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The stabilizer group for an n-qubit state |φ〉 is the set of all invertible local operators (ILO) g = g1⊗ g2⊗ ·· ·⊗ gn,
gi ∈ G L (2,C) such that |φ〉 = g|φ〉. Recently, Gour et al. [Gour G, Kraus B and Wallach N R 2017 J. Math. Phys. 58
092204] presented that almost all n-qubit states |ψ〉 own a trivial stabilizer group when n ≥ 5. In this article, we consider
the case when the stabilizer group of an n-qubit symmetric pure state |ψ〉 is trivial. First we show that the stabilizer group
for an n-qubit symmetric pure state |φ〉 is nontrivial when n ≤ 4. Then we present a class of n-qubit symmetric states |φ〉
with a trivial stabilizer group when n≥ 5. Finally, we propose a conjecture and prove that an n-qubit symmetric pure state
owns a trivial stabilizer group when its diversity number is bigger than 5 under the conjecture we make, which confirms the
main result of Gour et al. partly.
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1. Introduction

Quantum entanglement[1] is a valuable resource for a va-
riety of tasks that cannot be finished by classical resource.
Among the most popular tasks are quantum teleportation[2]

and quantum superdense coding.[3] Due to the importance of
quantum entanglement, the classification of quantum entan-
glement states is a big issue for the quantum information the-
ory.

Entanglement theory is a resource theory with its free
transformation is local operations and classical communica-
tion (LOCC). As LOCC is hard to deal with mathematically,
and with the number of the parties of the quantum systems
growing, the classification of all entanglement states under the
LOCC restriction becomes very hard. A conventional way is to
consider other operations, such as stochastic LOCC (SLOCC),
local unitary operations (LU), and separable operations (SEP).

Two n-partite states |φ〉 and |ψ〉 are SLOCC equivalent[4]

if and only if there exists n invertible local operations (ILO)
Ai, i = 1,2, . . . ,n such that

|φ〉= A1⊗A2⊗·· ·⊗An|ψ〉. (1)

The classification for multi-qubit pure states under SLOCC is
attracting a great deal of attention.[5–10] However, there are an
uncountable number of SLOCC inequivalent classes in n-qubit
systems when n≥ 4, so it is a formidable task to classify mul-
tipartite states under SLOCC.

SEP is simple to describe mathematically and contains
LOCC strictly, as pure state transformations exist belonging
to SEP, but they cannot be achieved by LOCC. The authors in
Ref. [11] presented that the existence of transformations under
separable operations between two pure states depends largely
on the stabilizer of the state. Recently, Gour et al. showed
that almost all of the stabilizer group for 5 or more qubits pure
states contains only the identity.[12] The authors in Ref. [13]
generalized this result to n-qudit systems when n > 3,d > 2.

Symmetric states belong to the space that is spanned by
the pure states invariant under particle exchange, and there
are some results done on the classifications under SLOCC
limited to symmetric states.[14–18] The authors in Ref. [15]
proved if |ψ〉 and |φ〉 are n-qubit symmetric pure states, and
n invertible operations Ai, i = 1,2, . . . ,n exist such that |ψ〉 =
A1⊗A2⊗·· ·⊗An|φ〉, then there exists an invertible matrix A
such that

|ψ〉= A⊗n|φ〉. (2)

Moreover, Migdal et al.[16] generalized the results from qubit
systems to qudit systems.

In this article, we consider the problem on the stabilizer
groups for n-qubit symmetric states. This article is organized
as follows. In Section 2, we present preliminary knowledge
on n-qubit symmetric pure states. In Section 3, we present our
main results. First, we present the stabilizer group for an n-
qubit symmetric state is nontrivial when n≤ 4, then we present
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a class of n-qubit symmetric states whose stabilizer group is
trivial n ≥ 5, at last, based on the Majorana representation
for symmetric states, we apply the Möbius transformation to
present when the diversity number m of a pure symmetric state
|ψ〉 is 5 or 6, it owns a trivial stabilizer group, when m = 2,
the pure state |ψ〉 owns a nontrivial stabilizer group, 5 when
m = 4, there exists only one case when |ψ〉 owns a nontrivial
stabilizer group, when m ≥ 7, under a conjecture we make, a
symmetric pure state |ψ〉 owns a trivial stabilizer group. In
Section 4, we will end with a summary.

2. Preliminary knowledge
In this section, we will first recall the definition of sym-

metric states, and then we present the Majorana representation
for an n-qubit symmetric pure state.

A pure state |ψ〉 ∈ H2 can be represented by a point
on a Bloch sphere geometrically as |ψ〉 = cos(θ/2)|0〉 +
e iφ sin(θ/2)|1〉, here two parameters θ ∈ [0,π], φ ∈ [0,2π).

z/>^

↩z/>^

ψ〉

θ

φ

x̂

ŷ

Fig. 1. Bloch sphere.

We call an n-partite pure state |ψ〉 symmetric state if
it is invariant under permuting the particles. That is, for
any permutation operator Pπ ,Pπ |ψ〉 = |ψ〉. Generally, there
are two main characterizations for an n-qubit symmetric pure
state |ψ〉, Majorana representation[19] and Dicke representa-
tion. The Majorana representation for an n-qubit symmetric
pure state is that single particles |φi〉, i = 1,2, . . . ,n, exist such
that

|ψ〉= e iθ
√

K ∑
σ∈perm

|φσ(1)〉|φσ(2)〉 · · · |φσ(n)〉, (3)

where the sum runs over all distinct permutations σ , K is a
normalization prefactor, and the |φi〉 are single qubit states
|φi〉= cos(θi/2)|0〉+ e iφi sin(θi/2)|1〉, i= 1,2, . . .n, we would
denote |φi〉 as |φi〉= ai|0〉+bi|1〉 below. An n-qubit symmet-
ric pure state |ψ〉 can also be characterized as the sum of the

Dicke states |D(n,k)〉, that is,

|ψ〉= ∑xk|D(n,k)〉. (4)

Here the Dicke states |D(n,k)〉 are defined as

|D(n,k)〉= 1√
Ck

n
∑ |0 · · ·0︸ ︷︷ ︸

n−k

1 · · ·1︸ ︷︷ ︸
k

〉, (5)

where the sum runs over all the permutations of the qubits.
Up to a global phase factor, the parameters ai/bi in a pure
state |φi〉= ai|0〉+bi|1〉 are the roots of the polynomial P(z) =
∑(−1)kxk

√
Ck

nzk, here Ck
n denotes the binomial coefficient of

n and k.
Next we introduce an isometric linear map

M : L (H1,H2)−→H1⊗H2, (6)

|b〉〈a| −→ |b〉|a〉, (7)

here we denote that L (H1,H2) is the set of all linear maps
from the Hilbert space H1 to the Hilbert space H2. This map
is useful for considering the stabilizer group for a 2-qubit sym-
metric state. Now we introduce some properties of this map:

(i) Assume A ∈L (H1),B ∈L (H1), we have that

A⊗BM (X) = M (AXBT). (8)

(ii) Assume |ψ〉 ∈H1, |φ〉 ∈H2, then

M (|φ〉〈ψ|) = |φ〉|ψ̄〉. (9)

Then we recall the definition and some important prop-
erties of the Möbius transformation, which is useful for the
last part of this article. The Möbius transformation is defined
on the extended complex plane onto itself,[20] it can be repre-
sented as

f (z) =
az+b
cz+d

, (10)

with a,b,c,d ∈ C,ad − bc 6= 0. From the above equality,
we see that when c 6= 0, this function f : C− {−d/c} →
C−{a/c}, f (−d/c) = ∞, f (∞) = a/c, when c = 0, this func-
tion f : C→ C, f (∞) = ∞. The Möbius transformation owns
the following properties:

i) Möbius transformation maps circles to circles.
ii) Möbius transformations are conformal.
iii) If two points are symmetric with respect to a circle,

then their images under a Möbius transformation are symmet-
ric with respect to the image circle. This is called the “Sym-
metry Principle”.

iv) With the exception of the identity mapping, a Möbius
transformation has at most two fixed points.

v) There exists a unique Möbius transformation sending
any three points to any other three points.

vi) The unique Möbius transformation z→M(z) sending
three points q,r,s to any other three points q′,r′,s′ is given by

(M(z)−q′)(r′− s′)
(M(z)− s′)(r′−q′)

=
(z−q)(r− s)
(z− s)(r−q)

.
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vii) The Möbius transformation forms a group, Möbius
transformation is isotropic to the projective linear group
PSL(2,C)∼= SL(2,C)/{I,−I}.

As we know, the stereographic projection is a mapping
that projects a sphere onto a plane. This projection is defined
on the whole sphere except a point, and this map is smooth
and bijective. It is conformal, i.e., it preserves the angles at
where curves meet. By transforming the majorana points of a
pure state |ψ〉 to an extended complex plane, we may get the
following proposition.[21]

Lemma 1 Assume |ψ1〉, |ψ2〉 are two pure symmetric
states, if |ψ1〉 and |ψ2〉 are SLOCC-equivalent if there exists a
Möbius transformation (10) between their Majorana points.

At last, we recall two parameters defined in Ref. [14], the
diversity degree and degeneracy configuration of an n-qubit
symmetric pure state. Both parameters can be used to iden-
tify the SLOCC entanglement classes of all n-qubit symmetric
pure states. Assume |ψ〉 is an n-qubit symmetric pure state,

|ψ〉= eiθ
√

K ∑
σ∈perm

|φσ(1)〉|φσ(2)〉 · · · |φσ(n)〉,

up to a global phase factor, two states |φi〉 and |φ j〉 are identi-
cal if and only if aib j−a jbi = 0, and we define their number
as the degeneracy number. Then we define the degeneracy
configuration {ni} of a symmetric state |ψ〉 as the list of its
degeneracy numbers ni ordered in decreasing order. We de-
note the number of the elements in the set {ni} as the diversity
degree m of the symmetric state, it stands for the number of
distinct |φi〉 in Eq. (3). For example, for a 3-qubit GHZ state
|GHZ〉= (|000〉+ |111〉)/

√
2, we have |φ1〉= (|0〉+w|1〉)/2,

|φ2〉 = (|0〉+w2|1〉)/2, |φ3〉 = (|0〉+ |1〉)/2, w is roots of
P(z) = 1− z3, the degeneracy number of |GHZ〉 is 3, and the
degeneracy configuration of |GHZ〉 is {1,1,1}.

3. Main Results
First we present that the stabilizer group for a two-qubit

symmetric pure state |ψ〉 ∈H2⊗H2 is nontrivial.
Theorem 1 Assume that |ψ〉 is a 2-qubit symmetric pure

state, |ψ〉 = ∑
2
i=0 ci|D(2, i)〉, then the stabilizer group for the

state |ψ〉 is nontrivial.

Proof Assume A ∈ L (H2) and B ∈ L (H2) and A⊗
B|ψ〉= |ψ〉, then we have M−1(|ψ〉) = M−1(A⊗B|ψ〉), ac-
cording to the equality (8), we have that

AX = X(BT)−1. (11)

here we assume that

X =

(
c0 c1
c1 c2

)
, A =

(
a b
c d

)
, BT =

(
h − f
−g e

)
and det(B) = 1, then we can obtain the following equation set:

c0(e−a) = c1(b−g),

c0 f − c2b = c1(a−h),

c0c− c2g = c1(d− e),

c1( f − c) = c2(d−h).

(12)

As there are four equations and eight variables, then we know
that the rank of the solution vectors is more than 1, that is,
the stabilizer group for the state |ψ〉 contains more than the
identity. 2

Now we present a lemma to show an n-qubit symmetric
pure state owns a nontrivial stabilizer group when n = 3,4.

Lemma 2 Assume |ψ1〉 and |ψ2〉 are symmetric pure
states, and |ψ1〉 is SLOCC equivalent to |ψ2〉, if there exists
a nontrivial ILO g such that g⊗n|ψ1〉 = |ψ1〉, then the stabi-
lizer group for |ψ2〉 is nontrivial.

Proof As |ψ1〉 and |ψ2〉 are symmetric states, then
there exists an ILO h such that |ψ2〉 = h⊗n|ψ1〉. |ψ2〉 =
h⊗ng⊗n(h−1)⊗n|ψ2〉, that is, the stabilizer group for |ψ2〉 is
nontrivial. 2

In Ref. [14], the authors presented that a three-qubit sym-
metric pure state is SLOCC equivalent to |W 〉 or |GHZ〉. As
we know, when we choose

g =

(
exp(iπ/4) 0

0 exp(−iπ/2)

)
,

g⊗3|W 〉 = |W 〉, σ⊗3
z |GHZ〉 = |GHZ〉. From Lemma 2, we

see that the stabilizer group for all three-qubit pure symmetric
states is nontrivial. A four-qubit symmetric state is SLOCC
equivalent to one of the elements in

S =

{
|D(4,0)〉, |D(4,1)〉, |D(4,2)〉, |D(4,2)〉+ |D(4,0)〉

2
,
|GHZ〉+µ|D(4,2)〉√

1+µ2

}
,

then we present a nontrivial stabilizer for the elements in the

set S, for the state |D(4,0)〉, we have σ⊗4
z |D(4,0)〉= |D(4,0)〉,

for the state |D(4,1)〉, we choose an ILO

g =

(
exp(π i/6) 0

0 exp(3π i/2)

)
,

for the state |D(4,2)〉, we can choose an ILO g = σz, and for
the last element in the set S, we can also choose an ILO g= σz,
then due to the Lemma 2, we have the stabilizer group for all
four-qubit symmetric pure states is nontrivial. Note that for
four-qubit pure states, the authors in Ref. [18] also proposed
similar results.
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Here we denote

G≡ SL(2,C)⊗SL(2,C)⊗·· ·⊗SL(2,C)

K ≡ SU(2)⊗SU(2)⊗·· ·⊗SU(2)

G̃≡ GL(2,C)⊗GL(2,C)⊗·· ·⊗GL(2,C)

K̃ ≡U(2)⊗U(2)⊗·· ·⊗U(2). (13)

Next we will use the method proposed in Ref. [12] to give
a class of symmetric states with its stabilizer group contain-
ing only the identity. First we introduce the definition of SL-
invariant polynomials. A polynomial f : H −→ C is SL-
invariant if f (g|ψ〉) = f (|ψ〉), ∀g ∈ SL(2,C)⊗SL(2,C) · · ·⊗
SL(2,C), here we denote H = H2⊗H2⊗·· ·⊗H2 and

SL(2,C) =
{

A =

(
a11 a12
a21 a22

)
|ai j ∈ C , i, j = 1,2,det(A) = 1

}
.

f2 is an SL-invariant polynomial with degree 2, which is de-
fined as f2(|ψ〉) = (|ψ〉, |ψ〉) = 〈ψ∗|σ⊗n

y |ψ〉, here σy is the
Pauli operator with its matrix representation(

0 −i
i 0

)
.

Due to the property of σy, we have that when n is odd,
f2(·) = 0. Another polynomial, f4(|ψ〉), is a polynomial with
degree 4, it is defined as

f4(|ψ〉) = det
(
(|ψ0〉, |ψ0〉) (|ψ0〉, |ψ1〉)
(|ψ1〉, |ψ0〉) (|ψ1〉, |ψ1〉)

)
,

here we assume that |ψ〉 = |0〉|ψ0〉+ |1〉|ψ1〉. Below we de-
note the stabilizer group for a pure state |ψ〉 as

G̃ψ = {g1⊗g2⊗·· ·⊗gn ∈ G̃|g1⊗g2⊗·· ·⊗gn|ψ〉= |ψ〉}.

Example 1 Assume |ψ〉 is an n-partite symmetric pure
state (n ≥ 5), |ψ〉 = xk|D(n,k)〉+ xl |D(n, l)〉+ xn|D(n,n)〉,
k + l = n+ 1,k, l 6= n/2, gcd(k, l) = 1, here we denote that
gcd(k, l) is the greatest common divisor of k and l, then
G̃ψ = {I}.

Proof First we denote g2⊗g3⊗·· ·⊗gn as h and let

g1 =

(
a1 b1
c1 d1

)
,

then

g1⊗h|ψ〉= |0〉h
[
a1(xk|D(n−1,k)〉+ xl |D(n−1, l)〉)+b1(xk|D(n−1,k−1)〉+ xl |D(n−1, l−1)〉

+xn|D(n−1,n−1)〉)
]
+ |1〉h

[
c1(xk|D(n−1,k)〉+ xl |D(n−1, l)〉)

+d1(xk|D(n−1,k−1)〉+ xl |D(n−1, l−1)〉+ xn|D(n−1,n−1)〉)
]

= |0〉(xk|D(n−1,k)〉+ xl |D(n−1, l)〉)+ |1〉(xk|D(n−1,k−1)〉+ xl |D(n−1, l−1)〉+ xn|D(n−1,n−1)〉). (14)

Apply 〈0| ⊗ I⊗(n−1) to the left-hand side (LHS) and
the right-hand side (RHS) of the above equality, and we
denote that |ζ1〉 = xk|D(n−1,k)〉 + xl |D(n−1, l)〉, |ζ2〉 =
xk|D(n−1,k−1)〉+ xl |D(n−1, l−1)〉+ xn|D(n−1,n−1)〉,
then

h[a1|ζ1〉+b1|ζ2〉] = xk|D(n−1,k)〉+ xl |D(n−1, l)〉. (15)

Assume n is odd, then by using f2(·) to the equality (15),
we have 2b2

1xkxl = 0, b1 = 0. As |ψ〉 is a symmetric state, we
may assume

gi =

(
ai 0
ci di

)
, i = 2, . . . ,n,

due to g1⊗g2⊗·· ·⊗gn|ψ〉= |ψ〉 and through simple compu-
tation, we have ci = 0. Applying

gi =

(
ai 0
0 di

)
to the equality (14), we have di = λai, ∏di = 1, λ k = λ l = 1,
as gcd(k, l) = 1, we have λ = 1, that is G̃ψ = {I}.

When n is even, we use f4(·) to the equality (15), we have
2b4

1x2
kx2

l = 0, b1 = 0. From the same method as the case when
n is odd, we have that G̃ψ = {I}. 2

Then we present a class of symmetric critical states |ψ〉
with Gψ = {I}. First we present the definition of critical states
and a meaningful characterization of critical states. The set of
critical states is defined as:

Crit(Hn) = {ψ|〈ψ|X |ψ〉= 0,X ∈ Lie(G)}. (16)

Here Lie(G) is the Lie algebra of G. The critical set is valu-
able, as many important states in quantum information theory,
such as the Bell states, GHZ states, cluster states, and graph
states, belong to the set of critical states. Then we present a
fundamental characterization of critical states.

Lemma 3 (The Kempf–Ness theorem)
(I) ψ ∈ Crit(Hn) if and only if ||gψ|| ≥ ||ψ|| for all

g ∈ G, || · || denotes the Euclidean norm of |ψ〉 ∈Hn.
(II) If ψ ∈ Crit(Hn), then ||gψ|| ≥ ||ψ|| with equality if

and only if gψ ∈ Kψ . Moreover, if g is positive-semidefinite
then the equality condition holds if and only if gψ = ψ .

(III) If ψ ∈Hn, then Gψ is closed in Hn if and only if
Gψ ∩Crit(Hn) 6= /0.

Due to this lemma, Gour and Wallach in Ref. [22] showed
that ψ ∈Hn is critical if and only if all the local density ma-
trices of |ψ〉 are proportional to the identity. By the lemma
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in Ref. [12], for a class of pure states |ψ〉 ∈ Crit(Hn), if we
could show the set Kψ = {U1⊗U2⊗·· ·⊗Un ∈ K|U1⊗U2⊗
·· ·⊗Un|ψ〉= |ψ〉} contains only the identity, then Gψ = {I}.

Example 2 Assume

|ψ〉= a0|D(n,0)〉+an−1|D(n,n−1)〉

or

|ψ〉= a1|D(n,1)〉+an|D(n,n)〉

is an n-qubit symmetric critical pure state with n > 4, then
Gψ = {I}.

Proof At first we will prove Kψ = {I}. When |ψ〉 =
a1|D(n,1)〉+an|D(n,n)〉, assume U⊗n ∈K satisfies U⊗n|ψ〉=
|ψ〉, then

(U⊗U)ρ1,2(U⊗U)+ = ρ1,2, (17)

the equality (17) can be changed as

(U⊗U)

[
(n−2)|a1|2

n
|00〉〈00|+ |a1|2

n
(|01〉+ |10〉)(〈01|+ 〈10|)+ |an|2|11〉〈11|

]
(U⊗U)+

=
|a1|2(n−2)

n
|00〉〈00|+ |a1|2

n
(|01〉+ |10〉)(〈01|+ 〈10|)+ |an|2|11〉〈11|. (18)

As the formula on the RHS of the equality above can be seen
as a Schmidt decomposition, and U ⊗U cannot increase the
Schmidt rank, then U |1〉 = u1|1〉, as U is a unitary operator,
then U |0〉= u0|0〉. At last, due to U⊗n|ψ〉= |ψ〉, then we have
un−1

0 u1 = 1, un
1 = 1, i.e., u0 = u1. The other case is similar. 2

Here we present another proof on GLn = {I}, |Ln〉 is de-
fined in the equality (8) of the article.[12] Note that the exam-
ples above tell us Gψ = {I}, however, G̃ψ ⊃ {I}. It seems that
this result is simple, however, this method is very useful to
present nontrivial examples of states in n-qudit systems with
nontrivial stabilizer groups.[13]

Finally, I would like to apply Möbius transformation to
show when the diversity number m of an n-qubit symmetric
pure state |ψ〉 is 5 or 6, the stabilizer group of |ψ〉 is trivial,
when m≥ 7, under a conjecture we make, the stabilizer group
of |ψ〉 is trivial.

Assume a pure symmetric state |ψ〉 can be represented in
terms of Majorana representation:

|ψ〉= e iα
√

K ∑
σ∈perm

|φσ(1)〉|φσ(2)〉 · · · |φσ(n)〉, (19)

where the sum takes over all the permutations and K is the nor-
malization for the state |ψ〉. Due to the main results proposed
by Mathonet et al.,[15] we see that if |ψ〉 = g1 ⊗ g2 ⊗ ·· · ⊗
gn|ψ〉, then there exists an ILO g such that |ψ〉= g⊗n|ψ〉, i.e.,
if we could prove {g|g⊗n|ψ〉= |ψ〉}= {I}, then the stabilizer
group of |ψ〉 is trivial. From Eq. (19),

g⊗n|ψ〉= |ψ〉, (20)

∑
σ∈perm

⊗
i

g|φσ(i)〉= ∑
σ∈perm

⊗
i

|φσ(i)〉. (21)

Due to the uniqueness of the Majorana representation for a
symmetric state and according to the equality (21), we see that
there is a permutation σ such that

g|φi〉= λi|φσ(i)〉. (22)

Assume the diversity number of a symmetric state |ψ〉
is m, the divergence configuration for the state |ψ〉 is
{k1,k2, . . . ,km} with k1 ≥ k2 · · · ≥ km and ∑i ki = n. Then from
the Lemma 1 and the property iv) of Möbius transformation,
we have:

Corollary 1 Assume |ψ〉 is an n-qubit symmetric state,
its degeneracy configuration is {k1,k2, . . . ,km},m≥ 3, if there
exists ki,k j, and kl such that these three values are unequal to
the residual elements in the set, then the stabilizer group for
the state |ψ〉 contains only the identity.

Finally, we talk about the stabilizer group for an n-qubit
symmetric pure state |ψ〉 with the increase of the diversity
number m of |ψ〉, when m = 2 the stabilizer group for |ψ〉
is nontrivial, when m ≥ 5, under a conjecture we make, the
stabilizer group for |ψ〉 is trivial.

m = 1 (separable states): When a symmetric state |ψ〉 is
separable, then it can be represented as

|ψ〉= |εε · · ·ε〉, (23)

it is easy to see when an ILO g satisfies that |ε〉 is an eignvector
of g, g⊗n is the stabilizer for the state |ψ〉.

m = 2: In this case, the state |ψ〉 can be represented as

|ψ〉= e iθ
√

K ∑ |ε1 · · ·ε1︸ ︷︷ ︸
k1

ε2 · · ·ε2︸ ︷︷ ︸
n−k1

〉, (24)

where the sum takes over all the permutation of k1 |ε1〉s and
n− k1 |ε2〉s. In this case, when k1 6= n− k1, first we de-
note a local operator h = [|ε1〉, |ε2〉]−1, this means if |ε1〉 =
a1|0〉+b1|1〉, |ε2〉= a2|0〉+b2|1〉,

h =

(
a1 a2
b1 b2

)−1

,

then g can be written as

g = h−1
(

λ1 0
0 λ2

)
h.
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When k1 = n− k1, the ILO g can also be written as

g = h−1
(

0 λ2
λ1 0

)
h, h = [|ε1〉, |ε2〉]−1.

When m ≥ 3, due to Lemma 3, by searching for a non-
trivial Möbius transformation between the Majorana points of
the pure state |ψ〉, we can see whether a pure state |ψ〉 owns a
nontrivial stabilizer group.

When m = 3, assume the degeneracy configuration of a
pure state |ψ〉 is {k1,k2,k3}, due to the property v), we see
that except when k1 6= k2 6= k3, |ψ〉 owns a nontrivial stabilizer
group.

Here we assume that each zi is not ∞, as if there exists k
such that zk = ∞, we can always make zk not be ∞ by Möbius
transformation. When m = 4, assume the degeneracy configu-
ration of the pure state |ψ〉 is {k1,k2,k3,k4}, when all the four
numbers are different from each other or only two of them are
equal, the stabilizer group for |ψ〉 is trivial. First we show
when k1 = k2, k3 = k4, the stabilizer group is nontrivial, i.e.,
there exists a nontrivial Möbius transformation f that can per-
mute zi, i = 1,2,3,4. Let f (z1) = z2, f (z2) = z1, f (z3) = z4,

f (z4) = z3, from the property vi) of the Möbius transforma-
tion, we see f exists. When three of them are equal, we can
always assume k1 = k2 = k3 6= k4, then the Möbius transfor-
mation f should satisfy one of the following cases,

I) f (z1) = z2, f (z2) = z3, f (z3) = z1, f (z4) = z4;
II) f (z1) = z2, f (z2) = z1, f (z3) = z3, f (z4) = z4;
III) f (z1) = z1, f (z2) = z3, f (z3) = z2, f (z4) = z4;
IV) f (z1) = z3, f (z3) = z1, f (z2) = z2, f (z4) = z4.
Here we only consider the first two cases, the other two

are similar to the second one. In case I), from property vi) of
Möbius transformation f , we have

(z1− z2)(z3− z4)

(z1− z4)(z3− z2)
=

(z2− z3)(z1− z4)

(z2− z4)(z1− z3)

=
(z3− z1)(z2− z4)

(z3− z4)(z2− z1)
,

(z1− z3)(z2− z4)

(z1− z4)(z2− z3)
=

(z2− z1)(z3− z4)

(z2− z4)(z3− z1)

=
(z3− z2)(z1− z4)

(z3− z4)(z1− z2)
, (25)

from the above equalities, we have

(z1− z4)
2(z2− z3)

2 +(z1− z2)(z3− z4)(z2− z4)(z1− z3) = 0, (26)

(z1− z2)
2(z3− z4)

2 +(z1− z4)(z2− z3)(z3− z1)(z2− z4) = 0, (27)

then from Eqs. (26) and (27), we have

(z1− z4)(z2− z3)(z2− z4)(z1− z3) = 0, (28)

i.e., z1 = z4, z2 = z3, z4 = z2, or z3 = z1, however, each of these
four conditions is invalid, that is, case I) is invalid. For case
II), we may also from property vi) of Möbius transformation
f have

(z1− z2)(z3− z4)

(z1− z4)(z2− z3)
=

(z2− z1)(z3− z4)

(z2− z4)(z3− z1)
, (29)

(z1− z3)(z2− z4)

(z1− z4)(z2− z3)
=

(z1− z4)(z2− z3)

(z1− z3)(z2− z4)
, (30)

from the above equalities, we have

(z1− z3)(z2− z4)− (z2− z3)(z1− z4) = 0, (31)

(z1− z2)(z3− z4) = 0, (32)

this is invalid. Then we see the above four conditions are in-
valid. When k1 = k2 6= k3 6= k4, similar to the above analyses,
the stabilizer group for the pure states is trivial. Then we see
that only when k1 = k2, k3 = k4 the stabilizer group is nontriv-
ial.

Here we note that when |ψ〉 is a four-qubit symmetric
pure state, |ψ〉 always owns a nontrivial stabilizer group. As

the diversity configuration can only be {1,1,1,1}, {2,1,1},
{3,1}, or {4}, from the above analyses, we see that the stabi-
lizer group is nontrivial.

When m = 5, assume the degeneracy configuration of the
pure state |ψ〉 is {k1,k2,k3,k4,k5}. First we analyze the case
when k1 = k2 = k3 = k4 = k5, if the stabilizer group is non-
trivial, then there exists a nontrivial Möbius transformation f
that can permute zi, i = 1,2,3,4,5, and we need to consider the
following cases,

Case a) f (z1) = z2, f (z2) = z3, f (z3) = z4, f (z4) = z5,
and f (z5) = z1;

Case b) f (z1) = z2, f (z2) = z3, f (z3) = z4, f (z4) = z1,
and f (z5) = z5;

Case c) f (z1) = z2, f (z2) = z3, f (z3) = z1, f (z4) = z4,
and f (z5) = z5;

Case d) f (z1) = z2, f (z2) = z3, f (z3) = z1, f (z4) = z5,
and f (z5) = z4;

Case e) f (z1) = z2, f (z2) = z1, f (z3) = z4, f (z4) = z3,
and f (z5) = z5.

Similar to the analysis when m = 4, we have that the
above case c) is invalid. For case d), we can consider the
Möbius transformation g = f ◦ f , as g(z1) = z3, g(z2) = z1,
g(z3) = z2, g(z4) = z4, g(z5) = z5, so Case d) is invalid. For
Case e), we can get
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(z1− z4)(z2− z5)(z3− z5)+(z1− z5)(z2− z3)(z4− z5) = 0, (33)

(z1− z5)(z2− z4)(z3− z5)+(z1− z3)(z2− z5)(z4− z5) = 0, (34)

(z1− z5)(z2− z3)(z4− z5) = 0. (35)

Then Case e) is invalid. For Case b), similar to the analysis
when m = 4, we see this is invalid. For Case a), we have

(z2− z3)(z4− z5)

(z2− z5)(z4− z3)
=

(z4− z5)(z1− z2)

(z4− z2)(z1− z5)
, (36)

(z1− z2)(z3− z4)

(z1− z4)(z3− z2)
=

(z3− z4)(z5− z1)

(z3− z1)(z5− z4)
, (37)

(z5− z3)(z4− z2)

(z5− z2)(z4− z3)
=

(z5− z3)(z1− z4)

(z5− z4)(z1− z3)
, (38)

(z5− z2)(z1− z4)

(z5− z4)(z1− z2)
=

(z5− z2)(z1− z3)

(z5− z3)(z1− z2)
(39)

(z5− z4)(z2− z1)

(z5− z1)(z2− z4)
=

(z2− z3)(z5− z4)

(z2− z4)(z5− z3)
(40)

from the equalities (36) and (37), we have

(z2− z3)(z5− z1) = (z5− z2)(z4− z3)+(z5− z4)

·(z1− z3), (41)

combining Eqs. (41) and (38), we have

(z2− z3)(z5− z1)(z1− z4) = (z5− z4)(z1− z3)

·(z1− z2), (42)

combining Eqs. (42) and (39), we have

(z1− z4)(z5− z3)(z1− z2) = (z1− z4)(z2− z3)

·(z5− z1), (43)

similarly, we have

(z1− z4)(z2− z3) = (z3− z4)(z1− z2), (44)

combining Eqs. (43) and (44), we have z1 − z2 = z2 − z3,
then combining Eq. (40) and the above equality, we have
(z2− z4)(z3− z1) = 0, then we see this is invalid. Due to the
above analyses, we see that when m = 5, the pure state |ψ〉
owns a trivial stabilizer.

When m = 6, assume the degeneracy configuration of |ψ〉
is {k1,k2, . . . ,k6} with k1 = k2 = · · ·= k6, here we first present
that there cannot exist a Möbius transformation f such that
f (z1) = z2, f (z2) = z3, . . . , f (z5) = z6, f (z6) = z1. Here we
also apply the method reductio ad absurdum. If there exists
a Möbius transformation f satisfying f (z1) = z2, f (z2) = z3,
. . . , f (z5) = z6, f (z6) = z1, due to the property vi) of Möbius
transformation, we have

(z1− z4)(z3− z2)

(z1− z2)(z3− z4)
=

(z1− z4)(z5− z6)

(z1− z6)(z5− z4)
, (45)

(z1− z6)(z5− z4)

(z1− z4)(z5− z6)
=

(z3− z2)(z1− z6)

(z1− z2)(z3− z6)
, (46)

that is,

(z1− z2)(z3− z4)(z5− z6)− (z1− z6)(z3− z2)(z5− z4) = 0, (47)

(z1− z2)(z3− z6)(z5− z4)− (z1− z4)(z3− z2)(z5− z6) = 0, (48)

(z6− z4)[(z1− z2)(z3− z5)+(z1− z5)(z3− z2)] = 0. (49)

Due to Eq. (49) and z4 6= z6, if we could prove (z1− z2)(z3−
z5)+(z1− z5)(z3− z2) = 0 is invalid, then this case is invalid.
Due to the Möbius transformation f , we have

(z3− z4)(z2− z6)

(z3− z6)(z2− z4)
=

(z4− z5)(z3− z1)

(z3− z5)(z4− z1)
, (50)

(z1− z5)(z2− z6)

(z1− z6)(z2− z5)
=

(z3− z1)(z4− z2)

(z3− z2)(z4− z1)
(51)

from Eq. (45) and (z1− z2)(z3− z5)+ (z1− z5)(z3− z2) = 0,
we have

z2− z6

z2− z5
=

(z3− z1)(z4− z6)

(z3− z5)(z4− z1)
, (52)

combining Eq. (50) and Eq. (52), we have z4− z6 = 0, which
is invalid.

Combining the results when m = 5,6, we may conjecture
that:

Conjecture 1 Assume z1,z2, . . . ,zn are n different points
on the extended complex plane with n≥ 5, there does not ex-
ist a Möbius transformation f such that f (z1) = z2, f (z2) = z3,
f (z3) = z4, . . . , f (zn) = z1.

As it is easy to see that when n = 4k, k ≥ 2, the above
conjecture is valid by the similar idea when n = 5,6, we think
the above conjecture can be proven by the similar idea as when
n = 5,6.

Next we assume the degeneracy configuration of |ψ〉 is
{k1,k2, . . . ,kn}, if the stabilizer group of |ψ〉 is nontrivial, we
could assume there exists a Möbius transformation f such
that f (z1) = z2, f (z2) = z3, . . . , f (zi1) = z1, f (zi1+1) = zi1+2,
f (zi1+2) = zi1+3, . . . , f (zi2) = zi1+1, . . . , f (zi j+1) = zi j+2, . . . ,
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f (zi j+1) = zi j+1, when there exists k such that ik+1− ik ≥ 5, k ∈
{0,1,2, . . . , j}, the stabilizer group for the state |ψ〉 is trivial.
From the above analyses, it seems only when ∀k, ik+1− ik = 2,
k∈{0,1,2, . . . , j}, or ik+1− ik = 3, k∈{0,1,2, . . . , j}, the pure

state |ψ〉 owns a nontrivial stabilizer group, for the first case, it
is enough to prove when n = 6, if there exists a Möbius trans-
formation f such that f (z1) = z2, f (z2) = z1, . . . , f (z5) = z6,
f (z6) = z5. Similar to the analyses mentioned above, we have

(z1− z2)(z3− z5)

(z1− z5)(z3− z2)
=

(z2− z1)(z4− z6)

(z2− z6)(z4− z1)
,

(z3− z5)(z2− z6)(z1− z4) = (z1− z5)(z3− z2)(z4− z6), (53)

(z3− z5)(z2− z6)(z1− z4)(z1− z2) = (z2− z1)(z1− z5)(z3− z2)(z4− z6), (54)
(z1− z4)(z2− z6)

(z1− z6)(z2− z4)
=

(z2− z3)(z1− z5)

(z2− z5)(z1− z3)
,

(z1− z4)(z2− z6)(z2− z5)(z1− z3) = (z1− z6)(z2− z4)(z2− z3)(z1− z5), (55)

combining Eqs. (54) and Eq. (55), we have

(z2− z5)(z3− z1)(z4− z6) = (z3− z5)(z1− z6)(z2− z4), (56)

from Eqs. (53)–(56), we have

(z4− z6)(z1− z2)(z3− z5) = 0, (57)

as these six points are not identical, this is invalid. Next we
prove the case ik+1 − ik = 3, k ∈ {0,1,2, . . . , j} is invalid,
here we also consider when m = 6, if there exists a Möbius
transformation f such that f (z1) = z2, f (z2) = z3, f (z3) = z1,
f (z4) = z5, f (z5) = z6, f (z6) = z4, then we have

(z1− z3)(z4− z5)

(z1− z5)(z4− z3)
=

(z3− z1)(z5− z6)

(z3− z6)(z5− z1)
, (58)

as each point is not identical to the others, then we have

(z4− z3)(z5− z6) = (z4− z5)(z3− z6)→ (z4− z6)(z5− z3)

= 0. (59)

As each point is not identical to the others, this is invalid. So
under the conjecture we make, we have when the diversity
number m of an n-qubit symmetric pure state |ψ〉 is larger than
5, the stabilizer group of |ψ〉 is trivial.

4. Conclusion
In this article, we consider the stabilizer group for a sym-

metric state |ψ〉. First we present that the stabilizer group for
an n-qubit symmetric state |ψ〉 contains more than the iden-
tity when n = 2,3,4; then similar to the method presented
in Ref. [12], we give a class of states whose stabilizer group
contains only the identity; we also propose a class of states
|ψ〉 with Gψ = {I}, G̃ψ 6= {I}; finally, we apply the Möbius
transformation to present when the diversity number m of a
symmetric pure state |ψ〉 is 5 and 6, the pure state |ψ〉 owns
a trivial stabilizer group, and when m ≥ 7, it is valid under
the conjecture we make. This may confirm the main result in
Ref. [12] partly when considering the n-qubit symmetric pure
states.

References
[1] Horodecki R, Horodecki M and Horodecki K 2009 Rev.

Mod. Phys. 81 865
[2] Bennett C H, Brassard G, Crépeau C, Jozsa R, Peres A
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