rolls in two dimensions, while there are only two located at
the plumes-impacting side of the domain in quasi-two dimen-
sions. Third is the characteristics of plumes near sidewalls. It

is seen that the regions with positive (negative) vertical veloc-
ity and higher (lower) temperature than the surrounding near
sidewalls exist in both cases, which implies the condensation
of plumes. Compared to those in the 2D case, the regions in
the quasi-2D case are more transversally and longitudinally
extended from the horizontal plates, as the figure shows. This
suggests that the plumes near sidewalls behave more coher-
ently and actively in the quasi-2D case.

(a)

(d) (e) (f)

(b) (c)

-0.10 0.10-0.05 0.050

Fig. 2. (color online) Time-averaged temperature field and corresponding streamlines for 2D (top panel) and quasi-2D case (bottom
panel) at Ra = 109 [(a) and (d)], Ra = 1010 [(b) and (e)], and Ra = 5×1010 [(c) and (f)]. A spatial average along the lateral direction
was made for the quasi-2D case.

In fact, the three differences mentioned above essentially
can be concluded by one, which is the difference in moving
paths of plumes. After detaching from the boundary layers,
most 2D and quasi-2D plumes will move along the plate hor-
izontally owing to the shear effects of LSC. The 2D plumes
will be emitted at the position about D/4 away from side-
walls, which is understood as the “ejecting region”.[9] How-
ever, the plumes in the quasi-2D case will keep moving and
strike against the sidewalls directly. Then they condense near
the corners and climb up along the sidewalls under the driving
of LSC.

3.2. Nusselt number

In this subsection we come to the comparison of the Nus-
selt number Nu, which is defined as

Nu =
Q

χ∆T/H
. (4)

It represents the ratio between the convective heat transfer (Q)
and the heat transferred only through conduction.[1] Here χ is

the thermal conductivity of working fluid. In the present study,
Nu is calculated by

Nu =
√

Ra ·Pr〈uzθ〉V,t −〈∂zθ〉V,t , (5)

where 〈 〉V,t represents an average over the entire domain and
time. Note that the total statistical times here are the same as
those of the time-averaged flow field, which we investigated
in the previous subsection. In the work from Huang et al.,[19]

the time convergence was checked by comparing the time av-
erages over the first and the last halves of each simulation. We
check the Nu we obtained with this method and the relative
errors of all cases are smaller than 1%.

Figure 3 shows the compensated Nu/Ra0.3 as a function
of Ra. The two-dimensional numerical results from Zhang et
al.[18] and three-dimensional results from Stevens et al.[8] are
also presented for reference. Comparing with 3D results, the
quasi-2D points show a better agreement with the revised GL
theory, which was indicated by the black solid line. This might
be because the quasi-2D flow state, especially the state of LSC,
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is less complex than that in a 3D cell whose Γ = 1/2. Stevens
et al.[20] found that the LSC can be either in a single-roll state
or in a double-roll state in such a cylindrical domain. This evo-
lution in state, together with the Nu sensitiveness to the flow
state at Pr = 0.7,[12] may influence the Nu.

108 109 1010 1011
0

0.05

0.10

0.15

0.20

 current work quasi 2D (Pr=0.7, Γ=1/4)

 Steven et al.  (Pr=0.7, Γ=1/2)

 current work 2D (Pr=0.7, Γ=1)

 ZhouQuan et al. (Pr=0.7, Γ=1)

Ra

N
u

/
R

a
0
.3

Fig. 3. (color online) Compensated Nu/Ra0.3 as a function of Ra. Here all
results are obtained by DNS. The 3D results from Stevens et al.[8] (Γ = 1/2)
are indicated by the orange hollow circles and the present quasi-2D results
are indicated by blue solid circles. Analogously, the 2D results from this
work and Zhang et al.[18] are indicated by red solid triangles and green hol-
low triangles, respectively. The GL theory with updated pre-factors[4] is
indicated by the black solid line. The dash line represents the best power-
law fit of present 2D results.

The present 2D results also agree well with Zhang et
al.[18] A clear difference can be found that the Nu in the 2D
case is generally smaller than that in the quasi-2D case, al-
though the power-law relation between Nu and Ra in both
cases can be described well by a 0.30 exponent, which is con-
sistent with the previous works for 3D situations.[1] We fit the
data with the least-square method and the result gives a pre-
factor 0.133 for quasi-two dimensions, which is within the
range showed by Wagner et al.,[21] and a pre-factor 0.098 for
two dimensions, which agrees with the result from Zhang et
al.[18]

The comparison of Nu indicates that there are not only
differences but also similarities between the heat transfer
mechanism of 2D and quasi-2D RB convection. In the next
subsections we will look for insights into this phenomenon
through a detailed study on TDR.

3.3. Thermal dissipation rate

In a natural convective system, the heat energy carried by
the fluid will be dissipated due to the thermal diffusion. The
TDR is a quantity describing this process, whose dimension-
less form is given by

εθ (𝑥, t) =
1√

Ra ·Pr ∑
i

[
∂θ(𝑥, t)

∂xi

]
. (6)

According to the work reported by Shraiman et al.[22] and Sig-
gia et al.,[23] for the closed RB system, there is an exact rela-

tion between the global averaged TDR 〈εθ (𝑥, t)〉V,t and Nu de-
rived from the equations of motion with a dimensionless form
as follows:

Nu =
√

Ra ·Pr · 〈εθ (𝑥, t)〉V,t . (7)

Due to the close relation between the thermal dissipation rate
and Nu, we next focus on the distribution of TDR.

<ε0>x↪t

 . . . . .


.

.

.

.

.

z
/
H

 2D Ra=1T109

 quasi 2D Ra=1T109

 2D Ra=1T1010

 quasi 2D Ra=1T1010

 2D Ra=5T1010

 quasi 2D Ra=5T1010

<ε0>x↪t

0 0.10 0.20 0.30
0

0.004

0.008

0.012

0.016

0.020

Fig. 4. (color online) Vertical profiles of averaged TDR. The inset is a
local enlargement of the distribution near the bottom plate.

Figure 4 shows the vertical profiles of 〈εθ 〉x,t . Note that
〈 〉x,t represents an averaging in time and over a horizontal
cross-section. It can be seen that for all Ra we focus on, the
TDR curves of both cases collapse in the bulk. To be more
specific, 〈εθ (𝑥, t)〉x,t of both the 2D and quasi-2D cases are
negligible in the range 0.4≤ z≤ 0.6 and increases very slowly
toward the top and bottom plates. However, at the region close
to the horizontal plates, the trend changes. Taking the bottom
half cell as an example, as the inset in Fig. 4 shows, 〈εθ 〉x,t
increases rapidly in all cases, indicating that no matter in two
dimensions or in quasi-two dimensions most of the thermal
energy is dissipated near or within the thermal boundary layer.
Furthermore, 2D and quasi-2D TDR curves still collapse un-
til z reaches a critical height. Below this height, their curves
separate and the difference grows as they approach the bottom
plate. We call it bifurcation height and denote it by zb. We
observe that zb reduces as Ra increases. In both cases TDR is
maximized at the bottom surface. TDR distributions near the
top plate are analogous. In summary, the results of 〈εθ 〉x,t im-
ply that the difference between the 2D and quasi-2D cases in
the heat transfer rate may originate from the region close to the
horizontal plates. According to the experiments conducted in
a cylindrical cell by Zhou et al.,[24] there are rod-like plumes
within the thermal boundary layer and their number having
a similar power-law relation with Ra as Nu. Such a kind of
plume can also be found in the quasi-2D thermal boundary
layer.[6] However, due to the lack of lateral direction, the rod-
like plumes do not exist in the 2D case.
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In the quasi-2D instantaneous flow near the bottom plate,
several cold plumes impact the hot areas and then spread in all
directions on the surface, just like a jet impinging on the flat-
plate. As the plumes spread, they absorb heat from the hori-
zontal plates efficiently, which sinks the local thermal bound-
ary layer of the impacting region and induces a higher local
heat transfer rate. Due to the limitation of space, the boundary
of horizontal flow will meet, merge, and convolute. Finally
they form the rod-like plumes and are also driven by LSC. It
is noted that the boundary layer thickness in the region where
the plumes formed is also thicker, indicating a lower local heat
transfer rate.

From this point of view, the study in the characteristics
of plumes near the bifurcation height may help to explain the
difference in heat transfer rate between 2D and quasi-2D cases
physically. This will be discussed in more detail in the future
publication. In the present work, we mainly focus on the phe-
nomenon and similarity among cases.

We first focus on the bifurcation height zb, which in-
dicates a region within which the thermal dissipation of the
quasi-2D case is larger than the 2D cases. Since zb is quite
close to the horizontal plates and varies with Ra, it is anal-
ogous to the thickness of thermal boundary layers (δθ ). We
next compare zb with δθ .

108 109 1010 1011
10-3

10-2

10-1

8 9 10 11






z
/
R
a

-
0
.3

Ra

δθ (2D) 
δθ (quasi 2D) 
zb

z
/
H

Ra

Fig. 5. (color online) Log-log plot of δθ and zb as functions of Ra. The
δθ in two- and quasi-two dimensions are indicated by red triangles and blue
circles, respectively. The zb are indicated by green stars. The dash lines
represent the best power-law fits of corresponding cases. The inset is com-
pensated z/Ra−0.30 as a function of Ra.

According to Zhou et al.,[25] δθ is determined by the dis-
tance at which the tangent of the mean-temperature profile at
the plate surface intersects the bulk temperature, which is zero
in our present setup (see Fig. 4 in Zhou et al.[25]). δθ for all
cases are shown in Fig. 5 together with zb in the log–log plot.
In our simulations, δθ obeys the global estimation H/(2Nu).
In agreement with the fact that 2D cases yield smaller Nu than
the quasi-2D cases, the thermal boundary layers in the quasi-
2D case are thinner than that in the 2D case. As shown in

Fig. 5, zb is the lowest among the three heights, which in-
dicates that the bifurcation phenomenon we observed above
occurs within the thermal boundary layer. Furthermore, an
experimental work whose setup covers the present parame-
ter range has been reported by Belmonte et al.[26] Their re-
sults show an Ra scaling of thickness yields δθ ∼ Ra−0.29±0.01

for Ra > 2× 107. The best power-law fits of our data yield
δθ ∼ Ra−0.299 for 2D cases and δθ ∼ Ra−0.308 for quasi-2D
cases, which are consistent with the experiment. Moreover,
the zb scale as Ra−0.303, suggesting that all three heights obey
a universal power-law relation with an exponent being −0.30.
The inset presents the compensated plot of three heights nor-
malized by Ra−0.30.

It should be noted that δθ is defined artificially. It is as-
sociated with the gradient of temperature near the horizontal
plates and satisfy a reciprocal relation with Nu. Thus, it can
also reflect the heat transfer in thermal convection. That is
also why δθ in the 2D case is thicker than that in the quasi-
2D case, as shown in Fig. 5. In contradiction, the bifurca-
tion height zb obtained from the vertical profiles of horizon-
tally averaged TDR between both cases is a quantity that ob-
jectively exists. It reflects the difference in TDR of 2D and
quasi-2D convections. Our result shows that zb has a univer-
sal Ra-dependence with δθ , which reflects the heat transfer as
discussed above. The smaller magnitude of zb comparing to
the thermal boundary layer thickness of both 2D and quasi-
2D cases reveals that the difference in TDR occurs within the
thermal boundary layer.

In order to quantify the differences, the vertical profiles of
TDR are integrated in separated regions. In previous studies,
several separating methods are proposed. In the work reported
by Kaczorowski and Wagner,[28] three regions, i.e., the bulk
flow, the plumes or mixing layers, and the conductive sub-
layers were divided from the whole domain by two inflection
points of the probability density function (PDF) of TDR. Be-
sides that, the BL–bulk separation, which is also a key idea in
GL theory, is no doubt the most classical method and widely
discussed.[19,28,29] It is given by

〈εθ 〉V,t = 〈εθ 〉VBL,t + 〈εθ 〉Vbulk,t
, (8)

where VBL and Vbulk denote the BL and bulk regions, respec-
tively. Hereafter 〈 〉V∗,t represents the averaging over V∗ and
in time, multiplied by the volume ratio V∗/V . Analogously,
we attempt to divide the domains into the side region and mid
region by the bifurcation points, as figure 6(a) shows. The
global thermal dissipation rate is separated into contributions
from these two regions

〈εθ 〉V,t = 〈εθ 〉Vside,t
+ 〈εθ 〉Vmid,t

. (9)

The results of integration in corresponding regions are
shown in a bidirectional histogram, see Fig. 6(b). The por-
tion of the bar above the zero axis represents 〈εθ 〉Vside,t

and
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that below represents 〈εθ 〉Vmid,t
, hence the whole bar repre-

sents the total TDR. The total TDR of two dimensions is gen-
erally smaller than quasi-two dimensions. In side regions, the
region-averaged TDR in quasi-2D cases is obviously larger.
As for the mid regions, both the 2D and quasi-2D cases yield
close amounts of contributions in TDR. We further compare
the contributions from side regions to the total difference in
TDR between 2D and quasi-2D cases. The results show that
over 94% of the TDR differences come from the side regions.
Here we emphasize that according to the discussion about zb

above, the side regions are actually within the thermal bound-
ary layer in both the 2D and quasi-2D cases. Namely, almost
all differences in heat transfer between both cases originate
from the thermal boundary layer.
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Fig. 6. (color online) (a) A sketch of the side–mid separation for Ra = 109.
The bifurcation point is indicated by the cyan dot and the dash line rep-
resents the bifurcation height. (b) A bidirectional histogram of region-
averaged TDR in two dimensions (red bars) and quasi-two dimensions (blue
bars). The portions of bars that are above and below the zero axis represent
〈εθ 〉Vside,t

and 〈εθ 〉Vmid,t
, respectively.

Next we compare the results of side–mid separation of
TDR with BL–bulk separation. The previous studies reported
by Verzicoo R et al.[28,29] suggest that for Pr = 0.7, the differ-
ence in contributions between BL and bulk regions grows with
Ra up to 2×1011, implying an increasing dominance of BL in
thermal dissipation. However, as figure 7(a) shows, no matter

whether in two dimensions or quasi-two dimensions, the ra-
tio of contributions corresponding to these two regions barely
changes with Ra, which is consistent with the results from
Zhang et al.[19] Furthermore, the magnitude of contributions
shows a certain consistency. In both the 2D and quasi-2D, the
BL region contributes about 70%. In the quasi-2D case, the
BL contribution is just slightly larger (about 2%) than the 2D
case. It indicates that both cases are still dominated by the ther-
mal boundary layer, which is consistent with the prediction of
GL theory in the “classical regime”.[2] Figure 7(b) shows the
results from side–mid separation. It shows that for quasi-2D
cases the results corresponding to two separating methods are
very similar. As for the 2D cases, these two methods yield
obviously different results.
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Fig. 7. (color online) The relative contributions of regions separated by
BL–bulk (a) and side–mid (b) separations to total TDR as functions of Ra.
All 2D cases are indicated by red markers while they are blue for quasi-2D
cases. The contribution from BL or side regions is indicated by stars and
that from bulk or mid regions is indicated by diamonds.

4. Conclusion
In this paper, we simulated 2D RB convection with Ra

up to 5× 1010 and Pr = 0.7, and quasi-2D convection with
Ra = 109, 1010, and 5× 1010 by extended PDM–DNS, in a
highly-efficient parallelization scheme. A detailed compari-
son between high Ra 2D and quasi-2D convections on the flow
state, heat transfer, and thermal dissipation is conducted. We
summarize the major findings and list them as follows:
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(i) As Ra increases, the difference in flow state between
both cases grows. The 2D flow state is gradually dominated
by round-shaped plumes called “temperature islands”, while
the quasi-2D plumes still keep mushroom-like but become in-
coherent. The motions of plumes near the horizontal plates
are also different. The 2D plumes leave the plates from the
position about D/4 away from sidewalls, i.e., the “ejecting
region”,[10] earlier than its quasi-2D counterpart, which im-
pact the sidewalls directly.

(ii) It is found that the quasi-2D Nu agrees well with the
GL theory.[4] No matter in two or quasi-two dimensions, the
power-law relation between Nu and Ra can be described well
by a 0.30 exponent. However, a clear difference in magnitude
can be found. The fitted pre-factors are 0.099 for the 2D case
and 0.133 for the quasi-2D case.

(iii) The vertical distributions of horizontally averaged
TDR in both convections are all most the same in the bulk,
while the curves separate near the horizontal plates and the
quasi-2D TDR is larger subsequently. The bifurcation height
is compared with the thickness of thermal boundary layers. We
find that zb < δθ (3D)< δθ (2D) and all the three heights obey
a unified power-law relation of Ra with an exponent −0.30.

(iv) Furthermore, the profiles of TDR have been inte-
grated in regions separated by side–mid separation according
to the bifurcation height. The result confirms that the differ-
ence in heat transfer between the 2D case and quasi-2D case
mainly comes from the side region, which is within the ther-
mal boundary layer. We compare the side–mid separation with
BL–bulk separation. It shows that in both cases the contribu-
tions hardly vary with Ra. Their magnitude shows a certain
consistency, implying that both cases are still dominated by
the thermal boundary layers. Under side–mid separation, the
quasi-2D contributions are similar to those in BL–bulk sepa-
ration, while the 2D counterparts become more equal.
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