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This paper explores the intra-layer synchronization in duplex networks with different topologies within layers and
different inner coupling patterns between, within, and across layers. Based on the Lyapunov stability method, we prove
theoretically that the duplex network can achieve intra-layer synchronization under some appropriate conditions, and give
the thresholds of coupling strength within layers for different types of inner coupling matrices across layers. Interestingly,
for a certain class of coupling matrices across layers, it needs larger coupling strength within layers to ensure the intra-layer
synchronization when the coupling strength across layers become larger, intuitively opposing the fact that the intra-layer
synchronization is seemly independent of the coupling strength across layers. Finally, numerical simulations further verify

the theoretical results.
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1. Introduction

Networks are ubiquitous in the real world, such as the In-
ternet, power grid, biological and ecological networks, social
networks, and so on. It is a very significant thing to unveil
the mechanism behind network collective behaviors, which is
still a research focus in network science fields. Synchroniza-
tion, as one of the collective behaviors, has attracted a great

[1-14] gince a great deal of work!!>! has been

deal of attention,
published, involving in phase synchronization, complete syn-
chronization, cluster synchronization, generalized synchro-
nization, and even chimera state. %! Most of the works on syn-
chronization investigated the relationship between synchro-
nization and topological structures, and how to implement
synchronization through the controllers or coupling strategies.

Very recently in the last few years, there has been in-
creasing interest in the multi-layer (or multiplex) networks

[22-26] where there are different connectiv-

or hypernetworks
ity patterns between layers, since one kind of networks is al-
ways interconnected with other kinds of networks, such as
power networks and computer networks, transport networks
and communication networks, and the single composite (sin-
gle connectivity pattern) network model does not well de-
scribe the feature of multi-layer networks. Naturally, syn-
chronization in multi-layer networks becomes a hot research

(275311 appear. Among them, He

topic, and the related works
et al.®! investigated the complete synchronization of multi-
agents in multi-layer networks through the Lyapunov stabil-

ity method, and state that complete synchronization depends

DOI: 10.1088/1674-1056/27/10/100503

on the joint synchronization region and the eigenvalues of
each layer. Based on the master stability function method,
with the hypothesis that the inner coupling function in mul-
tiplex networks is the same in each layer and across layers,

29301 explored the complete synchronization and

some works!
synchronizability from the view point of network topological
structures. Our recent work[*? extended the master stability
framework to multiplex networks with different inner coupling
functions within and across layers. With it, we studied simul-
taneously complete, intra-layer, and inter-layer synchroniza-
tions, and showed that the inner coupling function across lay-
ers has an important impact on the intra-layer synchornization,
but it is still completely unclear.

Intra-layer synchronization can be considered to some
extent as the mesoscale level between the microscopic level
(such as individual behaviors) and macroscopic large-scale
level (such as complete synchronization), which has received
increasing attention. Gambuzza et al.3*! analyzed the intra-
layer synchronization of a population of oscillators indirectly
coupled through an inhomogeneous medium. Shortly after-
wards, Jalan and Singh**! investigated nodes interactions in
one layer affecting the cluster synchronizability of the other
layer, and showed that at weak couplings, the multiplexing en-
hances the cluster synchronizability, while at strong couplings
this enhancement depends on the architecture as well as the
connection density of the other layer. Rakshit er al.[ ex-
plored the intra-layer and inter-layer synchronizations in mul-
tiplex networks where the intra-layer coupling interactions are

*Project supported in part by the National Natural Science Foundation of China (Grant Nos. 61573004 and 11501221), the Promotion Program for Young and
Middle-aged Teacher in Science and Technology Research of Huagiao University (Grant No. ZQN-YX301), the Program for New Century Excellent Talents
in Fujian Province University in 2016, and the Project of Education and Scientific Research for Middle and Young Teachers in Fujian Province, China (Grant

Nos. JAT170027 and JA15030).
fCorresponding author. E-mail: tomlk @hqu.edu.cn
© 2018 Chinese Physical Society and IOP Publishing Ltd

http://iopscience.iop.org/cpb http://cpb.iphy.ac.cn

100503-1


http://dx.doi.org/10.1088/1674-1056/27/10/100503
tomlk@hqu.edu.cn
http://iopscience.iop.org/cpb
http://cpb.iphy.ac.cn

Chin. Phys. B Vol. 27, No. 10 (2018) 100503

switched stochastically, and showed that the higher switching
frequency enhances both intra-layer and inter-layer synchro-
nizations. Tang et al.!*% studied the impact of the inter-layer
coupling function and the intra-layer coupling delay on the
intra-layer synchronization, and indicatd that the inter-layer
coupling strength neither improves nor weakens the intra-layer
synchronizability for certain inter-layer coupling functions.
However, these investigations are based on the master stability
function method, which is an approach for local stabilization.
These above researches motivate us to focus on the du-
plex networks where the intra- and inter-layers coupling func-
tions are different, and employ the Lyapunov stability method
(a global method) to investigate the intra-layer synchroniza-
tion. The main contribution in this paper is to give the intra-
layer synchronization criterion and the threshold of intra-layer
strengths for three classes of inter-layer coupling matrices, and
analyze and discuss their influences on the intra-layer synchro-
nization.
A du-
plex network with different inner coupling function within and
In Section 3, the
stability analysis based on the Lyapunov stability method is

The rest of this paper is organized as follows.
across layers is introduced in Section 2.

performed, and the corresponding synchronization criteria and
thresholds are presented for different types of inner coupling
functions across layers. In Section 4, some numerical exam-
ples are provided for further verifying the theoretical results
obtained in Section 3. Finally, some conclusions and discus-
sions are given in Section 5.

2. A duplex network model

A duplex network consisting of two layers whose one-to-
one connections between layers can be described as

di(1) = fA(ai(1) +¢ Y afj H(z; — ;)
j=1
+dr(yi_wi),; i=1,2...m, (1)
9i(t) = (1) +¢ Y ) H(y; — i)
j=1
+dI(x; —y;),

where @;(t) = f*(x;(t)) and y;(t) = f7(y;(t)) dominate the
i-th node of the x-layer and y-layer, respectively. A* = (a;‘j)
and AY = (a{ ]-) are adjacent matrices of x-layer and y-layer, re-
spectively, representing the topological structures within lay-
ers. If node i is connected with node j in the same layer,
then a;](y) =1, af](y ) — 0 otherwise. ¢ and d are the coupling
strengths within and across layers, respectively.

Function H (-) : R" — R" is the inner coupling one within
layers, describing the communication pattern between state
variables of nodes. I'(-) : R" — R" is the inner coupling func-

tion between the node in one layer and its corresponding node

in the other layer. They can be the linear or nonlinear func-
tions. For simplicity, H(-) and I'(-) are set as the different
linear functions here, namely, H (x) = Hx and I'(x) = I'x.
Hereafter, we also call H and I" the inner coupling matrices
for convenience. The diagram of duplex networks consisting

of x-layer and y-layer is shown in Fig. 1.

Y1 )2 V3

- % Ob»

Fig. 1. (color online) A diagram of the duplex network with 6 nodes in
each layer.

3. Intra-layer synchronization stability analysis

The so-called intra-layer synchronization means that all
the nodes of each layer synchronize to the common state
called the intra-layer synchronous state eventually, and the
synchronous states are different from each other. The duplex
network achieves complete synchronization if the synchronous
states are the same. Here, we focus on the nonidentical intra-
layer synchronous state in each layer, and theoretically ana-
lyze the intra-layer synchronization stability via the Lyapunov
stability method.

To begin with, Laplacian matrix Lo = (1ij)mxm associ-
ated with the adjacent matrix A*®) is described as

_afj(})v i 7& jv
lx()) = m ()
L / _
) Z 4 L=,
J=1#

m ]

which satisfies the dissipative property that ¥ lfj(’ ) = 0. Tak-
=

ing an example for further illustration, the adjacent matrices

within layers of the duplex network shown in Fig. 1.

01 0 0 01
1 01 010
01 00 0O

X __

AT= 000 O0O0T1 |’
01 00 0O
1 001 0O
000 01O
000 01O

: 000110

Y —

AT = 001 00O
1 11 0 0 1
000 01O
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and their Laplacian matrices are

2 -1 0 0 0 —I
13 -1 0 -1 0
0 -1 1 0 0 0
X __
=10 0 0 1 0 —1]
0 -1 0 0 1 0
10 0 -1 0 2
1 0 0 0 -1 0
0 1 0 0 —1 0
, 0 0 2 —-1-10
y —
=19 0-11 0 0
1 -1-10 4 -1

0 0 0 0 -1 1

With the Laplacian matrices, network (1) can be rewritten
as

m
j;i:f"(;c,-)—chj‘jHacj—dF(CL‘i—yi),

=1

fm i=1,2...m. (2)
i =f(y) —c Y [Hy; —dI(y; — ),

j=1

When network (2) obtains the intra-layer synchroniza-
tion, then the x-layer and the y-layer tend to the different syn-

m
. - 1 .
chronous states, respectively. Here, suppose & = .. ‘21 x; is the
=

y; is the one

synchronous solution of the x-layer, and g = %

Tras

1

m m

of the y-layer. It follows that
& fox ;) ZZ “Hxj+— Zdr
l 1j=

%Zﬁ(wi) +dI(g—2),
i=1

_ mi)

and similarly,

Dueto Y (x;—&)=0and Y (y;,—g) =0, one can get

s
g
\
[l
e
| — |
=
[l
\

) f"(wj)] =0, (3a)

Il
=

(3b)

s
<
|
t\d_/l
.—]
| re—
@
|

£ riw]-o.

Next, some assumptions and lemmas are addressed be-

Il
-

fore giving the main theoretical results.

Assumption 1 Assume the right function f(x) of the
nodal dynamical system satisfies the Lipschitz condition, i.e.,
there exists a positive constant ¢ such that

I1f () = f)ll < |z —yl|.

For the functions f*(-) and f”(-) in network (2), there exist
positive constants a; and ay, respectively, such that

1) = )l < aillz -y

and

1 ()

Remark 1 It is easy for continuous-time and bounded dy-

-l <afz-yl.

namical systems to satisfy Assumption 1, such as continuous-
time chaotic systems. Assumption 1 implies that the QUAD

condition[3#]

(z—y) (f(@)~ f(y) < Uz —y) (x—y).

Lemma 1571 Suppose hy,hs,... hy, and pi,pa,...,ps
are the eigenvalues of A and B, respectively. Then the eigen-
values of A® B are h; x p; (1 <i<m,1< j<s)where ®
represents the knocker product.

holds, namely

Theorem 1 Suppose that H is a positive definite matrix,
and I is a symmetric matrix. If the nodal dynamics f*(-) and
J7(+) satisfy Assumption 1, then there exist certain coupling
strengths ¢ and d, such that network (2) achieves intra-layer
synchronization.

Proof Denoting 67 = z; — & and §; = y; — ¢, via Eq. (3),
one can get the error system about the intra-layer synchronous

solution:
= f(xi) - f*(®) —ch"H&"
—dI'(67—6)),
i=1,2,....om. 4)
= (y) — —c Z L HE,
—dI'(8) - &)

Choose a Lyapunov candidate function
V() =

1 m 1 m ! .
where Vi(1) = 5 ¥ 6767 and Va(r) = 5 X 8.
i=1 i=1
Taking the derivative of Eq. (5) with respect to ¢ along the
trajectory of the error system (4), it yields

Vi(t) +Va(t), &)

V(t)=Vi(t) +Va(t).
Using Assumption 1
. o n XT .x
V] (t) - Z 6i (5l~
i=1
_ e xTr ex X (
= Lol @) - @
Z I5H& —dI (57 - 6))]
< Zalaﬂax —c) Z 1,67 H oY
i=1j=
—d Z 6T rel +d Z 6:'re,
i=1 i=1
and similarly
Wa(r) < Z @88 —cy) Z Lo He),
i=1j=

100503-3
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m m
~dY. 8'rs +ay 8" re;.
i=1 i=1

Denote M = max{aj,az}, § = [JTT, J’Z‘T, 6’3‘T,...,5fnT,

X
(STT, 6%’1‘, 6§T’,..,5%T]T e Rzmn’ L = (LO By) c R2m><2m’

and Q = <_[Im _I’; >,it yields
V(t) < M8"6—cd"(LoH)d —ds" (hy®T)6
T 0 Iy,
+d&"[(Iam (lm 0 >)®F]6

= 6" Mby — (Lo H)+d(Q®I))5.  (6)

Since L is a symmetric and zero row sum matrix due to
the fact that L* and L” are symmetric and zero row sum matri-
ces, there exists an orthogonal matrix U £ (w;,ua,. .., uz,)
such that

L=UAU",

where A is a diagonal matrix whose diagonal elements being
A AR AL A A, and 0= A <A <--- < A% and
0=A] <Ay <--- <A are eigenvalues of L* and L”, respec-
tively.

Let o = (UT®1,)d and denote o = (a],al, -] )T
where «; is an n-dimensional vector, and take ¢ = ¢+ 1 where

1

W(M+d7tmax((UTQU) ®I)),

[
we can get

V() < Ma'a—ca"(A@ H)a+da" (UTQU) @ IN)a(Ta)
(M = c2o(A® H) 4+ dApa(UTQU) @ T))a T (7b)
LA H)d"a= - (A H)8"S. (7¢)

IN

where A;(A ® H) is the smallest nonzero eigenvalue of
A® H, and A, (UTQU) @ I') is the largest eigenvalue of
(UTQu) I.

According to LaSalle’s invariance principle,*®! the net-
work (4) or network (2) achieves synchronization, and the
proof is completed.

Note 1 The inequality (7b) is based on the fact that
o) =0 and oy = 0 correspond to A} = 0 and A] =

0, respectively. In fact, the characteristic vector u; =

1
T(l,l,...71,0,0,...70)T corresponding to A = 0, and
m

a1 = (uT@1)6 = 01 +05+---+ 0y,

Vm
1 m
= — xz;i—mx | =0.
i 5eee)
.. 1 T .
Similarly, w1 = 7(070,...,07 1,1,...,1)" corresponding
m

to A =0, and a1 = (u), | ®1,)8 =0.

Remark 2 The intra-layer synchronous state is described
by

(@) +dl(g—2),

8-
I
AME

®)

I~ 3=
™=

f(@)+dl (& —7g).

Q-
Il
7

Actually, the intra-layer synchronization is complete synchro-
nization when & = §. However, the different nodal dynamics
between two layers, namely f* # f”, can guarantee nonoc-
currence of compete synchronization. Otherwise, the com-

o . . 1
plete synchronization solution s satisfies $ = — Y. f*(s) and
n;—

Lm . . .
$=—Y f¥(s) at the same time, which contradict each other.
nmi;—q

However, when f* # f, whether complete synchronization
takes place or not depends on the inter-layer coupling strength
d and matrix I".

Corollary 1 If the inner coupling matrix across layers I”
is a positive (definite) semi-definite matrix, and taking the in-
ner coupling matrix within layers H = I,,, then the network (2)
achieves intra-layer synchronization when

M
min{13.23)

Proof Since UTQU are the same eigenvalues 0, —2, as
those of @, according to Lemma 1, (UTQU )® I is a nega-
tive semi-definite matrix, and A2 (A® H) = A2 (A) Amin (H) =
min{A, 43 }. From the inequality (7b), it follows that

V(t) <min{A, 45} (6o — ¢)a’ o = min{A, 13 }(éo — )8 4.

The rest of the proof is easily completed.
Remark 3 It can be found from the threshold & that the
coupling strength ¢ for intra-layer synchronization depends on

C>E()é

the nodal dynamics (M) and the intra-layer topology structure
with weaker connectivity (the smaller of 15 and A45).
Corollary 2 If I' is a negative-definite (or semi-definite)
matrix, and taking H = I,,, then the network (2) achieves intra-
layer synchronization when
o= M—_. 2d i (F)
min{A5, 25}

Proof According to Lemma 1, (UTQU)®T is a positive
semi-definite matrix, and Apay (UTQU) ® I') = —2Anin (I).
The rest of the proof is easily completed.

Remark 4 In this case of negative-definite (or semi-
definite) I', besides both factors of nodal dynamics and intra-
layer topological structures, the coupling strength ¢ within
layers also depends on the coupling strength d across layers.
Specifically, a large c is required to draw the nodes within lay-
ers into the identical state when the strength d across layers
becomes large, please refer to Fig. 5. This is very interesting.
Intuitively, the intra-layer synchronization seems to have noth-
ing to do with the coupling strength d and the inner coupling
pattern I" across layers.

100503-4
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Remark 5 In general, a positive-definite matrix separates
the states trajectories due to its repulsive force. Therefore,
to realize mere intra-layer synchronization without inter-layer
synchronization, the matrix I" should be taken as the negative-
definite one such that (UTQU) ® I is a positive-definite one.
In other words, one should select an appropriate I" such that
the synchronous state of x-layer is unsynchronized with the
one of y-layer.

4. Numerical simulations

To show the effectiveness of the theoretical results, we
take the Lorenz chaotic system as network nodal dynamics in

both layers:
d
%:G(Xz—xl),
d
%=x1(ﬁ—X3)—X2, )
%*xx — X
e ¥x3,

where ¢ = 10, § =28, and v = 8/3. Since the Lorenz chaotic
system is global Lipschtiz continuous and bounded, one can
get the positive constant M = 50 by estimating the ultimate
bound of the Lorenz chaotic system.

The duplex network is composed of x-layer and y-layer,
and each layer has 100 Lorenz chaotic oscillators, respectively.
The x-layer is a BA scale-free network generated from the ran-
dom graph with the initial condition of my = 4. The y-layer is
an NW small-world network generated from the ring network
with the connection probability of p = 0.1. After fixing the
intra-layer topologies, the smallest eigenvalues of Laplacian
matrices are easily obtained. Here, Ay = 0.5772, A5 = 2.2402,
and the intra-layer inner coupling matrix H = diag{1,1,1}.

To measure network synchronization, we define the intra-
layer synchronization (sync.) error of x-layer and y-layer:

B = 1Y a2l B = LY il
=—) |lxi—@|[w, E" = — i — Yl|o,
m& i m & Yi—vy

and the complete synchronization error:

[ TP
I
2mi= 7

_ — (T T T , T ,T T\T
where 2 = (2i)amx1 = (1, T, -, Ty Y1 Y- Yp) > and

For further verification of the theoretical results, we se-
lect different inter-layer inner coupling matrices I" for numer-
ical simulations. Specifically, we take d = 0.1, and ¢ = 88
(which satisfies ¢ > ¢y = 50/0.5772 = 86.625) for the cases
of I' = diag(1,1,0) and I' = diag(0,0,1); ¢ = 91(> ¢ =

52/0.5772 =90.0901) for the cases of I' = diag(—1,—1,—1)
and I = diag(—1,1,1). Figures 2-5 show that each layer in
the duplex network converges to the respective synchronous
state, which verifies our theoretical results.

— z-layer —y-layer
s 4 ' ' ' ) ) b2
5§ 3| (@ 15} (b2)
J - 10
= 2 T
g 1 % 0.1 0.2 0.4
E 0 : : :
£ 1 e
0 0.2 0.4 0.6 0.8 1.0
Time
=
(_\;“
2
I
T o R N S
& =205 4 8 12 16 20
Time

Fig. 2. (color online) The intra-layer synchronization error (a) and x vari-
ables (b) of time, here I' = diag{1,1,0}, ¢ = 88, and d = 0.1. The small
picture (b2) inserted in panel (a) is the magnification of one segment in
panel (b1).

5 4 — z-layer —— y-layer
i 3l (a) 15} (b2)
= 10
— 1 E
;% 0 k U0 0.1 0.2 0.3 0.4
£
=R 0.2 0.4 0.6 0.8 1.0
=
N:‘
al
Il
& —20 4 ) 12 16 20
Time

Fig. 3. (color online) The intra-layer synchronization error (a) and x
variables (b) of time, here I' = diag{0,0,1}, ¢ = 88, and d = 0.1. The
small picture (b2) inserted in panel (a) is the magnification of one seg-
ment in (bl).

—x-layer — y-layer
5 4 - - - - - -
§ 51 @ 15) (b2)
w1 ]
[ % 0.1 0.2 0.3
- 0
£
£ —1 * - - - - - - - -
— 0 0.2 0.4 0.6 0.8 1.0
Time
&
o
~
I
=

0 4 8 12 16 20
Time

Fig. 4. (color online) The intra-layer synchronization error (a) and x

variables (b) of time, here I' = diag{—1,1,1}, ¢ =91, and d = 0.1.

The small picture (b2) inserted in panel (a) is the magnification of one

segment in panel (b1).
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— z-layer —y-layer
5 A
5 3 (2) 15| (®2) 1
g -
= 2 510 ]
E 1 5 |
= 0 0.1 0.2 0.3
% 0
= —1 . . . . . . . . .
- 0 0.2 0.4 0.6 0.8 1.0

Time

Fig. 5. (color online) The intra-layer synchronization error (a) and x
variables (b) of time, here I' = diag{—1,—1,—1},c=91,and d = 0.1.
The small picture (b2) inserted in panel (a) is the magnification of one
segment in panel (bl).

40

(a) c=1.5 d=0.1 — BYY
7EX
20 r EY 7
5 /\ MMNM
e o0& : :
g 0 5 10 15 20
o 40 : , .
15 (b) ¢c=15 d=1
§ WWWM\/\/WWW
S|
a
e oo A AN A
£ 0 5 10 15 20
s; 40 . : :
3 (c) ¢=60 d=1
204 1
0 ! ‘ ‘
0 5 10 15 20

Time

Fig. 6. (color online) Synchronization error of time for the duplex net-
work with 50 nodes in each layer, I = diag{—1,—1,—1} and different
combinations of ¢ and d. EXY, EX, and EY represent complete syn-
chronization, synchronization of x-layer and y-layer, respectively. It
indicates that a larger c is necessary for realizing intra-layer synchro-
nization when d increases from 0.1 to 1.

5. Conclusions and discussions

In summary, focusing on the duplex network where there
are different topological structures in each layer and differ-
ent inner coupling functions between, within, and across lay-
ers, we have theoretically studied the intra-layer synchroniza-
tion based on the Lyapunov stability method, and give some
synchronization criteria as well as the threshold of coupling
strengths within layers. The threshold depends not only on
the intra-layer topologies and nodal dynamics, but also on the
inter-layer coupling strength. When fixing nodal dynamics
and taking a positive-definite matrix as the inner coupling one
across layers, the threshold of intra-layer coupling strengths
is determined by the intra-layer topologies, i.e., the smaller
of nonzero smallest eigenvalues of the intra-layer Laplacians.
More interesting, for negative-definite (even indefinite) cou-

pling matrices across layers, the inter-layer coupling strength

has an influence on the intra-layer synchronization. In partic-
ular, a large inter-layer coupling strength needs a large intra-
layer coupling strength to drive the oscillators in each layer
into their respective synchronous states. Our results also show
that when the nodal dynamics between two layers is the same,
the negative-definite (even indefinite) coupling matrix across
layers may ensure no inter-layer but mere intra-layer synchro-
nization, coinciding with the result in Ref. [32] analyzed by
the master stability function method. Further theoretical in-
vestigation on why some coupling matrices across layers can
guarantee mere intra-layer synchronization but others cannot
is interesting. The results also can work for multiplex (more
than two-layer) networks.

However, what happens if the delay or directed topology
is taken account into, and what is the influence of delays and
directed connections on the intra-layer synchronization? As
these problems remain unsolved, it is worth further study.
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