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Different from atoms, the multicenter of the Coulombic potentials in molecules makes the tunneling ionization com-
plex, and the electron tunnels out the laser-dressed Coulomb potential with a complex structure. We study tunneling exits of
H2+ at large internuclear distance in strong laser fields by numerically simulating the time-dependent Schrodinger equation
plus a classical backward propagation of the ionized wave packet. This study strengthens the understanding of molecular

tunneling ionization in strong laser fields.
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1. Introduction

Ionization of atoms and molecules in strong laser fields is
overwhelmingly important.!-?! Tonization carries the informa-
tion of the target structures, which may be used to image atoms
or molecules. The photoelectron probability and momentum
spectrum allow us to understand the ultrafast dynamics during
the ionization. Ionization also works as the first step for pro-
ducing the unprecedented ultrashort photon sources.>*! Ton-
ization can be understood with different pictures according to
the Keldysh parameters y = \/IP/TUP, [5] where I, is the ion-
ization potential and U, is the averaged quiver energy for an
electron in a plane electromagnetic wave. When y > 1, the
electron absorbs multiple photons and escapes, carrying the
energy nfie — Ip. On the other hand, when y <1, the Coulomb
potential is strongly suppressed, and the bound electron has
enough time to tunnel through the laser-dressed Coulomb bar-
rier with the final momentum equating to the opposite laser
vector potential at the moment when the electron tunnels out
if the Coulomb potential is neglected.

Because of the high nonlinearity, the tunneling process is
very complex and has attracted a lot of attention over the past
few decades. The theoretical description of tunneling is crucial
for ultimately explaining the photoelectron momentum distri-
bution. The static tunneling ionization of atoms can be satis-
factorily predicted by the Ammosov—Delone—Keldysh (ADK)
theory,[®7! and the quasi-static tunneling ionization of atoms
can be described by the PPT formula.'®! Tong ef al. extended
the atomic ADK theory to the molecular ADK theory, which
can explain the suppression of the ionization of O, compared
to the accompanied Xe atom.[°! More and more studies ex-
plored that the nonadiabatic effect is important during the tun-
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neling ionization,!!'%!!l and thus the tunneling exit as well as
the photoelectron momentum distribution at tunneling need to
be revisited.

Among several methods, the backward propagation de-
veloped by Ni et al.!'?! can describe the tunneling characters
accurately, such as the tunneling time, the tunneling exit, and
the photoelectron momentum distribution at tunneling. This
method has been used to exclude the concept of the tunnel-
ing time,!"?! to explain the different ionization probabilities of
atoms carrying different angular momenta.!'*l Compared to
atoms, molecular tunneling processes are more complex due
to multiple Coulomb centers. In this paper, we numerically
simulate the time-dependent Schrodinger equation (TDSE) to
obtain the ionized electron wave packet, which will be back-
ward propagated in order to extract the tunneling characters
in the tunneling ionization of Hz+ in strong laser fields. Our
simulation results give a clear picture of how the electron tun-
nels out the spatially complex Coulomb potential, and how the

electron flies away from the two nuclei in strong laser fields.

2. Numerical models

2.1. TDSE simulation

As the simplest molecule in nature, H; works as a proto-
type to explore the molecular dynamics in strong laser fields.
In our model, the internuclear distance is fixed during the ion-
ization, which is proper since the nuclei move much slower
than the electron. We confine the dynamics in the plane deter-
mined by the molecular axis and the laser polarization direc-
tion. The TDSE is (atomic units are used unless stated other-
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where the field-free potential of H; is

1

V(x+R/2)2+y2 +5s
1
- VE—R/22+y2+s @

V(xay) = -

In Eq. (2), the soft-core parameter s = 0.64 is determined by
matching the simulated ground state energy with the real one.
This model has been used to observe the Coulomb action on
the photoelectron angular distribution!!> and the photon mo-
mentum transfer to the electron longitudinal momentum. 6!
We use an electric field that has a duration of only half a cycle

to tunnel ionize the atom,
E = —Eysin®(ot), 0<t<7m/o. 3)

The amplitude Ey is 0.025 a.u., (the unit a.u. is short for atomic
unit), @ = 0.0304 a.u., and the corresponding Keldysh param-
eter is Y~ 1.2. Such an electric field kills the rescattering
process, and makes it easier to analyze the tunneling process.
Since the ionization driven by the laser pulse whose polariza-
tion axis is perpendicular to the molecular axis presents more
characters of atomic ionization, we only consider the case that
the laser polarization axis is parallel to the molecular axis.
Please note that the tunneling and multiphoton ionization is
not necessary to be divided by ¥ = 1, and some studies have
confirmed that tunneling pictures still work for y = 3.[17] The
field-dressed Coulomb potential at the peak of the electric field
is shown in Fig. 1.
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Fig. 1. (color online) The field-dressed Coulomb potential at the peak
of the electric field. The red dashed line is V = ER/2 — I, while the
blue dash—dotted line is V = —ER/2 —I,. The internuclear distance is
R=12au.

The electron energy is still lower than the laser-modified
barrier, which assures that tunneling dominates the ioniza-

tion process. In our simulations, the internuclear distance

is fixed at R = 12 a.u. We chose this value because of the
two following reasons. Firstly, Hj at the equilibrium inter-
nuclear distance presents characters quite similar to atomic
cases. Secondly, at R = 12 a.u., the charge resonance en-
hanced ionization (CREI) takes place,!!®!°) which is a typi-
cal scenario of molecular processes in strong laser fields. The
initial state is obtained by imaginary time propagation.?]
The wave function is propagated with the Crank—Nicholson
algorithm.?! The space steps are Ax = Ay = 0.1 a.u., and the
time step is Ar = 0.025 a.u. The simulation box has the size
of 500 a.u. x 500 a.u. in the x—y coordinate space, which is
big enough that no wave packet reaches the boundaries of the
simulation box.

2.2. Backward propagation

To visualize the tunneling process, we propagated the
photoelectron wave packet backward. To do that, after the
TDSE simulation, we extracted the wave packet entering the
area outside the red dashed curve shown in Fig. 2, which
After that, we re-
placed the final ionized electron distribution by a classi-

is regarded as the ionization part H,.

cal ensemble, which was backward propagated for obtain-
ing the tunneling exits. Numerically, we converted the ion-
ized final state H, (xf, yr) = A(xf,y¢)exp [iS(x¢, y¢)] into a clas-
sical ensemble by calculating its local momentum p(x¢,yf) =
VS(x¢,yt), where A(xg,yr) and S(x¢,yr) are the amplitude and
phase, respectively. The classical trajectories in phase space
(r(z),p(t)) were calculated by solving Newton equation with
the initial condition p(xy, yf).

The fidelity of replacing a quantum wave packet distribu-
tion by its classical ensemble is calculated via:

A2\ /pi(€)pa(8)
f(PlaPZ) - fd2€P1(§) 5 (4)

where p; and p; are the classical and quantum probability dis-

tribution with respect to momentum respectively. As already
known, classical backward propagation does not produce ac-
curate results when being used to handle the case in which se-
vere interference occurs. In our simulation, efforts were taken
to avoid such inaccuracy by neglecting the part p, < 0 and
A<2x1075,

Numerically, the tunneling is judged by the criterion that
p is equal to zero along the direction of the instantaneous laser
electric field, i.e.,

(p,7) = 6(7-p)d(r—1), ©)

where # and P are unit vectors alongside the direction of  and
p respectively. The definition of tunneling exit time distribu-
tion is

dP
<= / eI (p, )A% (7). ©)
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Technically, there are sometimes more than one point satisfy-
ing criterion (5). We are only interested in those x satisfying
—R/2 <x < R/2. In our simulation, if a trajectory (r(¢),p(t))
had some points between the two nuclei satisfying the criterion
at some time #1, then any point on that trajectory at t < t; would
be aborted to avoid non-physical results and over-barrier ion-
ization.

3. Results

Figure 2 shows the electron wave packet distribution after
the interaction. The two nuclei locate at (x,y) = (—6,0) and
(6,0). The red dashed curve marks the boundary of the bound
states and free states. We propagated the wave function after
the laser field vanishes until almost all ionized electron wave
packets passed the dashed boundary.
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Fig. 2. (color online) Electron wave packet distribution in the logarithmic
scale after the interaction. The dashed border line is formed by two circles,
and each circle is centered at one of the nuclei and has a radius of 35 a.u.
The wave function inside the border line is regarded as the non-ionized part,
while the part outside the border line is supposed to be the ionized part. The
total ionization rate calculated through this partition is 9.38 x 107>.

At the end of the propagation, we picked out the ion-
ized electron wave packet, and did the fast Fourier transfor-
mation (FFT) to get the momentum distribution for the pho-
toelectron, as shown in Fig. 3(b). Meanwhile, we show the
photoelectron momentum distribution via the local momentum
method in Fig. 3(a). The calculated fidelity between Fig. 3(a)
and Fig. 3(b) is about 0.95, which means the classical ensem-
ble can successfully replace the quantum results. However, a
closer look of Figs. 3(a) and 3(b) shows the faint interference
structures in the quantum results disappear in a classical dis-
tribution. This is the drawback of this backward propagation.
Nevertheless, the momentum distribution given by the local
momentum method can give the main features provided by the
quantum calculations.

After having the space and momentum distribution of the
photoelectron, we propagated this classical ensemble back-
ward. When the instantaneous momentum meets the criterion
of the tunneling, we recorded its position. Figure 4 shows
the tunneling exits, where the two nuclear positions are rep-
resented by the two stars. As expected, the tunneling ex-
its concentrate near the molecular bond. The tunneling ex-

its distribute symmetrically with respect to the molecular axis,

which is also within expectation. Surprisingly, the tunnel-
ing exits do not seem like a Gaussian distribution along the
After looking at the laser-dressed Coulomb poten-
tial, one may find that the tunneling exit distribution shares

y axis.

the shape of the saddle-point distribution of the laser-dressed
Coulomb potential. For other internuclear distances, for ex-
ample, R = 11 or R = 13, the tunneling exit distribution does
not change substantially since the ionization mechanism is still
the same. One may understand the tunneling ionization more
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deeply after having the tunneling exits.
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Fig. 3. (color online) Momentum distribution in the logarithmic scale
obtained from (a) local momentum and (b) fast Fourier transformation
(FFT). The white dashed line (p, = 0) is a watershed of fidelity: on the
right side of this line, interference is small enough so that local momen-
tum roughly agrees with FFT. On the left side, they show less similarity

due to the strong interference.
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Fig. 4. (color online) The tunneling exit distribution in the logarith-
mic scale. The two stars in the figure represent the positions of the
two nuclei. Over-barrier part and downstream ionization part occupy
only 0.02% of the ionized final state, which are not shown on these two
figures.
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For different tunneling exits, the electron may have dif-
ferent angular momenta with respect to the right nucleus, as
shown in Fig. 5, where p is the probability density as a func-
tion of L,. For the tunneling exits in the upper and lower
half spaces, the electron has opposite angular momenta, which
means that the electron passes the different sides of the right

nucleus.
4
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1 k
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Fig. 5. Angular momentum probability distribution with respect to the
downstream nucleus.

4. Conclusion

The tunneling exits of H2+ in strong laser fields have
been studied by the TDSE simulation plus the classical back-
ward propagation. The main tunneling exits form a moon
shape, which recognizes the saddle shape of the laser-dressed
Coulomb potential. Electrons tunneling out from different ex-
its have distinct trajectories. The visualization of the tunneling

exits of molecules helps understand the ultrafast dynamics of
molecules in strong laser fields.
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