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Nonparaxial propagation properties of the chirped Airy Gaussian
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In this article, we investigate the nonparaxial propagation properties of the chirped Airy Gaussian vortex (CAiGV)
beams in uniaxial crystals orthogonal to the optical axis analytically and numerically. We discuss how the linear chirp
parameters, the quadratic chirp parameters, and the Gaussian factors influence the nonparaxial propagation dynamics of
the CAiGV beams. The intensity, the energy flow, the beam center, and the angular momentum of the CAiGV beams are
deeply investigated. It is shown that the Gaussian factors have a great effect on the intensity and the centroid positions of
the CAiGV beams. With the Gaussian factors increasing, the intensity of CAiGV beams decreases rapidly. The main lobes
of the transverse intensity distribution of the CAiGV beams are similar to triangles.
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1. Introduction
Airy beams, one kind of unique beams, were intro-

duced by Berry and Balazs after obtaining the solution of the
Schrodinger equation in 1979.[1] However, the energy of the
Airy beams is infinite in theory, indicating that it could not be
realized experimentally. In 2007, Siviloglou firstly obtained
Airy beams with finite energy by means of adding a decay
factor.[2] Next year, John Broky discovered the self-healing
properties of Airy beams.[3] Due to the excellent properties of
Airy beams, such as self-acceleration,[2] non-diffracting, and
self-healing,[3] many researchers have shown interest in Airy
beams.[4] Then Airy beams were considered in the situation
of propagating in free space,[5,6] right-handed material to left-
handed material,[7] linear medium,[8] uniaxial crystals,[9] and
a quadratic-index medium.[10] Nowadays we can see applica-
tions of Airy beams with finite energy in the military,[11] at-
mospheric science,[12] curved plasma channel generation,[13]

and so on.
We can obtain Airy Gaussian vortex (AiGV) beams theo-

retically by means of adding the Gaussian factor and the vor-
tex factor to the Airy beams, which results in the fact that
the AiGV beams not only have excellent features of the Airy
Gaussian (AiG) beams,[14] but also have the intensity singu-
larities as well as phase singularities,[15] which are exactly the
properties of vortex beams produced by employing synthetic
holograms,[16] higher order laser mode separation,[17] and so
on.

In the context of optical fiber communication, we define
a chirp as a phenomenon for the purpose of describing signal
frequency, which changes over time. It was Zhang[18] who

introduced a chirp carried by the Airy beams in the domain
of optical science, disclosing the fact that the chirps includ-
ing linear chirps and nonlinear chirps play an important part
in modulating beams, involving beam compression as well as
pulse generation.

Crystals have been applied in the design of polarizers and
compensators. It is significant to describe the light propagation
in the anisotropic media theoretically.[19] When the waist ra-
dius of the beams is comparable with the wavelength in uniax-
ial crystals and the far-field divergence angle becomes larger,
the paraxial theory is not suitable, so we have to consider the
nonparaxial effect of the beams. There are some remarkable
papers about such situations.[20,21] However, to the best of our
knowledge, the nonparaxial propagation of the chirped Airy
Gaussian vortex beams through uniaxial crystals orthogonal
to the optical axis has not been investigated yet. The results of
our research can be applied in the realm of optical trapping.

The present article is organized as follows. At first in Sec-
tion 2, we gain the analytical solutions of the CAiGV beams by
means of the theoretical model of the nonparaxial propagation
in uniaxial crystals orthogonal to the optical axis. Then in Sec-
tion 3, we discuss the nonparaxial evolutions of the beam in-
tensity and the beam center of the CAiGV beams. We are con-
cerned about how the Gaussian factors and chirp parameters
act on the energy flow density and the angular momentum of
the linear chirped Airy Gaussian vortex (LCAiGV) beams and
the quadratic chirped Airy Gaussian vortex (QCAiGV) beams
respectively in Section 4. Finally in Section 5, the paper is
summarized.
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2. Analytic solution of the CAiGV beams in uniaxial crystal orthogonal to the optical axis
We set the z axis to be the propagation axis, and the x axis to be the optical axis of the uniaxial crystals in the spatial

coordinate system. Relative dielectric tensor ε of the uniaxial crystals is set as[22]

ε =

 n2
e 0 0

0 n2
o 0

0 0 n2
o

 , (1)

where ne and no are the extraordinary and the ordinary refractive indices, respectively. For simplicity, we set the center of the
vortex of the beam at the origin. The electric field distribution of the CAiGV beams in the input plane is
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where w0 represents the initial beam waist size; a is the truncation factor of the CAiGV beams; and Ai(·) denotes the first kind
of Airy function. β1 and β2 are the linear chirp parameters, while β3 and β4 are the quadratic chirp parameters.

Based on the theory of the nonparaxial propagation in uniaxial crystals orthogonal to the optical axis, the electric field of a
beam is[22]
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with Ae(r,r0) and Ao(r,r0) being given by
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Substituting Eq. (2) into Eqs. (3)–(5), we can gain three components of the nonparaxial propagation of the CAiGV beams
in uniaxial crystal orthogonal to the optical axis, which can be written as
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where Ln, Mn, Nn, and (n = 1,2,3,4) are

Ln = Dn exp(Pn)Ai(Qn), (11)

Mn = Dn exp(Pn)[WnAi(Qn)+GnAi′(Qn)], (12)

Nn = Dn exp(Pn)[HnAi(Qn)

+RnAi(Qn)+FnAi′(Qn)], (13)

where Dn, Pn, Qn, Wn, Hn, Rn, Fn and (n = 1,2,3,4) are given
by the following expressions
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and Ai′(·) represents the first-order derivative of the Airy func-

tion.
We investigate the nonparaxial propagation properties of

the CAiGV beams in uniaxial crystals orthogonal to the optical
axis because of the analytical results from Eqs. (8)–(10). We
set that a = 0.2, no = 2.616, λ = 633 nm, w0 = 0.1 mm, so the
Rayleigh distance can be written as ZR = kw2

0/2 = 4.963 cm.

3. The transverse intensity distribution and the
propagation path

From Figs. 1(a1)–1(c1), the shape of the main lobe of
the LCAiGV beams seems like an ellipse, and the intensity
of the LCAiGV beams mainly distributes in the main lobe.
The number of the side lobes is decreasing, and the shape
of the main lobe is not changed as χ0 increases. However,
comparing Figs. 1(a1)–1(c1) with Fig. 1(d1), we can draw a
conclusion that the intensity of the whole beam, including the
main lobe and the side lobes, decreases with the increase of χ0.
However, the effect on the main lobe is much smaller than
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Fig. 1. (color online) Intensity distribution of LCAiGV, QCAiGV, and CAiGV beams with different χ0 in uniaxial crystals orthogonal to the
optical axis on the observation plane z = 6ZR: (a1)–(a3) χ0 = 0.1, (b1)–(b3) χ0 = 0.2, (c1)–(c3) χ0 = 0.3, (a1)–(c1) the LCAiGV beams
with β1 = β2 = 1 and β3 = β4 = 0, (a2)–(c2) the QCAiGV beams with β1 = β2 = 0 and β3 = β4 = 1, (a3)–(c3) the CAiGV beams with
β1 = β2 = β3 = β4 = 1; the maximum evolution of the intensity as a function of x for the LCAiGV beams in panel (d1), the QCAiGV in
panel (d2), and the CAiGV beams in panel (d3).
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that of the side lobes, so we can only see the main lobe of the
beams as χ0 increases. Then we show the transverse inten-
sity distribution of the QCAiGV beams in Figs. 1(a2)–1(c2),
which shows that the shape of the main lobe of the QCAiGV
beams seems like a triangle. From Fig. 1(d2), it is shown
that the main lobe and the first side lobe have the same max-
imum intensity, and the larger χ0 is, the smaller the intensity
of the main lobe and the side lobes is. In addition, the dis-
tribution of the QCAiGV beams is much more dispersed than
that of the LCAiGV beams, and the maximum intensity of the
QCAiGV beams is much smaller than that of the LCAiGV
beams, comparing Figs. 1(a1)–1(d1) with Figs. 1(a2)–1(d2).
So we can draw a conclusion that the quadratic chirp parame-
ters can weaken non-diffracting properties. One can come to a
conclusion that the shape and the intensity distribution of the
CAiGV beams are mainly influenced by the quadratic chirps
from Fig. 1.

The peak intensity distributions of the LCAiGV beams,
the QCAiGV beams, and the CAiGV beams with different
values of ne/no at different propagation distances are shown
in Fig. 2. The peak intensity can be defined as the maxi-
mum values of the intensity of each transverse intensity pat-
tern. As for the case of the LCAiGV beams, the larger the val-
ues of ne/no are, the smaller the peak intensity of the LCAiGV
beams is, when the propagation distance is less than z = 5ZR

and ne/no ≥ 1. However, the peak intensity of the LCAiGV
beams firstly increases, and then decreases with the increase
of the propagation distance when 0 < ne/no < 1. The peak in-
tensity of the LCAiGV beams locates at the position z = 2ZR

when χ0 = 0.2, while the peak intensity of the LCAiGV beams
locates at z = 1.3ZR when χ0 = 0.3. As a result the smaller χ0

is, the further the position corresponding to the peak intensity
of the LCAiGV beams is.
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Fig. 2. (color online) Maximum intensity distribution of: (a1)–(a2) the LCAiGV beams, (b1)–(b2) the QCAiGV beams, (c1)–(c2)
the CAiGV beams in uniaxial crystals orthogonal to the optical axis with different values of ne/no: (a1)–(c1) χ0 = 0.2, and (a2)–(c2)
χ0 = 0.3.

As shown in Figs. 2(b1)–2(b2), images of the peak in-
tensity distribution with the different values of ne/no seem
like hyperbolas, and all of them are overlapped, which shows
that the peak intensity distribution of the QCAiGV beams is
irrelevant to ne/no. Similar to the QCAiGV beams, images
of the peak intensity distribution of the CAiGV beams also
seem like hyperbolas, from which we can draw a conclusion
that the quadratic chirp parameters have a decisive influence
on the peak intensity distribution of the CAiGV beams. The
bigger χ0 is, the smaller the value of the peak intensity of the
CAiGV beams, the LCAiGV beams as well as the QCAiGV
beams is.

Based on the numerical calculation, we gain the centroid
of the CAiGV beams with different values of χ0 in Fig. 3. It
is shown that the trajectories of the beam center are straight

lines no matter when χ0 is bigger, when the propagation dis-
tance is not large. However, on the whole, the centroid of the
CAiGV beams complies with the self-bending properties of
the Airy beams. In the end, the trajectories of the beam center
are parallel to the z axis when the propagation distance is large
enough.
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Fig. 3. (color online) The beam center of the CAiGV beams as a func-
tion of the propagation distance in uniaxial crystals orthogonal to the
optical axis.
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4. The energy flow and the angular momentum
In this part we investigate the energy flow and the angular

momentum of the LCAiGV beams, and the QCAiGV beams
of the nonparaxial propagation in uniaxial crystals orthogonal
to the optical axis, respectively. The time averaged Poynting
vectors as well as the time averaged angular momentum can
be written as[23]

〈𝑆〉= c
4π
〈𝐸×𝐵〉 , (14)

〈𝐽〉= 𝑟×〈𝐸×𝐵〉 . (15)

The transverse energy flow distribution of the LCAiGV
beams of the nonparaxial propagation in uniaxial crystals or-
thogonal to the optical axis is shown in Fig. 4. It is obvious
that the energy flux density mainly distributes in the main
lobe, while the direction of the arrows is approximately 30◦

in the positive direction of the x axis. There is an interesting
conclusion about χ0, which indicates that the whole range of
the energy density is becoming smaller with the increase of
χ0. We can see that the larger the linear chirp parameters are,
the further away the center of the main lobe of the LCAiGV
beams from the center of the observation plane is.

Figure 5 shows the energy flow of the QCAiGV beams.
The arrows of the energy flow in the area of the side lobes
of the x direction approximately point to the positive x axis,
while arrows of the energy flow in the area of the side lobes

of the y direction are approximately parallel to the y axis,
no matter how χ0 and the quadratic chirp parameters change.
The transverse energy flow distribution is becoming more dis-
persed with the increase of the quadratic chirp parameters.
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Fig. 4. (color online) The total energy flow (background) and the transverse
energy flow (blue arrows) of the LCAiGV beams in uniaxial crystals orthogo-
nal to the optical axis: (a1)–(a3) χ0 = 0.1 with ne = 1.5no, (b1)–(b3) χ0 = 0.2
with ne = 1.5no, (c1)–(c3) χ0 = 0.3 with ne = 1.5no, (a1)–(c1) β1 = β2 = 1,
(a2)–(c2) β1 = β2 = 3, and (a3)–(c3) β1 = β2 = 5.
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In order to investigate how χ0 and the linear chirp param-
eters affect the angular momentum density distribution of the
LCAiGV beams, we continue to do a numerical calculation
and gain Fig. 6. From Figs. 6(a1)–6(c1), the total momentum
density is the same as each other, but the distribution position
of the total angular momentum density changes as the linear
chirp parameters increase. The angular momentum distributes
more along the x axis than that of the y axis in the area of the
side lobes. As for all images shown in Fig. 6, the shape of the
main lobe seems like an ellipse, and the angular momentum
distributes more in the main lobe than that of the side lobes.
The arrows of the transverse angular momentum density flow
of the LCAiGV beams in the area of the side lobes in the x
direction points to the positive x axis, while that in the area of
side lobes in the y direction points to the positive y axis direc-
tion. In the end, the larger the χ0 is, the less the number of the
side lobes is.

Figure 7 shows the transverse angular momentum dis-
tribution of the QCAiGV beams in uniaxial crystals orthog-
onal to the optical axis. The angular momentum mainly dis-
tributes in the side lobes when χ0 is small enough, as shown
in Figs. 7(a1)–7(c1). With the increase of χ0, the distribution
of the angular momentum of the QCAiGV beams gradually
turns from the side lobes to the main lobe, and the side lobes
are diminishing gradually. More interestingly, the angular

momentum density flow of the side lodes of the x direction
principally points at the positive y direction, while the angular
momentum density flow of the side lodes of the y direction

(a1) (a2) (a3)

(b1) (b3)(b2)

(c3)(c1) (c2)

x

y 1 mm

Fig. 6. (color online) The total angular momentum density (background) and
the transverse angular momentum density flow (blue arrows) of the LCAiGV
beams in uniaxial crystals orthogonal to the optical axis. All the parameters
are the same as those in Fig. 4.
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Fig. 7. (color online) The total angular momentum density (background) and the transverse angular momentum density flow (blue
arrows) of the QCAiGV beams in uniaxial crystals orthogonal to the optical axis. All the parameters are the same as those in Fig. 5.
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principally points at the positive x direction. Meanwhile, the
shape of the side lobes of the x direction seems like circular,
while that of the y direction seems like an ellipse, indicating
that the beam undergoes a compression in the y direction when
ne/no is 1.5. The larger the quadratic chirp parameters are, the
more dispersed the distribution of the angular momentum of
the QCAiGV beams is.

5. Conclusion
In conclusion, we gain analytical expressions of the non-

paraxial propagation of the CAiGV beams in uniaxial crystals
orthogonal to the optical axis. Some interesting conclusions of
the intensity of the CAiGV beams, the LCAiGV beams, and
the QCAiGV beams are discovered. The main lobes of the
transverse distribution of the intensity, the energy flow density,
the angular momentum of the LCAiGV beams are similar to
elliptical, while their main lobes of the QCAiGV beams are
similar to triangular. Moreover, the transverse distributions
of the intensity, the energy flow density, and the angular mo-
mentum of the QCAiGV beams are much more dispersed than
those of the LCAiGV beams. Besides, the maximum values of
the beam intensity are smaller as χ0 increases. The ranges of
the transverse distribution of energy flux density and angular
momentum are smaller. We believe that our research results
can deepen the understanding of the non-paraxial propagation
characteristics of the CAiGV beams in the uniaxial crystals,
and can be applied to the modulation of the beams, such as
optical particle trapping.
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