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The phase order in a one-dimensional (1D) piecewise linear discontinuous map is investigated. The striking feature
is that the phase order may be ordered or disordered in multi-band chaotic regimes, in contrast to the ordered phase in
continuous systems. We carried out an analysis to illuminate the underlying mechanism for the emergence of the disordered
phase in multi-band chaotic regimes, and proved that the phase order is sensitive to the density distribution of the trajectories
of the attractors. The scaling behavior of the net direction phase at a transition point is observed. The analytical proof of
this scaling relation is obtained. Both the numerical and analytical results show that the exponent is 1, which is controlled
by the feature of the map independent on whether the system is continuous or discontinuous. It extends the universality of
the scaling behavior to systems with discontinuity. The result in this work is important to understanding the property of

chaotic motion in discontinuous systems.
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1. Introduction

Chaotic motion is a common phenomenon in many natu-
ral systems.!!=3] The well-known essential property of chaotic
motion is highly sensitive to the initial condition. During the
past few decades, the characteristics of chaos had been studied,
and a variety of theoretical tools and methods were proposed
and developed.[*'% In a coarse-grained description, the di-
rection phase introduced by Wang, Liu, and Hu translates the
real coordinate of the trajectory into a binary symbolic encod-
ing, and the net direction phase is defined to characterize the
complexity of discrete chaotic systems.>! The phase order has
been widely studied in single maps, coupled systems, and also
applied in data analysis. In a single discrete map, the sys-
tem in a chaotic regime may show regular dynamical behavior
in terms of phase order, i.e., the arrangement of the direction
phase is ordered, and meanwhile it has been proved that the
scaling behavior of the net direction phase at the transition
point is an intrinsic feature of the map itself.>!!! In analyzing
practical data, the direction phase can expose the phase lock-
ing relationship between different time series.'>!3 In coupled
chaotic systems, the direction phase has been widely used to
characterize phase synchronization.!!4-1°]

However, most of the related researches mainly focus on
systems that are continuous everywhere, so less work has been
done for discontinuous systems. '] Indeed, many realistic sys-
tems in different fields have the discontinuous property, such

5,[20-23 g, [24-26

as electronic circuit I relaxation oscillator ! and

economic systems.!?’] A typical representation of such sys-
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tems is the piecewise linear map with a gap, and many in-
teresting dynamic phenomena have been reported. Recently,
there has been increasing interest in studying the new dynam-
ical characteristics of discontinuous systems that are signifi-
cantly different from those in the continuous systems. 2830l
In the view of cyclicity of chaotic attractors, it was found that
multi-band chaotic attractors in continuous maps are cyclic,
while those in maps with discontinuities may be acyclic. !
We have to emphasize that the dynamical properties of dis-
continuous systems are far from being understood.

In this paper, we study the phase order in a one-
dimensional (1D) discontinuous map, which is used to rep-
resent the normal form of piecewise linear discontinuous sys-
tems. We present that the phase order in a multi-band chaotic
regime may be ordered or disordered, while it is ordered in
continuous systems. The mechanism of this phenomenon
roots in the relative position of the unstable fixed point to
the re-injecting segment of the map. Moreover, the change
of phase order is sensitive to the complex bifurcation struc-
ture of dynamics. In addition, the scaling exponent of the net
direction phase at a certain transition point is determined by
the feature of the mapping function, which agrees with that in
continuous systems.!!!l These results may help us to get deep
insight into the essence of discontinuous systems.

2. Model and method

The model employed in this work is a 1D piecewise linear
discontinuous map, which usually describes an ideal switch-
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ing in electronic switching circuits. Its bifurcation analysis

21-23

has been reported in many researches.! I The map has a

general form

fL(xn) =ax,+ U, if x, <0,
Xpt1 = (1)

fr(n) =bxp+u+1, ifx, >0,

where a, b, i, and [ are parameters. There is a discontinuous
boundary at x = 0 where the left and right limits of the map-
ping function are not identical. The symbols fi and fr stand
for the left and right branch of the mapping function, respec-
tively. The two critical values are fi,(0) = 1 and fr(0) = u+1.
In this work, we set parameters a = —0.6, b = —1.4,1 = 0.8,
and U as a varying control parameter. According to the linear
stability analysis, the system has two fixed points, i.e., a stable
fixed point xf = /(1 —a) in fi,, and an unstable fixed point
xg = (u+1)/(1—b)in fr. When u < 0, all orbits converge
to x{ . When u > 0, there is only one unstable fixed point x.

Figures 1(a) and 1(b) show the bifurcation diagram and
the Lyapunov exponent as u varies. The chaotic attractors ex-
ist in the region (o, 13) between the two periodic regimes and
show a complex bifurcation structure. When yy < gt < yy,
the chaotic attractors show the multi-band structure. At
two chaotic bands merge into one band. The critical point
u1 = 0.1716 is obtained by the collision between the attrac-
tor boundary and the unstable fixed point xi. As u goes
to Uy, the single band decomposes into two chaotic bands,
and then multiple bands as it increases afterward. This cri-
sis is due to the collision between the critical value fi (0)
and the unstable fixed point xi, which give the critical point
W =—-1/b=0.5714.

(a)

0 0.4 0.8 1.2 1.6 2.0
m

Fig. 1. Bifurcation diagram, Lyapunov exponent, and the net direction
phase, plotted in panels (a), (b), and (c), respectively. The vertical dotted
lines denote the bifurcation points i, i1, ta, and u3.

For a discrete map, the direction phase is defined as fol-
lows. If x,+1 > x,,, we get an up phase denoted by S(n) = 1,
and when x, 1 < x,, we get a down phase denoted by S(n) =

—1. A special example is the period-1 orbit, i.e., x,11 = x,, the
phase index is S(n) = 0. In order to investigate the regularity
of the chaotic attractors, we examine the net direction phase
as u varies. The net direction phase M is calculated from the
time average of S(n) over a long enough trajectory,

1 T
M==3 Sn). 2
n=1

M = 0 means that the phase order is regular. Otherwise, M # 0,
which indicates a disordered phase.

3. Results and discussion

Previous work on continuous maps shows that the phase
order always exhibits regular arrangement in the multi-band
chaotic regime, while at the band merging point the regular ar-
rangement becomes irregular. However, in this work, we find
that the phase order presents a different picture. The depen-
dence of the net direction phase M on the control parameter u
is shown in Fig. 1(c). In the calculation of M, we start from
initial value fr(0) to make sure the trajectory is always inside
the attractors, and 10° iterations are recorded for the time av-
erage at each parameter value. A trivial result appears when
the system is in the periodic regime, where M = 0. In the re-
gion Uy < U < U3, the system shows a multi-band structure
and we obtain a regular phase order because M = 0. As U is
decreased, a transition of the net direction phase from zero to
positive value arises at the bifurcation point u,. After that, we
obtain the disordered phase, which lasts till ty. It should be
noted that at the bifurcation point u;, the two chaotic bands
merge into one single band, but the transition of phase order
does not occur. Obviously, the phase order behaviors of the
chaotic attractors in the two regions are significantly different,
which presents an example for the rich transition scenarios due
to the discontinuous feature of the current system.

The complex transitions on the phase order described
above are governed by the characteristic of the mapping func-
tion as shown in Fig. 2. One may see that any trajectory
through the left branch may move to the right branch after one
iteration, which gives rise to a positive phase order S(0) = 1.
It then iterates cyclically around the unstable fixed point xg
for some time n before it re-injects into the left branch, by
which the trajectory makes a round trip. Where, the n-th iter-
ation contributes a negative phase order S(n) = —1. The sum
of the phase orders in this round trip depends on the parity of
n. When n is even, we have the same number of up and down
phases, and thus the sum of the phase orders of the iterations
on the right branch is 0. So the sum in the round trip is 1. On
the contrary, if n is odd, the first n — 1 iterations make pairs
and the phase order S(n) = —1 canceled out the initial phase
order S(0) = 1. Thus, the sum in this round trip is zero.
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Fig. 2. (color online) Mapping functions for three different parameters: (a) 4 =

/i map onto fr with up (down) phase.

Obviously, the overall net phase order is governed by the
details of the map. To explain how the map function influ-
ences the net phase order, drawn in Fig. 2 are the mapping
functions at three typical control parameters. There are three
important points A, B, and C in each of the plots, where A de-
notes the local minimum of the mapping function, B denotes
the local maximum whose horizontal coordinate is itself the
bottom border of the attractor, and C is the intersection of the
mapping function with the horizontal line connecting the fixed
point xg. The former case occurs in Fig. 2(a), where point C
is on the left side of point B and thus the vertical coordinate of
any point in segment AB is lower than xi;. Therefore, in any
round trip of the iteration process starting from (re-injecting
at) segment AB, the iteration in the right side produces an equal
number of up and down phases from any of the points in seg-
ment AB. Suppose there are L rejections, and n; iterations in
the i-th round trip, then the net phase order reads (according to
the definition in Eq. (2)),

[y p——— 3)
Yiiini

While the latter case occurs when the control parameter u >
U2 as shown in Fig. 2(c), where point C is on the right side
of A. In any round triple starting from anywhere in segment
AB, the number of iterations in the right side is odd. Thus the
net phase is M = 0. When u; < U < Uy, things becomes a bit
complicated, where point C enters segment AB and divides it
into two pieces, i.e., BC and CA. The re-injecting points may
fall in either BC or CA. If it is in CA, the net phase order is
calculated by Eq. (3). If it is in BC, the net phase order is zero.
Generally, we have
Ye, ;Z,- mod 2 @

=17

M =

Actually, the summation in the numerator of Eq. (4) is the
number of round trips with an even number of iterations in the

0.1, (b) u = 0.4, and (c) u = 0.7. The red (blue) lines indicate the points in

right branch (i.e., n; — 1 is even), denoted by N,. The denom-
inator is the total number of iterations, i.e., 7. Thus, the net
phase can be defined by the ratio M = N./T. To test this rel-
evance, we start an iteration process that persists for 7 = 10*
time steps at given it € (0, U5 ), and then plot in Fig. 3(a) all the
trajectories in the round trips through segment CA and record
the number of this type of round trips and denote it by Ne.
Where the blue line marked by B is the horizontal coordinate
of point B, i.e., xg(t), the red line marked by C is the hori-
zontal coordinate of C, i.e., xc(it), and the intersect of these
two lines gives the value of the critical parameter ;. The con-
trol parameter dependence of the ratio R = N./T is shown in
Fig. 3(b), which agrees very well with the result in Fig. 1(c).

0.3 <

0.2 <

0.1 4

Fig. 3. (color online) The density distribution of the orbital points in CA (a)
and the ratio R (b).

Considering the definition of the ratio R (or net phase or-
der M), figures 3(a) and 3(b) tell the same thing. Figure 3(a)
is only a visualized representation of Fig. 3(b), in which the
gray scale actually shows the density of trajectories visiting

the interval [xg(u),0] in phase space. In the figure, one may
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see that there are a great many dark lines, which are the for-
ward images of the discontinuous boundary in the mapping
function. The intersection of those dark lines produces a great
many cross points, and also confines many forbidden regions
in some situations. Meanwhile, the band merging occurs as
soon as the cross points that confine the forbidden regions in-
side the attractor collide with an unstable orbit. Those pro-
cesses have a deep influence on the density distribution and
the net phase order.

When u < i, the net phase or ratio R is determined by
the magnitude of n; and the size of attractor for a given iter-
ation sequence of length 7' according to Eq. (4). The darker
the point in Fig. 3(a) is, the smaller #n; is. In the range where
U € [0,0.0220], the attractor is a five-band chaotic attractor,
as shown by the very dark area of the figure. Thus we have
a relatively bigger R value. It increases as U increases since
the size of the attractor increases and meanwhile the decreas-
ing on the size of the forbidden region also induces additional
increasing of the attractor size. Near p ~ 0.0220, it has an
obvious uplift, which is due to the bands merging of the at-
tractor. When p € [0.0220,0.0765], the variation of R is flat
since the increasing on the sizes of the attractor and the forbid-
den region happen simultaneously. After that, we uncover an
interesting phenomenon, i.e., R undergoes a rapid decreasing
firstly and then a very fast increasing, as shown in the special
intervals marked by I and II in the figure. The lozenge re-
gions surrounded by the green lines in Fig. 3(a) are a response
to this special variation. They are sparsely filled by the tra-
jectories. The broadening of those regions inside segment AB
definitely results in the decreasing of R because the low den-
sity means the large n; in a round trip of iterations for a given
T. Therefore, the special shape of those sparse regions implies
the opposite tendency of R against the variation of the shape
itself. Those phenomena can be frequently encountered con-
sidering the self-similar structure of the chaotic attractor and
the bifurcation process. Apparently, things may become sim-
pler despite the change of the forbidden regions and the sparse
regions, and the merging of chaotic bands happens very often
when p > u;. The reason is that only the round trip of itera-
tions whose trajectories visit segment CA contribute a nonzero
net phase order to R, and the length of CA decreases as i is
increasing. Therefore, we found a decent tendency of R in
Fig. 3(b). When u > Uy, the length of CA goes to zero and
thus R =0.

In addition, we also observed the scaling behavior of the
net phase order as 1 is very close to the critical point (i, where
the band merging appears. The result is shown in Fig. 4. In
the continuous maps, the reported work reveals that the scaling
exponent is inversely proportional to the exponent of the map-

ping function. !> Here, in this discontinuous map, the map-

ping function is linear. The fitted slope of the line in the double
logarithm plot in the figure is 1.013 £ 0.003, and the intercept
is —1.124+0.02. It supports the conclusion in the continuous
map. According to the density distribution in Fig. 3(a), we
may get an analytical proof of the scaling by roughly assum-
ing that the trajectories of the chaotic attractors visit segment
AB with a uniform probability density. It is to say that the net
phase order can approximately equal to the ratio of the length
CAover AB,i.e., M() = |xc(u)|/|xs(pt)|. Simple calculation
yields
b2

lnM:ln5+lnm. 5)
where 6 = tp — pt. The scaling exponent is exactly 1, which
agrees very well with the numerical result, while the analytical
value of the intercept is 0.572, which is greater than the numer-
ical one. The reason is that there are actually many forbidden
regions in segment CA where the trajectory cannot enter. In
this rough estimation, it over counts this area into the nonzero
net phase; however, the physics revealed by Eq. (5) is right.

In (1,1

Fig. 4. (color online) The scaling of M near the critical point ;.

4. Conclusion

In this paper we investigate the phase order in a 1D piece-
wise linear discontinuous map. We have uncovered that the
regularity of phase order for the continuous map is not ap-
plicable for the discontinuous map. The phase order in the
multi-band chaotic regimes may be ordered or disordered, in
contrast to those in continuous systems where only the order
phase dominates. Our analysis reveals that the key to affect-
ing the transition of the phase order is the relative position the
unstable fixed point with respect to the re-injection segment
AB. Numerical computation displays that the direction phase
is sensitive to the density distribution of trajectories of the at-
tractors. The scaling behavior of the net direction phase at
a transition point is also observed, and the analytical expres-
sion of it is obtained. The scaling exponent is determined by

the feature of the map involved in the problem, which has no
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intrinsic difference against the continuous counterpart. It ex-

tends the universality of scaling behavior to the system with

discontinuity. The complex behaviors of the net phase in the

current work reveal rich dynamical phenomena in discontinu-

ous systems.
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