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We theoretically investigate the photoelectron emission from an atom irradiated by an amplitude modulated sinu-
soidally phase-modulated pulse through solving the time-dependent Schrödinger equation in the momentum space. By
controlling the phase amplitude of the pulse in the frequency domain, it can be found that the photoelectron spectra appear
as explicit interference phenomena, which originated from the interference between the directly ionized electron and the
ionization of the pre-excited atom from different subpulses.
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1. Introduction
When atoms are irradiated by strong laser pulses, there

are many nonlinear phenomena, such as high-order harmonic
generation, nonsequential double ionization, and above thresh-
old ionization (ATI).[1–3] ATI is an ionization progress that an
atom can absorb more photons than its ionization threshold.[4]

For higher laser intensity, there are two plateaus in the photo-
electron spectra, which correspond to the direct ionization and
the rescattering process, respectively.[5,6]

Due to the ionized electron rescattering with its par-
ent ion, the rescattering electron carries the real-time struc-
ture information.[7,8] The photoelectron with higher energy
can be used to detect structures of atoms and molecules.[9]

When an atom interacts with a high frequency laser field,
the lower order photoelectron also encodes the atomic orbital
information.[10,11] Especially, the laser electric field plays an
important role in the interaction between the atom and the laser
pulse, and the photoelectron emission is sensitive to the laser’s
parameters. Therefore, photoelectron spectroscopy is one of
the important methods to detect the carrier envelope phase
of the laser pulse.[12] In order to apply photoelectron spec-
troscopy well, many researchers made in-depth studies of its
generation process.[12–19]

When the atom is driven by the strong laser pulse, accord-
ing to the incident laser intensity, the ionization mechanism
can be divided into multiphoton and tunneling ionization. For
the multiphoton ionization process, there are many individual
peaks at the photoelectron spectra, and the energy difference

between the adjacent peaks is one photon energy (ω0). The
energy position of these peaks is predicted by the conversa-
tion of energy nω0− (Ip +Up), where the Ip is the ionization
energy of an atom and Up is the ponderomotive energy of the
laser electric field.[20] From the time domain perspective, these
photoelectron peaks are generated by the interference of the
ionized electrons from different cycles in the laser pulse. In
the photoelectron spectra, the interference structures from the
various instants in one optical cycle also can be observed.[21]

Using the interference information between the directly ion-
ized electron and the rescattering electron, one can obtain the
differential cross section and the corresponding phase of the
electron-ion scattering amplitude.[22]

When the atom is irradiated by the multi-color laser
pulse, there are many novel interference processes in the
photoelectron emission.[23–29] The interference structure can
be investigated by the semiclassical scheme in the tunneling
regime.[30–32] Using the additional laser pulse, the interfer-
ence of wave packets can be controlled. Moreover, the shaped
pulse laser provided more convenience to control the photo-
electron interference. By controlling the amplitude, phase, and
polarization of the pulse in the frequency domain, the pulse
with an almost arbitrary shape can be obtained in the time
domain.[33,34] For the sinusoidally phase-modulated pulse, one
Fourier-transform-limited pulse can be divided into many sub-
pulses. The ionization and excitation of the atom in this pulse
were studied.[35,36] In the research, few level models are avail-
able and the calculated results are in qualitative agreement
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with the experiment for the weak field. In order to investi-
gate the photoelectron from the modulated pulse, it needs a
very large space to include the total ionized electron. Thereby,
for the intense laser field, it is rather difficult to investigate
the photoelectron emission under the coordinate representa-
tion. This problem can be avoided by solving the time depen-
dent Schrödinger equation (TDSE) in momentum space.[37,38]

In this work, using this scheme, we investigate the photoelec-
tron emission of an atom irradiated by sinusoidally phase-
modulated shaping pulses. It is found that the photoelectron
spectra from the phase-modulated laser pulses have many sub-
peaks, which is caused by the interference from the ionized
electrons from different laser subpulses through the analysis
of the time-dependent population of the continuum states.

2. Model and method
In order to obtain the photoelectron spectra, we calcu-

lated the time-dependent wavefunction under the momentum
representation.[39,40] In the velocity gauge and the dipole ap-
proximation, the TDSE of an atom in a strong laser pulse can
be expressed as (atomic units are used throughout, unless oth-
erwise stated):

i
∂

∂ t
Ψ(𝑟, t) =

[
𝑝̂2

2
−𝐴(t) · 𝑝̂+V (𝑟)

]
Ψ(𝑟, t), (1)

where 𝐴(t) is the vector potential of the laser field, and V (𝑟)

is the atomic Coulomb potential.
By using the momentum eigenfunction as the basis set,

the time-dependent wavefunction can be expanded as

Ψ(𝑟, t) =
1

(2π)3/2

∫
Φ(𝑝, t)exp(i𝑝 ·𝑟)d𝑝. (2)

By inserting Eq. (2) into Eq. (1), one can obtain the TDSE
in the momentum space

i
∂

∂ t
Φ(𝑝, t) =

[
𝑝2

2
−𝐴(t) ·𝑝

]
Φ(𝑝, t)

+
∫

V (𝑝,𝑝′)Φ(𝑝′, t)d𝑝′

= Ĥ0(𝑝)+Û(𝑝, t), (3)

where V (𝑝,𝑝′) is the potential in the momentum space. Here,

Ĥ0(𝑝) =
𝑝2

2
Φ(𝑝, t)+

∫
V (𝑝,𝑝′)Φ(𝑝′, t)d𝑝′Φ(𝑝, t), (4)

Û(𝑝, t) = (−𝐴(t) ·𝑝)Φ(𝑝, t), (5)

V (𝑝,𝑝′) =
1

(2π)3

∫
V (𝑟)exp[−i(𝑝′−𝑝) ·𝑟]d𝑟. (6)

The time-dependent wavefunction can be integrated by
the second order split-operator technique

Φ(𝑝, t +∆t) ' exp(−iĤ0∆t/2)

× exp(−iÛ(𝑝, t +∆t/2)∆t)

× exp(−iĤ0∆t/2)Φ(𝑝, t)+O(∆t3). (7)

For the hydrogen atom, the potential is given by

V (𝑝,𝑝′) =− 1
2π2

1
|𝑝−𝑝′|2

. (8)

There is a quadratic singularity at 𝑝 = 𝑝′, and the sin-
gularity can be removed by using the Landé subtraction
technique,[41] which can be realized by the partial wave ex-
pansion scheme.

Here, we map the semi-infinite domain [0,∞] to the fi-
nite one [−1,1], then use the Gaussian quadrature to discretize
the grids in the momentum space.[42] The mapping function is
taken as

p = p(x) = L
1+ x
1− x

, (9)

where L is a mapping parameter. If we choose a smaller value
for L, there are more grid points at small p. By projecting
the scatter continuum state on the time-dependent wavefunc-
tion at the end of the laser pulse, one can obtain the continuum
state population amplitude bl(ε, t), and the corresponding sin-
gle differential cross section is:

dPε

dε
= ∑

l
|bl(ε, t)|2. (10)

3. Results and discussions
In the frequency domain, the phase-modulated laser pulse

can be changed by the phase function: ϕ(ω) = Asin[(ω −
ωref) ∗ T +ϕint], where A is the amplitude of the modulation
function, T is the frequency of the oscillation function, and
ϕint is the phase offset of the Sinusoidal function. ϕint is set
to 0 in this paper. In the time domain, the sinusoidal phase
modulation pulse produces a sequence of subpulses, the sepa-
ration of which is determined by the amplitude T . The relative
peak amplitudes of subpulses are controlled by the value of
A. Figure 1 shows the electric fields of the sinusoidally phase-
modulated laser pulses with A = 0, 0.5, and 1. Here, the enve-
lope of the laser pulse is chosen as the Gaussian shape with a
duration of 16.45 fs full width at half maximum. It can be seen
from Fig. 1, for A = 0, that there is only one pulse, the dura-
tion of which equals to the Fourier transform limit; for A = 1,
the pulse is mainly split into five subpulses, and the three main
subpulses in the middle of the pulse are marked as SP1, SP2,
and SP3, respectively. With the increase of A, the intensities
of the corresponding subpulses become stronger.

The photoelectron emission irradiated by these sinusoidal
pulses are shown in Fig. 2. There are dramatic differences in
the photoelectron spectra for different amplitudes. One can
notice that, with the enhancement of A, the photoelectron am-
plitude gets smaller, and more subpeaks appear in the spectra,
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in addition, the energies of the main peaks in the photoelec-
tron spectra are increased. For the Fourier-transform-limited
pulse, the peak energy can be predicted by nω0 − Ip −Up,
where ω0 = 0.057 is the laser frequency. From the subgraph
in Fig. 1, one can see that, with the increase of A, the intensity
of the maximum electric field is reduced, and the correspond-
ing Up is decreased. Therefore, the energies of the main peaks
in the photoelectron spectra are enhanced with the increase of
the phase amplitude A. Otherwise, there are subpeaks in the
photoelectron spectra from Fig. 2, which is caused by the ion-
ization from the excited states.[43]
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Fig. 1. (color online) Time variation of sinusoidally phase-modulated elec-
tric fields with different phase amplitude A. The unit o.c. is short for optical
cycle.
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Fig. 2. (color online) Photoelectron spectra of the hydrogen atom irradi-
ated by the sinusoidally phase-modulated electric fields with different phase
amplitudes A.

Next, we examine the dependence of the photoelectron
spectra on the phase amplitude A of the modulated pulse, as
shown in Fig. 3. It can be clearly observed that, as A is in-
creased, the energies of the main peaks in the photoelectron
spectra are enhanced. For example, the energy of the first main
peak equals to 0.04 for A = 0, then it moves to 0.07 when
A = 1. This result is consistent with that discussed above in
Fig. 2, and the variation of the main peak’s energy can be at-
tributed to the reduction of the intensity of the subpulse SP2,

which also leads to the decrease of the photoelectron ampli-
tude with the increase of A, which can be seen from Fig. 3.
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Fig. 3. (color online) The variation of the photoelectron spectra with
the phase amplitude of the sinusoidally phase-modulated pulse.
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Fig. 4. (color online) (a) The populations of the ground state and the ex-
cited states; (b) laser electric field of the sinusoidally phase-modulated
pulse with the phase amplitude A = 0.5; and (c) photoelectron spectra
from different instants.

In order to gain insights into the generation mechanism of
the subpeaks in the photoelectron spectra, the transient study
of the photoelectron emission is adopted. Figure 4(a) shows
the populations of the ground state and the excited states in the
case of A = 0.5. The corresponding electric field of this mod-
ulated laser pulse is presented in Fig. 4(b), and three important
subpulses exist. After the atom is irradiated by the set of sub-
pulses, the photoelectron spectra are calculated from the time-
dependent wavefunctions at instants (t = 78 o.c., 104 o.c.,
130 o.c., and 180 o.c.), as shown in Fig. 4(c). When the
atom is irradiated by the subpulse SP1, due to the low elec-
tric field intensity of SP1, the ionization is very small and so
is the photoelectron intensity. After the action of subpulses
SP1 and SP2, the photoelectron emission appears to have no
subpeaks, which is similar to that from the Fourier-transform-
limited pulse with weak intensity. When the atom is irradi-
ated by three main subpulses, the photoelectron spectrum is
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consistent with that calculated from the end of the laser pulse
(t = 180 o.c.). The above results indicate that the interference
between the ionized electrons from SP2 and SP3 produces the
subpeaks in the photoelectron spectra.
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Fig. 5. (color online) Photoelectron spectra calculated from the wavefunc-
tion at various instants when the continuum part of the time-dependent
wavefunction is subtracted at instant t = 104 optical cycles.

In order to clearly see the difference between the photo-
electron spectra, we use the logarithm scale to replot the spec-
tra at instants t = 78 o.c., 104 o.c., and 130 o.c. After the atom
is irradiated by the subpulse SP1, the intensity of the photo-
electron spectrum at t = 78 o.c. is very weak, as shown by
the black dash line in Fig. 5. When the SP2 comes, the atom
is not only ionized but also excited, which can be clearly ob-
served in Fig. 4(a). Due to the subpulse SP2 with higher in-
tensity, the photoelectron intensity at t = 104 o.c. is increased
in excess of six orders of magnitude compared with that at
t = 78 o.c., and there are no subpeaks in the spectrum, as pre-
sented by the red solid curve in Fig. 5. After the action of
the subpulse SP3, the photoelectron spectrum at t = 130 o.c.
is almost the same as that at t = 104 o.c., however, subpeaks
appear, as shown by the green dash curve in Fig. 5. From
Fig. 4(a), one can notice that the population of the ground
state is almost unchanged after the SP3, and the population
of the excited states is significantly reduced. Therefore, the
electron ionized from the excited states by the subpulse SP3

contributes to the subpeaks in the spectrum. In order to ob-
tain deeper insight for the subpeak generation, we calculate the
photoelectron spectra at t = 130 o.c., and the continuum part
of the time-dependent wavefunction is artificially subtracted
at the instant t = 104 o.c., as presented by the blue dash dot
curve in Fig. 5. Compared with the case of the green dash
curve, the subpeaks disappear in the photoelectron spectrum.
Because the contribution of the ionized electron before SP3

is artificially removed, there only exists the ionized electron
from SP3 in the case of the blue dash dot curve. It means that
the subpeaks generation in the photoelectron spectra can be at-
tributed to the interference between the ionized electrons from
the subpulses SP2 and SP3.

As explained above, the subpeaks are generated from the
interference between the ionization from the subpulses SP2

and SP3. The feature of the subpeaks should be associated
with the parameters of these subpulses. The laser electric
fields with different T are present in Fig. 6(a). This figure
reveals that there has a slight difference for the subpulse SP3.
The photoelectron emission irradiated by the two pulses are
displayed in Fig. 6(b). There is a significant difference in the
subpeaks of the photoelectron emission, although the overall
structure of the photoelectron spectra is consistent. The dis-
crepancy is caused by the ionization delay of the atom irradi-
ated by the subpulse SP3.
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Fig. 6. (color online) (a) Time variation of sinusoidally phase-modulated
electric fields with different delay amplitude T ; (b) photoelectron spectra of
the hydrogen atom irradiated by the laser field of panel (a).

The more detailed photoelectron spectra from the atom ir-
radiated by the modulated pulse with the variety of T is shown
in Fig. 7. What stands out in this figure is that the energy of
subpeaks is proportional to the phase delay T . One may mea-
sure the modulated parameter of the shaping pulse using the
sensitivity of the photoelectron emission of the subpulse’s be-
havior.
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Fig. 7. (color online) Variety of photoelectron spectra of the hydrogen
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delay T .
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4. Conclusion
In summary, the atom is not only ionized but excited by

the main subpulse in the modulated pulse, then the excited
state can be further ionized by the successive subpulse after
the main one, the interference between the ionized electrons
from these subpulses leads to the subpeaks in photoelectron
spectra. Therefore, the inter-pulse interference of the photo-
electron emission can be observed from the atom in the ampli-
tude modulated sinusoidally phase-modulated pulse.
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S, Schffler M S, Burgdrfer J, Baltuka A and Kitzler M 2012 Phys. Rev.
Lett. 104 193004

[30] Shvetsov-Shilovski N I, Lein M, Madsen L B, Rsnen E, Lemell C,
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