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The original formula of Bell inequality (BI) in terms of two-spin singlet has to be modified for the entangled-state with
parallel spin polarization. Based on classical statistics of the particle-number correlation, we prove in this paper an extended
BI, which is valid for two-spin entangled states with both parallel and antiparallel polarizations. The BI and its violation
can be formulated in a unified formalism based on the spin coherent-state quantum probability statistics with the state-
density operator, which is separated to the local and non-local parts. The local part gives rise to the BI, while the violation
is a direct result of the non-local quantum interference between two components of entangled state. The Bell measuring
outcome correlation denoted by Pg is always less than or at most equal to one for the local realistic model (P]lg“ <D
regardless of the specific superposition coefficients of entangled state. Including the non-local quantum interference the
maximum violation of Bl is found as P§'®* = 2, which, however depends on state parameters and three measuring directions

as well. Our result is suitable for entangled photon pairs.

Keywords: Bell inequality, quantum entanglement, non-locality, spin coherent state
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1. Introduction

The non-locality is the most striking characteristic of
quantum mechanics beyond our intuition of space and time
in the classical field theory.['! It has no classical coun-
terpart and therefore has been receiving continuously the-
oretical attention ever since the birth of quantum mechan-
ics. The two-particle entangled-state as a typical example of
non-locality was originally considered by Einstein—Podolsky—
Rosen to question the complicity of quantum mechanics. It has
become the essential ingredients in quantum information and
computation.!*% The quantum nonlocal correlation by local
measurements on distant parts of a quantum system is a con-
sequence of entanglement, which is incompatible with local
hidden variable models.[”! This was discovered by Bell, who
further established a theorem known as Bell inequality (BI)!”!
to provide a possibility of quantitative test for non-local cor-
relations, which lead necessarily to the violation of BI. The

8-13] for the violation of

overwhelming experimental evidence!
BI in some entangled-states invalidates local realistic interpre-
tations of quantum mechanics. Various extensions of the orig-
inal BI have proposed from both theoretical and experimen-

(14211 The nonlocality has been also justified

tal viewpoints.
undoubtedly in various aspects.['*13] Soon after the pioneer
work of Bell, Clauser—Horne—Shimony—Holt (CHSH) formu-

lated a modified form of the inequality,??! which is more suit-

DOI: 10.1088/1674-1056/27/10/100303

able for the quantitative test and therefore attracts most at-
tentions of experiments. An alternative inequality for the lo-

r[23-25] known as

cal realistic model was formulated by Wigne
Wigner inequality (WI), which needs measurements of par-
ticle number probabilities only along one direction of spin-
polarization. It is assumed that the joint probability distribu-
tions for measuring outcomes satisfy the locality condition!%¢!
in the underlying stochastic hidden variable space. The exper-
imental evidence strongly supports the quantum non-locality,
however the underlying physical-principle is obscure.?” Var-
ious aspects relating to the initial debate remain to be fully
understood.

In order to have a better understanding of the underly-

[28.29] formulated the

ing physics we in previous publications
BI and its violation in a unified formalism by means of the
spin coherent-state quantum probability statistics along with
the assumption of measurement-outcome-independence. The
density operator of a bipartite entangled-state can be separated

[29] with which the mea-

into the local and non-local parts,
suring outcome correlation is then evaluated by the quantum
probability statistics in the spin coherent-state base vectors.
The local part of density operator gives rise to the BI, while
its violation is a direct result of non-local correlations of en-
tangled states.>”! We predicted a spin parity effect!>8] in the

violation of BI, which is violated by the entangled-states of
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half-integer but not the integer spins. It was moreover demon-
strated that the violation is seen to be an effect of Berry phase
induced by relative-reversal measurements of two spins.

The original formula of BI is actually valid for arbitrary
two-spin entangled-state with antiparallel polarization!*’! be-
yond the singlet state. However, it has to be modified by the
change of a sign for the parallel spin polarization.! It is an
interesting question whether or not a unified inequality ex-
ists for both antiparallel and parallel spin-polarizations. It is
the main goal of the present paper to establish an extended
BI valid for two kinds of entangled states. Following the
recent work for the maximum violation®!! of WI, the max-
imum violation bound of the BI is also obtained to demon-
strate a fact that the BI with three-direction measurements is
equally convenient as CHSH inequality for the experimental
test. A loophole-free experimental verification of the viola-
tion of CHSH inequality was reported recently by means of
electronic spin associated with a single nitrogen-vacancy de-

32,331 and also for the two-photon

34]

fect center in a diamond chip!
entangled states with mutually perpendicular polarizations.|
The formalism and results in the present paper are also suitable
for the entangled photon pairs.

2. Spin coherent-state quantum probability
statistics and BI

In our formalism the Bell-type inequalities and their vio-
lation are formulated in a unified manner by means of the spin
coherent-state quantum probability statistics.[?®>°1 We begin
with an arbitrary two-spin entangled state with antiparallel po-
larization

W/>:C1‘+7_>+C2|_7+>1 (1)

where |+) are considered as the usual spin-1/2 eigenstates
(6;]+) = £|+)). The normalized coefficients can be param-
eterized as c; = e'sin&, ¢ = e Mcosé in terms of the ar-
bitrary real parameters 1, &. The density operator of an en-
tangled state can be separated to the local (or classical) and
non-local (or quantum coherent) parts such that

fA) = ﬁlc+ﬁr1lc- (2)
The local part
Prc = sin? &+, =) (+,—| +cos?E|—, ) (—,+],  (3)

which is the classical two-particle probability-density opera-
tor, gives rise to the local realistic bound of measuring out-
come correlation, namely the BIs. While the non-local part

Pric = sin& cos& (&7, =) (= + 27—, +) (+,])

describing the quantum coherence between two remote spins

28,29

results in the violation of the BIs.?®?°! For the entangled state

of parallel polarization
) = cil+,+) +c2f = —),
the local and non-local parts of density operator become!*"!
pre = sin® |+, +) (+,+ +eos?E|— =) (- |, @
and
Pric = sin& cos & (M|, +) (=, | + e 72—, =) (+,+)
respectively.

2.1. Spin measuring outcome correlation and BI

We assume to measure two spins independently along
two arbitrary directions, say a and b. Each measuring out-
come falls necessarily into the eigenvalues of projection spin-
operators 6 -a and 6 - b, i.e.,

6-alta)==*|xa), 6-b|L£b)==|1b),

according to the quantum measurement theory. Solving the
above eigenvalue equations for each direction r (r = a,b) we
obtain two orthogonal eigenstates given by

0, .6
|+r>:cos?|+>+sm5e‘¢’"|—>,

0 0, .
[—7) :sin5r|+>fcosée‘¢’|f>, 5)

where the unit vector r = (sin 6, cos ¢, sin 8, sin ¢,,cos 6,) is
parameterized with the polar and azimuthal angles 6,, ¢,.
The two orthogonal states | == 7) are known as spin coherent
states of north- and south-pole gauges.>>=37] The eigenstates
of projection spin-operators 6 - a and 6 - b form a measuring-
outcome independent vector base for two spins measured re-
spectively along the a, b directions. The four base vectors are
labeled as

1) = |+a,+b),
3) =[—a,+b),

|2> = ‘+a”_b>7
|4> = ‘70,,*()) (6)

for the sake of simplicity. The measuring outcome

correlation*3% is obviously

P(a,b) =Tr[Q(a,b)p] = p11 — P2 — P33+ paa,  (7)

where
Q(ab) =(6-a)(6-b)

is the spin correlation operator and p; = (i|pi) (i =1,2,3,4)
denote matrix elements of the density operator. The measuring
outcome correlation can be also separated to local and non-
local parts

P(Cl,b) = Rc(a;b) +Pnlc(a7b)v

100303-2
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with

P'lc(aa b) = Tr[f) (aab)ﬁlC]a

and

Puic(a,b) = Tr[Q(a,b)puic].

Submitting the local parts of density operators Egs. (3) and (4)
into the local measuring-outcome correlation Py (a,b) we have

P(a,b) = Fcos O, cos 6y,

respectively for the antiparallel and parallel spin polarizations.

The BI becomes correspondingly *%2]

1 iPlc(bac) > |Plc(aab) - Plc(aac)|
for the antiparallel and parallel entangled states.

2.2. Particle-number correlation probability
In the Wigner formalism®!! the particle-number correla-

tion probability is considered instead of the spin measuring-
outcome correlation. The quantity defined by

N(+a,+b) = |(+a,+b|y)|?
:<+aa+b|ﬁ‘+aa+b>:pll (8)

describes the particle-number correlation probability for two
positive-spin particles measured respectively along a, b direc-
tions. Correspondingly we have

N(+a7_b) :P22> N(_a>+b) :P337
N(—a,—b) = pas, ©)

which are all positive quantities different from the spin
measuring-outcome correlations. The spin measuring-
outcome correlation P(a,b) in the BI are related to the four

particle-number correlation probabilities by

P(a,b) = N(+a,+b) — N(+a,—b) — N(—a,+b) ‘

+N(—a,-D), (10)

which is the difference between the particle number proba-
bilities of same direction measurement and that of opposite
directions.

3. Extended BI and maximum violation

The extended BI for both parallel and antiparallel polar-
izations is obviously

1+[Pe(b,c)[ > |Re(a,b) — Rc(a,c)l,
for the local model, since
1+ |Pe(b,c)| > 12 Pe(b,c).
We define a quantum Bell correlation probability (QBCP) that
Pg = |P(a,b) — P(a,c)|— |P(b,c)]|.
The extended BI is then
Py <1,

which is violated once Pg > 1.

In Appendix A we specifically present a simple proof of
the validity of the extended BI, in terms of the classical statis-
tics with the particle-number correlation probabilities in the
Wigner formulation.!?>=21' An interesting question is to find
the maximum violation bound, which is useful for the experi-
mental verification.

3.1. Two-spin entangled state with antiparallel polariza-
tion
By means of the spin coherent-state quantum probabil-
ity statistics we can obtain quantum correlation probability
P (a,b) for the two-spin entangled state with antiparallel polar-
ization. The entire (quantum) correlation-probability includ-
ing the non-local parts becomes

P(a,b) = —cos 6, cos B, + sin2& sin 6, sin 6, cos (@, — o +21) .

The QBCP for the three-direction measurement is found as

Pg = | —cos 0, cos 6, + sin2¢& sin 6, sin 6, cos (¢, — ¢ +21)

+ cos 8, cos 8, — sin2& sin B, sin O cos (@, — @ +21) | — |— cos B, cos B, + sin 2 sin B, sin O cos (@, — o +21)|.  (11)

Since the polar angle 0 is restricted between 0 and 7, the quan-
tity sin 6, sin 0, is larger than or equal to zero. We then obtain
after a simple algebra the inequality of QBCP

Ps <|—cos(6;%6,)+cos(6,F6,)| (12)

Thus we have the maximum violation bound
PR =2

As a matter of fact the QBCP is bounded by 2 > Pg > —1.

100303-3
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For the measuring directions with polar and azimuthal an-
gles 6, =6, =6, =n/2 and ¢, = w/2,¢, = 0,9, = T, the
QBCP equation (11) becomes

Pp =2|sin2& sin (2n)| — [sin2& cos (21)] .

The three directions of measurements a, b, and c are set up
with a along positive y axis, b, ¢ along positive and nega-
tive x axis respectively. The maximum violation Pg** =2
is approached with the state parameters, for example, & =
(m/4)mod2x,n = (r/4)mod2x. The entangled state in this
case is
- ei71:/4 +,— +efin/4 —+ )

v) =5 (") =)
The violation value depends not only on the entangled-state
parameters &, N in our parametrization but also on the three
directions of measurements.

Particularly for the two-spin singlet state
1
lys) = NG

with the state parameters £ = 37w /4, n = 0, the QBCP value is
found from Eq. (11) as

(‘+’_> - ‘_’+>)

Pg = [ —cos (¢ — ) +c0s (@ — ) [ — |cos (¢ — ¢c)| ‘

Pg = |cos 8, cos 8, + sin2& sin 6, sin 6, cos (@, + @ +21)

for the polar angles of three-direction measurements 6, = 6, =
0. = /2. The maximum QBCP value of two-spin singlet is
obtained as

PB:\/Ea

for azimuthal angles ¢, = 37n/4, ¢, = n/2, ¢ = 0. It is less
than the maximum violation bound Pg'** = 2 different from
the common believe that the spin-singlet gives rise to the max-
imum violation bound. To obtain the violation value /2 for
the spin singlet state the vector b is perpendicular to ¢ and the
vector a is parallel to the vector difference (b — c).

3.2. Parallel polarization

For the
29]

two-spin entangled state with parallel

polarization!
|‘I/> =1 |+a+> te2 ‘_7_>

the entire correlation—probability including the non-local parts
becomes

P(a,b) = cos 0, cos B}, + sin2& sin 9, sin B, cos (P, + P +21) .

The QBCP then is

— cos 0, cos 6, — sin2& sin 6, sin 6, cos (¢, + @ + 21 ) | — |cos B, cos O, + sin 2& sin 6, sin O, cos (¢ + @ +21)[, (13)

from which we have the same inequality of QBCP as Eq. (12).
Thus, the maximum value of QBCP is still Pg** = 2.

The maximum violation of BI can be realized from
Eq. (13) for the parallel polarization state given by

1 in/4 —in/4 )
= — (™44, )+ eI -
W) = 25 (/e )
with the state parameters & = (w/4)mod27m,n =

(m/4)mod2x. The three-direction measurements should be
arranged respectively with the polar and azimuthal angles
0,=6,=6.=7/2, 9, =7n/2,¢, =0,¢. = n. Namely a, b, c
are perpendicular to the original spin polarization (z axis) with
a along y direction; b, ¢ along +x directions.

In conclusion the value of QBCP is restricted by —1 <
P <2 for two-spin entangled states with both parallel and an-
tiparallel polarizations. The extended Bl is violated if 1 < Pg.

4. Polarization-entangled photon pairs

Polarization-entangled photon pairs play an important
role in various quantum information experiments instead of
the two-spin entangled state. We reformulate the extended BI
and maximum violation in terms of our formalism.

\
4.1. Entangled photon pairs with mutually perpendicular

polarizations

Two perpendicular polarization states of a single photon
may be denoted by |e,) and |ey) in our framework, where we
have assumed that the polarization plane is perpendicular to
the z axis. The entangled state of a photon pair with mutually
perpendicular polarizations can be represented as

W) =ci ‘exvey> + C2|€y7eX>7

which corresponds to the two-spin entangled state with an-
tiparallel spin-polarizations. The normalized coefficients ¢
and ¢ are parameterized as in the spin case. The local and
non-local parts of density operator are the same, however, with
the spin states |+) replaced respectively by the photon polar-
ization states |ey), |ey). The entangled photon pairs are mea-
sured in three arbitrary directions, say a, b, and c, in the plane
also perpendicular to the z axis. With respect to a measuring
direction, say r = (cos ¢,,sin ¢,,0) (r = a, b, ¢), the horizontal
(h) and vertical (v) polarization states are represented as

|rh> = cos¢,|ex> +sin¢r’ey>,

100303-4
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|7y) = —sing,|ex) +cos r ey ),

where ¢, is the azimuthal angle of the measuring direction 7.
In the measuring-outcome independent vector base denoted
similarly by

1) =lan,by),[2) = |an, by),|3) = |av, by) ,[4) = ay,by),
the local part of the density-operator elements becomes
pY = sin? & cos? @, sin® @, + cos® & sin® @, cos” @,
P, = sin? & cos? @, cos? ¢y, + cos? & sin” ¢, sin” @,
pL, = sin? & sin” ¢, sin” ¢, + cos? & cos® @, cos” @,
Pl = sin? & sin” ¢, cos® @, + cos® & cos” ¢, sin” @
The non-local part is

nlc nlc __ nlc __ nlc __

1 . . .
Pit =Pas =—P2 = P33 =7 sin2¢ cos 21 sin2¢, sin2¢.
|

P = | — cos2¢, cos2¢y, + sin 2€ cos 21 sin2¢, sin 24,
+ c082¢, 0829, — sin 2 cos 2M sin2¢, sin 29| — | — cos 2¢, cos 2¢. + sin 2 cos 21 sin2¢;, sin 24, | ,

which is then bounded by

Pg < |—cos(2¢,+2¢p) +cos (29, + 2¢.)|
< pmax o,

From the general form of QBCP Eq. (16) it is easy to check
that the entangled state

1
¥)= 75 (lever) +ley.ex) a7

results in the maximum violation bound Pg™* = 2 for the
three-direction measurements with ¢, = n/8, ¢, = 371/8, and
¢. = 15m/8. Namely, b is perpendicular to ¢, and the angle
between a and ¢ equals /4. It is remarkably to find that the
State

) = %qex,e» ey,

which may be regarded as the the counterpart of two-spin sin-
glet, gives rise to the QBCP-value again v/2 less than the max-
imum bound Pg"™*. The three angles of measuring directions
should be arranged as ¢, = 37/8, ¢, = /4, and ¢, = 0 in this
state.

4.2. Parallel polarization

The state of entangled photon pairs with mutually parallel
polarizations is

ly) = cilex,ex) +caley, ey).

With the same calculation procedure we obtain the measuring
outcome correlation

P(a,b) = cos2¢,cos2@p,

The local measuring-outcome correlation is

Pe(a,b) = pii — p35 — 35 + i = — cos294c0s29;,, (14)
with which it is easy to verify the extended BI
P < |cos2¢y, — cos2¢.| — |cos2¢, cos2¢,| < 1. (15)

Including the nonlocal part
Paic(a,b) = sin2& sin2¢, sin2¢;, cos 27,
the entire correlation-probability becomes
P(a,b) = —cos2¢,cos2¢;, + sin 2& cos 21 sin2¢, sin 2.

The QBCP is

(16)

which has a sign difference with the perpendicular case of
Eq. (14).
with the entangled state with perpendicular polarizations, so

The QBCP is invariant as Eq. (15) comparing

is the extended BI. Including the nonlocal part Py.(a,b) =
sin2& sin2¢, sin2¢;, cos2n the entire correlation-probability
is

P(a,b) = cos2¢,cos2¢, + sin2& sin2¢, sin2¢, cos 27.
The QBCP then is

Pg = |cos2¢,cos2¢, + sin2& sin2¢, sin2¢;, cos2n
— c082¢,cos2¢, — sin2& sin2¢, sin2¢, cos 21|
— |cos2¢y, cos2¢. + sin2& sin2¢y, sin2¢. cos 21|, (18)

which leads again to the maximum violation bound Pg <
PR =12,
In the entangled state of equal polarizations

) = % (lexsex) —leyrey)),

the maximum violation Pg'®™* = 2 can be achieved from
Eq. (18) for the same measuring directions of a, b, and ¢ as in
the state of Eq. (17).

5. Conclusions and discussions

The BI and its violation are formulated in a unified way
by the spin coherent-state quantum probability statistics, in
which the state density operator is separated to the local and

100303-5
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nonlocal parts. The Bl is a direct result of local model, while
the nonlocal part from the coherent interference of two compo-
nents of the entangled state leads to the violation. The original
BI, which was derived from the two-spin singlet, is extended to
a unified form valid for the general entangled state with both
antiparallel and parallel polarizations. Up to date the exper-
imental test!*>734! of the inequality violation are mainly fo-
cused on the CHSH form, which provides a qualitative bound
of the violation. The maximum violation value Pg'®* = 2 of the
extended BI is two times of BI bound unit one (PllgC <'1), while
it is /2 times in the CHSH inequality case. We thus conclude
that the extended BI is at least equally convenient for the ex-
perimental verification of its violation, which is expected in
the future experiments. We moreover demonstrate that the vi-
olation value depends not only on the measuring directions
but also two superposition coefficients of the entangled states,
namely the angle parameters &, 17 in our formalism. It is re-
markably to find that the maximum violation for the spin sin-
glet is only v/2 less than the maximum violation bound Py,
Our observation is different from the common believe that the
spin-singlet would give rise to the maximum violation. The
extended BI and violation are also suitable to entangled pho-
ton pairs. The BI and WI were formulated respectively with
the spin and particle-number-probability correlations in the lit-
erature. The two measuring outcome correlations are also uni-

fied in our formalism of quantum probability statistics.[282%31]

Appendix A

Extended BI from viewpoint of classical statistics with re-
alistic model by means of the measuring outcome correlation
of particle number probabilities.

Al: The two-spin entangled state with the antiparallel
polarization

In this case there are eight independent (measuring-
outcome) particle-number probabilities given by the following
table. >4

Table Al. Antiparallel.

Population Particle 1 Particle 2
Ny (+a,+b,+c) (—a,—b,—c)
N, (+a,+b,—c) (—a,—b,+c)
N3 (+a,—b,+c) (—a,+b,—c)
Ny (+a,—b,—c) (—a,+b,+c)
Ns (—a,+b,+c) (+a,—b,—c)
N (—a,+b,—c) (4+a,—b,+c)
N, (—a,—b,+c) (4a,+b,—c)
Ng (—a,—b,—c) (+a,+b,+c)

Table al lists for the measuring outcomes of two spins re-
spectively along three directions a, b, and c. For the local re-
alistic model the measuring outcome correlation probabilities

can be expressed in terms of the above population probabilities
such that

(N3 + Ng)

Nic (+a,+b) = ~——2
lc( ) ZlgN
N5+ N

Nic (—a,—b) = w’
Y Ni
N1+ N,

Nic (+a,—b) = Q’
YINi

(N7+Ng)

Nie (—a, +b) = L "8)
e(ath) ="y

The spin measuring outcome correlation Eq. (10) in BI is re-
lated to the four particle-number probabilities as

PlC (aab) = ]VIC (+a7+b) +N]C (_ay _b)

— Nic (—Cl, +b)

_MC (+Cl, _b)

1
= (N34 N4+ N5+ Ng — Ny

i 1Vi

—N, — N7 —Nyg).

Correspondingly for particle-1 measured along a, particle-2
along ¢ and particle-1 along b, particle-2 along ¢ the measur-

ing outcome correlations are similarly obtained as

P’lC (a7c) = ]vlc (+a7 +C) +MC (_a7 _C) _NIC (+aa _C)
—Nic (—a, +c)
1
=5 (Nz + N4+ Ns+N7—Ni — N3 —Ng —Ng) .
Yi N
and
HC (b7c) = ]vlc (+b7 +C) +MC (_b7 _C> _NIC <+b7 _C)
— Nic (7b,+C)
1
):g (N2 4+ Ng+ N3+ N7 —N; —Ns — Ny —Ng).

We then have

B (a,b) = Pc(a,¢) = —g— [N3+Ng — N> — Ny].

i 1Vi

Thus Bell correlation becomes

P§ = |Rc(a,b) — Ac(a,c)| — |Pe(b,c)]

1

= 2|N3+Ng—Ny — N,

Z?Ni[ IN3 + Ng — Na — Ny

—|N2+Ng+ N3+ N7 —N; —Ns —Ns—Ng|].  (Al)
It is easy to verify the inequality
P <1.

The equality holds only in the special cases when N, = N7 =0
or N3 =Ng =0.
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A2. Two-spin entangled state with parallel polarization

For the entangled state with parallel spin-polarization the
eight independent particle-number probabilities become!3!]

those listed in the following table.

Table A2. Spin correlation measurements

Population Particle 1 Particle 2
Ny (+a,+b,+c) (+a,+b,+c)
N (+a,+b,—c) (4+a,+b,—c)
N3 (+a,—b,+c) (+a,—b,+c)
Ny (+a,—b,—c) (4+a,—b,—c)
Ns (—a,+b,+c) (—a,+b,+c)
Ns (—a,+b,—c) (—a,+b,—c)
N, (—a,—b,+c) (—a,—b,+c)
Ng (—a,—b,—c) (—a,—b,—c)

The measuring outcome correlation probabilities then are

(N1 +Ns)

]vl (+a7+b) - a——
‘ YIN;
N7+ N;

Nie (—a,—b) = (78&7
Y, Ni
N3+ N.

Nie (+a,—b) = (3874)7
Y Ni
Ns + N

Nic (—a,+b) = (5876)_
Y Ni

Repeat the same calculation procedure as in the antiparallel
case we again have the extended BI P]13C <1
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