
 

Decoherence of macroscopic objects from relativistic effect 

Guo-Hui Dong(董国慧), Yu-Han Ma(马宇翰), Jing-Fu Chen(陈劲夫), Xin Wang(王欣), Chang-Pu Sun(孙昌璞) 

Citation:Chin. Phys. B . 2018, 27(10): 100301. doi: 10.1088/1674-1056/27/10/100301 

Journal homepage: http://cpb.iphy.ac.cn; http://iopscience.iop.org/cpb   

 

What follows is a list of articles you may be interested in  

 

Decoherence for a two-qubit system in a spin-chain environment 

Yang Yang(杨阳), An-Min Wang(王安民), Lian-Zhen Cao(曹连振), Jia-Qiang Zhao(赵加强), Huai-Xin Lu(逯怀新) 

Chin. Phys. B . 2018, 27(9): 090302. doi: 10.1088/1674-1056/27/9/090302 

Classical-driving-assisted coherence dynamics and its conservation 

De-Ying Gao(高德营), Qiang Gao(高强), Yun-Jie Xia(夏云杰) 

Chin. Phys. B . 2018, 27(6): 060304. doi: 10.1088/1674-1056/27/6/060304 

Superconducting phase qubits with shadow-evaporated Josephson junctions 

Fei-Fan Su(宿非凡), Wei-Yang Liu(刘伟洋), Hui-Kai Xu(徐晖凯), Hui Deng(邓辉), Zhi-Yuan Li(李志远), Ye Tian(田野), 

Xiao-Bo Zhu(朱晓波), Dong-Ning Zheng(郑东宁), Li Lv(吕力), Shi-Ping Zhao(赵士平) 

Chin. Phys. B . 2017, 26(6): 060308. doi: 10.1088/1674-1056/26/6/060308 

Bidirectional multi-qubit quantum teleportation in noisy channel aided with weak measurement 

Guang Yang(杨光), Bao-Wang Lian(廉保旺), Min Nie(聂敏), Jiao Jin(金娇) 

Chin. Phys. B . 2017, 26(4): 040305. doi: 10.1088/1674-1056/26/4/040305 

General coarsened measurement references for revelation of a classical world 

Dong Xie(谢东), Chunling Xu(徐春玲), Anmin Wang(王安民) 

Chin. Phys. B . 2016, 25(11): 110302. doi: 10.1088/1674-1056/25/11/110302 

-------------------------------------------------------------------------------------------------------------------- 

http://cpb.iphy.ac.cn/EN/abstract/abstract72800.shtml
http://cpb.iphy.ac.cn/
http://iopscience.iop.org/cpb
http://cpb.iphy.ac.cn/EN/abstract/abstract72684.shtml
http://cpb.iphy.ac.cn/EN/abstract/abstract72116.shtml
http://cpb.iphy.ac.cn/EN/abstract/abstract70148.shtml
http://cpb.iphy.ac.cn/EN/abstract/abstract69911.shtml
http://cpb.iphy.ac.cn/EN/abstract/abstract68506.shtml


Chin. Phys. B Vol. 27, No. 10 (2018) 100301

Decoherence of macroscopic objects from relativistic effect∗

Guo-Hui Dong(董国慧)1,2, Yu-Han Ma(马宇翰)1,2, Jing-Fu Chen(陈劲夫)1,2,
Xin Wang(王欣)1,2, and Chang-Pu Sun(孙昌璞)1,2,†

1Beijing Computational Science Research Center, Beijing 100193, China
2Graduate School of China Academy of Engineering Physics, Beijing 100193, China

(Received 7 June 2018; revised manuscript received 13 August 2018; published online 10 September 2018)

We study how the decoherence of macroscopic objects originates intrinsically from the relativistic effect. With the
degree of freedom of the center of mass (CM) characterizing the collective quantum state of a macroscopic object (MO),
it is found that an MO consisting of N particles can decohere with a time scale of no more than

√
N
−1. Here, the special

relativity can induce the coupling of the collective motion mode and the relative motion modes in an order of 1/c2, which
intrinsically results in the above minimum decoherence.
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1. Introduction
Quantum superposition lies in the heart of both quan-

tum mechanics[1,2] and the current quantum technologies such
as quantum communication and computation.[3,4] Any su-
perposition of different states whose evolution is governed
by Schrödinger’s equation[5] still satisfies the same evolu-
tion equation and remains valid in the quantum world. Upon
one measurement, Born’s rule determines the probability of
one definite outcome.[6] Another feature of interest in quan-
tum mechanics is the quantum coherence, which is depicted
by superposition. For instance, the fringes in the interfer-
ence experiment of electrons show the coherence of the elec-
tron state in different paths. However, interaction between a
physical system with its environment may ruin this coherence.
This environment-induced process, known as decoherence or
dissipation,[7] destroys the coherence of the system, i.e., sup-
presses strongly the interference of states of the system or dis-
sipates its energy, and singles out a set of states which behave
like classical states.[8,9] In the quantum theory of measurement
where the system, apparatus, and environment are all treated
as quantum objects (governed by Schrodinger’s equation), de-
coherence is proposed to interpret the outcome of measure-
ments without the collapse of wave packets.[9,10] A number
of models of environments which do not dissipate energy of
the system but contribute to its decoherence have been stud-
ied in the past few decades. For example, the environment can
be chosen as a ring of spin 1/2,[11,12] a reservoir of harmonic
oscillators,[7,13] and many other external environments.[14]

It seems that quantum theory, while tested thoroughly
at the microscopic level, is somehow counter-intuitive in the

macroscopic domain. In Schrödinger’s well-known gedanken
experiment,[15] a cat, which is described as a macroscopic ob-
ject (MO), is in a superposition state of alive and dead, which
has never been observed in the classical world. In our daily
life, the cat is either alive or dead with the same chance but not
in the superposition state. In fact, decoherence plays an impor-
tant role in this transition from the quantum world to the clas-
sical world.[8,9] In the universe, isolated systems barely exist,
especially the MOs, which must interact with environments
(with a large scale of degrees of freedom). Generally speak-
ing, the larger the scale of a system, the faster it decoheres.[16]

As we stated above, various interactions will lead to this
quantum-classical transition phenomena. In this paper, we fo-
cus on its intrinsic origin, which results in the minimum de-
coherence even in the absence of any usual environments. It
has been found that the collective mode of MOs can be cou-
pled with its inner motion modes.[17–19] Carazza has stud-
ied the decoherence effect of the collective variable for free
quasi-relativistic particles.[19] Nevertheless, for macroscopic
objects, a more reasonable scenario should take the interaction
between particles into account, since it is the coupling between
particles that bound them into a macroscopic object. Recently,
Igor Pikovski et al. has also studied decoherence due to grav-
itational time dilation in 2015.[20] They phenomenologically
thought that the internal movement energy of the system can
contribute to its total mass, and the center of mass (CM) was
coupled to the internal movement due to the general relativistic
effect.

In this paper, we revisit the effect of the special relativity
on the decoherence of the collective mode of macroscopic ob-
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jects. We study a ring of relativistic particles with the nearest–
neighbouring interaction, and under some transformation we
find there exist interactions between the CM and the internal
degrees of freedom. Then we look into the decoherence of CM
motion after time evolution and obtain the decoherence time
τ ∼

(
3
√

N |∆E1,2|ω/2Mc2
)−1

where N is the particle number,
∆E1,2 is the energy difference of two initial states, ω is the
coupling strength, and M is the total mass of CM.

The remainder of this paper is organized as follows. In
Section 2, we describe the relativistic macroscopic system
consisting of N particles and obtain its effective Hamiltonian
with the lowest relativistic effect to depict the decoherence of
CM motion. In the decoherence dynamics, we choose the ini-
tial state as a product state of the superposition states of CM
momentum (coherent states) and ground states of simple os-
cillators, and figure out the time evolution of this state. Then
we obtain the reduced density matrix and analyze its decoher-
ence. In Section 3, we study the decoherence of free particles
with the same initial state and compare it with the outcomes in
Section 2. The conclusions and discussions are in Section 4.

2. The quasi-relativistic macroscopic object
2.1. The Hamiltonian of the macroscopic particle ring

In this section, we start from a relativistic MO composed
of N particles, each of which obeys the Dirac equation, with
the nearest-neighbouring interaction being considered. In spe-
cial relativistic quantum theory, the Dirac Hamiltonian of a
free fermion reads [?]

H0 = βmc2 + c𝛼 ·𝑝,

where p and m are the momentum operator and mass of the
particle respectively, and

β =

(
I 0
0 −I

)
, αi =

(
0 σi
σi 0

)
, (i = 1,2,3)

are the Dirac matrices and c denotes the light velocity. It is
well known that there are four eigenvectors where two cor-
respond to positive energy

√
p2c2 +m2c4 and the others cor-

respond to negative energy −
√

p2c2 +m2c4. In other words,
one can diagonalize this Hamiltonian in a block with a unitary
transformation U = exp [β𝛼 ·𝑝arctan(p/mc)/2p] (Ref. [22])
as H ′0 =UH0U†, i.e.,

H ′0 = β

√
p2c2 +m2c4.

The positive and negative energy spaces are separated. In the
following we will focus on the positive energy part and con-
sider the lowest-order relativistic correction of non-relativistic
particles. Actually, the above argument is carried out for Dirac
particles. For scalar particles, one can also obtain the mass-
energy relation with the Klein–Gordon equation.

Thus the total Hamiltonian of the relativistic MO is

H = ∑
i

√
p2

i c2 +m2c4 +
1
2

mω
2 (xi− xi+1)

2 , (1)

where m is the mass of a single particle, pi and xi are the mo-
mentum and position operator at site i respectively as we set
the lattice distance a= 1. The Hamiltonian to the second-order
approximation, which contains the lowest-order term with the
relativistic effect, becomes

H ' Nmc2 +
N

∑
i

[
pi

2

2m
− pi

4

8m3c2 +mω
2 (x2

i − xixi+1
)]

. (2)

For simplicity, we choose N as an odd number without
loss of generality and take the Fourier transformation

pk =

√
1
N

N

∑
j=1

p j exp
(
− i2π

N
k j
)
,

xk =

√
1
N

N

∑
j=1

x j exp
(

i2π

N
k j
)
, (3)

to get the normal modes with pk and xk, the momentum and
position operators at momentum space respectively. It is worth
mentioning that pk=N = ∑

N
j=1 p j exp(−i2π j)/

√
N = P/

√
N,

and xk=N = ∑
N
j=1 x j exp(i2π j)/

√
N =

√
NX are the momen-

tum and position operators of the CM. That is to say, the N-th
mode describes the motion of CM while the other N−1 modes
describe the internal relative motion. Therefore, we introduce
the CM and relative coordinates in the relativistic Hamiltonian
by this Fourier transformation. In this center of mass reference
frame, the Hamiltonian in the low-energy limit becomes,

H ' P2

2M
− P4

8M3c2 +
N−1

∑
k=1

pk p−k

2m

+2mω
2

N−1

∑
k=1

xkx−k sin2
(

π

N
k
)
− 3P2

2M2c2

N−1

∑
k=1

pk p−k

2m

− P
2m2Mc2

√
N

N−1

∑
k1,k2,k3=1

pk1 pk2 pk3δk1+k2+k3,qN

− 1
8m2Mc2

N−1

∑
k1,k2,k3,k4=1

pk1 pk2 pk3 pk4δk1+k2+k3,qN , (4)

where δk1+k2+k3,qN for q being one of nonzero integers, is the
Kronecker Delta function. It can be seen in Eq. (4) that the
first two terms describe the Hamiltonian of CM while the third
and fourth terms describe the relative motions. Obviously the
last three terms characterize the interaction between CM and
relative motion and the higher order correction.

We then treat the CM system as the “system” and the rel-
ative motion system as the “internal environment”. Therefore,
this division of the Hamiltonian in Eq. (4) implies that the mo-
tion of the system will be influenced by the environment. As a
consequence

H ' HS +HE +HSE, (5)
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where

HS = P2

2M ,

HE = ∑
N−1
k=1

pk p−k
2m +2mω2xkx−k sin2

(
π

N k
)
,

HSE =− 3P2

2M2c2 ∑
N−1
k=1

pk p−k
2m ,

where the high order collective terms are neglected. It can
be checked immediately that [HS,HSE] = 0 and [HE,HSE] 6= 0,
which means that evolution governed by the Hamiltonian in
Eq. (5) may cause entanglement between the system and the
environment. According to the decoherence theory, this kind
of interaction will induce a transition from the quantum super-
position state to the classical statistical mixture in the system
without energy dissipation.[7,8]

We have obtained the decoherence model, but there re-
mains another problem: different modes of relative mo-
tions are not independent but coupled in pairs. We
then introduce the Bogoliubov transformation. This
transformation is given by

(
Qk=1 Qk=2 . . . Qk=N−1

)T
=

W(N−1)×(N−1)
(

qk=1 qk=2 . . . qk=N−1
)T

, where Q stands for
P,X , which are the momentums and the displacements of the
N−1 independent relative motions, q for p,x respectively. The
transformation W is

W =

√
1
2



1 0 . . . 0 0 1
0 1 . . . 0 1 0

. . .
0 0 1 1 0 0
0 0 −i i 0 0
0 −i . . . 0 i 0
−i 0 . . . 0 0 i


. (6)

For j ∈ [1,N−1], only two elements are non-vanishing in ev-
ery row and column of W . Especially, Wj, j =Wj,N− j = 1/

√
2

when j ∈ [1,(N−1)/2] and Wj, j =W ∗j,N− j = i/
√

2 when j ∈
[(N +1)/2,N−1]. We can check that W ·W † = I(N−1)×(N−1),
and

N−1

∑
k=1

qkq−k =
N−1

∑
k=1

Q2
k . (7)

Finally, the diagonalized Hamiltonian becomes (ωk =

2ω sin(πk/N))

H =
P2

2M
+

N−1

∑
k=1

(
P2

k
2m

+
m
2

ω
2
k X2

k

)
− 3P2

2M2c2

N−1

∑
k=1

P2
k

2m

=
P2

2M
+

N−1

∑
k=1

HE,k +HI,k(P). (8)

Now we know that there is only the kinetic term in the system
Hamiltonian, the environment contains N−1 modes of a sim-
ple harmonic oscillator with N − 1 eigenfrequencies and the
motion of CM couples with all the relative motion modes.

2.2. Decoherence dynamics

In the previous subsection, we obtained the Hamiltonian
of the decoherence shown in Eq. (8). With the interaction be-
tween system and environment, the evolution equation of the
reduced density matrix of the system is the quantum master
equation, which is not unitary due to the interaction with its
environment.[7] According to Born’s rule, the diagonal terms
of the reduced density matrix describe the probabilities of
getting some outcome in one measurement, while the off-
diagonal ones characterize the interference of different quan-
tum states and show the coherence properties of this system.
When the coherence of the system decays with time while the
probability terms remain stable, the system undergoes a tran-
sition from quantum to classical, i.e., decoherence.[9,16]

We can see that, in the Hamiltonian (8), the relative mo-
tions are N − 1 simple harmonic oscillations and the min-
imal energy difference between two neighbouring levels in
the large N limit is 2h̄ωπ/N. Assuming the temperature of
the environment is too low to excite the relative mode, i.e.,
2h̄ωπ/N � kBT , all the relative motions stay in the ground
state. Then we choose the initial state as |ϕ(0)〉 = (|P1〉+
|P2〉)/

√
2
⊗

∏
N−1
k=1 |0〉k where |Pi〉 (i = 1,2) is the eigenstate

of P with eigenvalue Pi and |0〉k is the ground state of the k-
th mode of the relative motion Hamiltonian. The total density
matrix at time t evolves as

ρ(t) = e−iHt/h̄ |ϕ(0)〉〈ϕ(0)| e iHt/h̄. (9)

The reduced density matrix of the motion of CM is

ρc.m.(t) = TrE ρ(t).

As |P1〉 and |P2〉 are the eigenstates of HS, the diagonal terms
of the local (reduced) density matrix in basis |Pi〉 are indepen-
dent of time, i.e., ρ

1,1
S (t) = ρ

1,1
S (0) = ρ

2,2
S (t) = ρ

2,2
S (0) = 1/2.

This feature indicates that we are dealing with a pure decoher-
ence process without dissipation. The off-diagonal term reads

∣∣ρ12
c.m.(t)

∣∣ = 1
2

N−1

∏
k=1

∣∣∣〈0| e iHk(P1)t/h̄ e−iHk(P2)t/h̄ |0〉k
∣∣∣

=
1
2

N−1

∏
k=1
| fk(P1,P2, t)| , (10)

where

Hk(Pi) = HE,k +HI,k(Pi),

fk(P1,P2, t) = 〈0|Sk(ξ1 e iπ)Sk(r1)Sk(r2 e iπ)Sk(ξ2) |0〉k ,

where S (r) is a squeeze operator. Thus the coherence of this
system is related with the expectation value of four squeeze
operators over the vacuum state (for more details see Ap-
pendixes A and B). After some calculation, we obtain

lim
N�1

∣∣ρ12
c.m.(t)

∣∣= 1
2

exp
[
− N

N0
(1− J0(4ωt))

]
, (11)
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where N0 =
(

32M2c4/9(∆E1,2)
2
)

, Jn(x) is the first kind of

Bessel function and ∆E1,2 =
(
P2

1 −P2
2
)
/2M. One can con-

clude from Eq. (11) that in the large N limit the decoherence
function depends on the scale of the system, the energy differ-
ence of initial states, the coupling strength of real particles, and
time t. One may also find that as ωt� 1, J0(4ωt)' 1−4ω2t2,
thus the decoherence function becomes∣∣ρ12

c.m.(t)
∣∣' 1

2
exp
[
−4Nω

2t2/N0
]
. (12)

Then the decoherence time (assuming N� N0) is

τ ∼ 2
√

2Mc2

3
√

N |∆E1,2|ω
. (13)

In the long time limit, ωt � 1, J0(4ωt) ' 0 and
∣∣ρ12

c.m.(t)
∣∣ '

exp [−N/N0]/2 which indicates that only when N � N0,∣∣ρ12
S (t)

∣∣ ωt�1−→ 0, i.e., there is a restriction on the scale of the
whole system.

0.5

0.4

0.3

0.2

0.1

0

0 5 10 2015

t/10-14 s

|ρ
c
.m

.|

N/22

N/23

N/24

Fig. 1. (color online) The off-diagonal matrix element of
∣∣ρ12

c.m.(t)
∣∣

as a function of t with different N: N = 1022 < N0 (blue, solid),
N = 1023 ' N0 (red, dashed), N = 1024 � N0 (purple, thin). All the
parameters are chosen as ω = 1014 Hz, and the two superposed initial
velocities V1 = 200 m/s, V2 = 1000 m/s.

Equations (12) and (13) are the main results of this paper.
The decoherence process of CM depends on the scale of the
system, the interaction strength of real particles and the differ-
ence of the initial kinetic energy. The larger the system is, the
faster it decoheres. Table 1 shows a list of decoherence results
with respect to systems of different magnitudes (e.g., the uni-
verse, the Earth, a person, and C60). For simplicity, we have
assumed that all these systems are composed of only carbon
atoms. As an example, we consider C60 molecules with cou-
pling strength ω ' 1014 Hz. With the two superposed initial
velocities of this carbon ring as 200 m/s and 1000 m/s,[23] the
lower bound of the particle number is N0 = 1.3× 1023 which
has the magnitude of Avogadro constant NA = 6.02× 1023.
Thus no decoherence occurs in a single C60 molecule. Fig-
ure 1 shows

∣∣ρ12
c.m.(t)

∣∣ as a function of t with different N. First,
when N � N0, the off-diagonal element

∣∣ρ12
c.m.(t)

∣∣ oscillates
around 0.48, which means the system barely decoheres; then,
as N ' N0,

∣∣ρ12
c.m.(t)

∣∣ decreases in the beginning and oscillates
around 0.25 later, indicating that a portion of coherence is re-
tained in the system; at last, for N � N0, compared with the

above two cases,
∣∣ρ12

c.m.(t)
∣∣ decreases to zero immediately thus

the state of the CM in this system decoheres. And the deco-
herence time of this MO is about 10−14 s.

It is shown in Eq. (11) that the decoherence process de-
pends on P2

1 − P2
2 . It seems obscure that when P1 = −P2

the coherence of CM remains unchanged. In fact, this
can be seen in Eqs. (4) and (5) that we drop the term ∼
P∑

N−1
k1,k2,k3=1 pk1 pk2 pk3δk1+k2+k3,N as a higher order term and

only keep the one ∼ P2
∑

N−1
k=1 pk p−k. This reduction may be

related with our results ∝
(
P2

1 −P2
2
)2. Now it is time to find

out the decoherence time as P1 = −P2. In this case, the off-
diagonal term of the reduced density matrix is calculated as

∣∣ρ12
c.m.(t)

∣∣= 1
2

∣∣∣〈0| e iH(P1)t/h̄ e−iH(P2)t/h̄ |0〉
∣∣∣ ,

where

H(P1) =
P2

1
2M

+
N−1

∑
k=1

P2
k

2m
+

m
2

N−1

∑
k=1

X2
k ω

2
k −

3P2
1

2M2c2

N−1

∑
k=1

P2
k

2m

− P1

2m2Mc2
√

N

N−1

∑
k1,k2,k3=1

W † (Pk1 Pk2Pk3

)
.

Here ∑
N−1
k1,k2,k3=1 W †

(
Pk1Pk2Pk3

)
denotes the term

∑
N−1
k1,k2,k3=1 pk1 pk2 pk3δk1+k2+k3,N transformed by W given in

Eq. (6). Keeping terms up to t2, one finds

∣∣ρ12
c.m.(t)

∣∣ ' 1
2

∣∣∣∣1+ i
t
h̄
〈0|H(P1)−H(P2) |0〉

− t2

2h̄2 〈0|(H(P1)−H(P2))
2 |0〉

∣∣∣∣
=

1
2

exp
(
− t2

τ2 −
t2

τ
′2

)
. (14)

The decoherence times τ and τ ′ are obtained, which are
caused by the P2 and P terms of interaction respectively. What
is more important,

τ
−1 =

9
32

(
V 2

1 −V 2
2
)2

c4 ω
2,

τ
′−1 ' (V1−V2)

2
ω2

32Mc4 h̄ω,

τ ′

τ
' Nm

(V1 +V2)
2

h̄ω
, (15)

where V1(V2)=P1(P2)/M. Here we know that when P1 =−P2,
the decoherence effect originates from the interaction term
P with time scale ∼ (V1−V2)

2 h̄ω3/32Mc4. Actually, when
P2

1 6= P2
2 and in the large system limit, we also find that the in-

fluence of the P2 term dominates, i.e., τ � τ ′. In other words,
the decoherence process caused by the interaction term P2 is
much faster than the process caused by term P. This is why
we only keep the interaction term P2 in the very beginning of
our paper.
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Table 1. Decoherence time and particle number bound of systems of different scale with coupling strength ω = 1014 Hz.

Universe Earth Person C60

Initial velocity of CM/(m/s) 2.0×106, 1.0×106 3.0×104, 2.0×104 10, 5.0 1.0×103, 2.0×102

Particle number 5.0×1078 2.5×1050 5.0×1027 60
Particle number bound 1.3×1010 4.0×1017 2.0×1031 1.3×1023

Decoherence time/s 2.0×10−49 2.0×10−31 3.0×10−13 2.4×10−5

2.3. Decoherence of cat: Superposition of coherent states

It is well known that the eigenstates of momentum op-
erators are ideal quantum states, and that they are difficult to
prepare in experiments. More “classical” states in quantum
mechanics are coherent states, like |α〉, which are generated
by applying the displacement operators on the vacuum states.
One important property of the coherent state is that it satisfies
the minimum uncertainty relation. Moreover, coherent states
behave as Gaussian wave packets in both momentum and po-
sition space. In this subsection, we study the decoherence of
a more “classical” quantum state, cat state, i.e., the superpo-
sition of coherent states. Here the Wigner function in phase
space is a useful tool in exploring the non-classicality of quan-
tum states.[24]

Here we consider that the CM is prepared in a macro-
scopic superposition state ∼ |α〉+ |β 〉 initially, and the rela-
tive modes are still in ground states, describing a non-excited
internal environment,

|Ψ(0)〉= 1
Ξ
(|α〉+ |β 〉)

⊗N−1

∏
k=1
|0〉k , (16)

where Ξ is the normalization factor and α (β ) is a complex
number. The reduced density matrix of the motion of CM is

ρc.m.(t) =
1

|Ξ |2
∫ ∫

dP1 dP2Π (α,β ,P1,P2, t) |P1〉〈P2| , (17)

where

Π (α,β ,P1,P2, t)

=
N−1

∏
k=1

fk(P1,P2, t)(〈P1 | α〉+ 〈P1 | β 〉)(〈α | P2〉+ 〈β | P2〉) .

As illustrated in Subsection 2.2, the decoherence function re-
lies on the overlap of two quantum states, ∏

N−1
k=1 fk(P1,P2, t).

For simplicity, we replace this overlap function with its mod-
ulus,

N−1

∏
k=1

fk(P1,P2, t) '
N−1

∏
k=1
| fk(P1,P2, t)| .

In momentum representation, the coherent state behaves as a
Gaussian wave packet with packet width h̄/2σ and the mean
momentum h̄ℑ(α)/σ ,

〈P | α〉 =
(

2σ2

π h̄2

)1/4

exp
[
−σ2

h̄2

(
P− h̄

σ
ℑ(α)

)2]
× exp

[
−2i

σ

h̄
ℜ(α)P

]
. (18)

At first glance, it seems difficult to deal with the reduced den-
sity matrix given in Eq. (17) as its dimension is infinite. In or-
der to quantify this decoherence process of CM, we introduce
the quasi-probability distribution, Wigner function, which is
defined as

W (p,q) =
1

π h̄

∫
∞

−∞

dye i2yp/h̄ 〈q− y|ρ |q+ y〉 . (19)

Although the Wigner function is a real function, it cannot be
interpreted as a probability distribution function since it can be
negative. Nevertheless, if integrating it over p (q), one will get
the probability distribution function of q (p).

Inserting Eqs. (17) and (18) into Eq. (19), we calculate
the Wigner function of the center of mass

Wc.m.(p,q, t) =W α(p,q, t)+W β (p,q, t)+W I(p,q, t), (20)

where

W α(p,q, t) =
1

|Ξ |2 π h̄
exp
[
−G2

q (−ℜ(α))/2σ
2
]

exp
[
−2(σ p− h̄ℑ(α))2 /h̄2

]

× exp
[
−16γ (1− J0(4ωt)) p2 σ2

4N4h̄2

(
1−

G2
q (−ℜ(α))

σ2

)]
,

W β (p,q, t) =
1

|Ξ |2 π h̄
exp
[
−G2

q (−ℜ(β ))/2σ
2
]

exp
[
−2(σ p− h̄ℑ(β ))2 /h̄2

]

× exp
[
−16γ (1− J0(4ωt)) p2 σ2

4N4h̄2

(
1−

G2
q (−ℜ(β ))

σ2

)]
, (21)

100301-5



Chin. Phys. B Vol. 27, No. 10 (2018) 100301

which are the direct Wigner functions contributed by quantum state |α〉 and |β 〉 respectively, and

W I(p,q, t) =
1

|Ξ |2 π h̄
exp
[
−2

σ2

h̄2

(
p+

ih̄
2σ

(α−β
∗)

)2]
× exp

[
−(α−β

∗)2 /2−ℑ(α)2−ℑ(β )2
]

exp
[
−G2

q

(
−α +β ∗

2

)
/2σ

2
]

× exp

−16γ (1− J0(4ωt)) p2 σ2

4N4h̄2

1−
G2

q

(
−α+β ∗

2

)
σ2

+h.c.

is the one caused by the interference term |α〉〈β |+ |β 〉〈α|,
and we have set Gq(x)≡ q+2σx and γ = 9Nh̄4/128σ4m4c4.

In the beginning, the two direct Wigner functions in
phase space are centered at (q = 2σℜ(α) , p = h̄ℑ(α)/σ)

and (q = 2σℜ(β ) , p = h̄ℑ(β )/σ) respectively, which are ex-
actly the mean position and momentum of two coherent
states, while the interference one is approximately centered at
(q = σ (ℜ(α)+ℜ(β )) , p = h̄(ℑ(α)+ℑ(β ))/2σ) (the mid-
point of the centers of the two direct terms). Figure 2(a)

shows the Wigner function in phase space at t = 0, where two
packets correspond to the two coherent states and the oscil-
lations correspond to the interference term. Since p stands
for the momentum of the whole system (center of mass), p/N
indicates the mean momentum of a single particle. In this
case, the two packets are centered at (p/N = 0.3,q = 10)
and (p/N = 0.7,q = 6) respectively. This raises the follow-
ing question: How does the total Wigner function evolve with
time?
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Fig. 2. (color online) The Wigner function in phase space (p/N,q) at different time where we have chosed the natural units h̄ = c = 1 and assumed
σ = 1, N = 10, γ = 10, α = 5+3i, and β = 3+7i: (a) t = 0; (b) ωt = 0.5; (c) ωt = 1; (d) ωt = 100.

First, let us turn to a mathematical function Ω(x,y) =
exp
[
−x2−2(ay−b)2−dy2(1−2x2)

]
where a > 0,d ≥ 0.

One can prove that if 2a2 � d and a2 > 2b2d, the posi-
tion of its peak is x = 0,y = b/a, Ω(x,y) |peak= Ω(x =

0,y = b/a) = exp
[
−db2/a2

]
. Then in our occasion, if

2γ (1− J0(4ωt)) � N4, 8γ (1− J0(4ωt))ℑ(α)2 < N4, and
8γ (1− J0(4ωt))ℑ(β )2 < N4 (our choice mentioned above
meets all these conditions), the positions of the peaks of

three Wigner functions terms remain unchanged with time (as
shown in Fig. 2)

W α(p,q, t) |peak =
1

|Ξ |2 π h̄
e−4γ(1−J0(4ωt))ℑ(α)2/N4

,

W β (p,q, t) |peak =
1

|Ξ |2 π h̄
e−4γ(1−J0(4ωt))ℑ(β )2/N4

,

W I(p,q, t) |peak ' W I
(

h̄
2σ

ℑ(α +β ),σℜ(α +β ), t
)
. (22)
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It is depicted by the above equation that the peak value of the
three Wigner function terms is at time t. Since the two di-
rect terms describe the probability distributions of two coher-
ent states respectively and the oscillation term describes the
interference effect, it sounds reasonable to quantify the deco-
herence of the superposition of coherent states with the peak
values of the Wigner function. A useful quantity introduced
by Zurek[24] is the fringe visibility function

F(α,β , t)' 1
2

W I(p,q, t) |peak(
W α(p,q, t) |peak W β (p,q, t) |peak

)1/2 . (23)

Obviously, the fringe visibility function describes the decay
of the peak value of the interference term. In other words, it
shows the decoherence of the system, which originates from
its interaction with the environment. Here, the fringe visibility
function gives

F(α,β , t) ∝ exp
[
−γ (1− J0(4ωt))

(
ℑ(α)2−ℑ(β )2)2

]
.

When expanded at the small time and large time limit, the
above equation becomes

lim
ωt�1

F(α,β , t) ∝ exp
[
−4N

N′0
ω

2t2
]
,

lim
ωt�1

F(α,β , t) ∝ exp
[
− N

N′0

]
, (24)

where N′0 = 32M2c4/9
(
4Eα,β

)2 is the new particle number
restriction, ∆Eα,β = h̄2 (

ℑ(α)2−ℑ(β )2
)
/2Mσ2 is the differ-

ence of mean kinetic energy of the two coherent states. Fig-
ure 2 shows the time evolution of the Wigner function. When
t < 1/ω the interference term is damped over time while when
ωt = 100� 1, a portion of coherence still remains. Figure 3
shows the Wigner function at the large time limit with different
N while the centers of the two direct terms remain unchanged.
It is shown that the larger the particle number N is, the less
coherence it keeps in the large time limit. All these features
coincide with the analysis results given in Eq. (24). Now we
obtain the decoherence function of a macroscopic superposi-
tion quantum state, ∼ |α〉+ |β 〉, which depends on the mean
momentum of the two superposed coherent states h̄ℑ(α)/σ

and h̄ℑ(β )/σ . What is more, this function F(α,β , t) is highly
similar to the result we get in Subsection 2.2,

lim
ωt�1

∣∣ρ12
c.m.(t)

∣∣ ' 1
2

exp

[
−9N

8
ω

2t2
(
4E1,2

Mc2

)2
]
,

lim
ωt�1

∣∣ρ12
c.m.(t)

∣∣ ' 1
2

exp

[
−9N

32

(
4E1,2

Mc2

)2
]
, (25)

where4E1,2 is the difference of the kinetic energy of the two
superposed states. Similar to the outcome in Subsection 2.2, in
the superposition of the coherent states case, the decoherence
time depends on the scale of the total system, the interaction
strength of real particles, and the difference of the initial ki-
netic energy.
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Fig. 3. (color online) The Wigner function in phase space (p/N,q) with
different N.

3. Free-particles evolution

In Subsection 2, we studied the decoherence of the
CM in a ring with N relativistic particles with the nearest-
neighbouring interaction and find that a restriction on parti-
cle number is necessary for the decoherence of CM. Next, we
will explore whether or not this particle number restriction is
induced by the nearest-neighbouring interaction. To this end,
in this section, we investigate the system of N free relativistic
particles

H = ∑
i

√
p2

i c2 +m2c4.

We point out that the results about the cases without inter-
coupling could not be simply achieved from the above con-
sequence by asumming the couplings vanish.

Making the Fourier and Bogoliubov transformations
mentioned above in Eqs. (3) and (6), one finds this Hamil-
tonian, to the second order approximation, becomes

H f '
P2

2M
+

N−1

∑
k=1

P2
k

2m
− 3P2

2M2c2

N−1

∑
k=1

P2
k

2m
, (26)

where P describes the momentum of CM and Pk the momen-
tum of the k-th mode of relative motion.

As there are only momentum terms in Eq. (26), the three
terms commute pairwise. Therefore, for an initial state such as
the product state of the collective and relative momentum op-
erators, no decoherence will occur. What is more, in Section 2
the initial state of the kth mode relative motion is chosen to
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be the ground state of the simple harmonic oscillator, which in
position representation behaves as the Gaussian wave packet
with width h̄/(4mω sin(π/N)k). To make sure that the two
models start from the same condition, we set the initial state
of the free-particle model as

|ψ(0)〉f =
|P1〉+ |P2〉√

2

⊗
∏

k
|φ〉k ,

where 〈x | φ〉k =
(
2πσ2

k

)−1/4 exp
[
−x2/4σ2

k

]
is a Gaussian

wave packet with packet width σ2
k = h̄/

(
4mω sin π

N k
)
. As the

evolution of the state is governed by Eq. (26), the state at time
t reads

|ψ(t)〉f =
1√
2

exp
[
−i

P2
1

2h̄M
t
]
|P1〉

⊗
∏

k

∫
d pgk(p)

× exp
[
− i

h̄

(
1− 3P2

1
2M2c2

)
p2

2m
t
]
|p〉k

+
1√
2

exp
[
−i

P2
2

2h̄M
t
]
|P2〉

⊗
∏

k

∫
d pgk(p)

× exp
[
− i

h̄

(
1− 3P2

2
2M2c2

)
p2

2m
t
]
|p〉k , (27)

where gk(p) =
(
2σ2

k /π h̄2)1/4
e−p2σ2

k /h̄2
. Then the off-

diagonal element of the reduced density matrix becomes∣∣ρ12
f (t)

∣∣= 1
2

exp

[
−1

4

N−1

∑
k=1

ln

(
1+

9h̄2

16σ4
k m2

(
4E
Mc2

)2

t2

)]
.

For small t, we obtain∣∣ρ12
f (t)

∣∣' 1
2

exp

[
−9

8
Nω

2t2
(
4E
Mc2

)2
]
, (28)

with decoherence time

τf =
2
√

2Mc2

3
√

N |∆E1,2|ω
. (29)

Comparing these two model, we find that with the same
initial state the CM decoheres at the same rate as the outcome
we obtained in Section 2, while there is no restriction on the
particle number (N0) in the free-particle model. This find-
ing concludes that the restriction is introduced by the nearest-
neighboring interaction between relativistic particles in the
ring. In fact, this product state in the collective and relative
movement reference frame corresponds to an entanglement
state in the real-particle movements frame. Moreover, this en-
tanglement state is difficult to prepare in experiments since
particles are all free. By the way, the transformation between
the two frames considered in this paper is

Pk =



N

∑
j=1

√
2
N

p j cos
(

2π

N
k j
)
, k ∈

[
1,

N−1
2

]
N

∑
j=1

√
2
N

p j sin
(

2π

N
k j
)
, k ∈

[N−1
2

,N−1
]

N

∑
j=1

p j, k = N.

4. Conclusions and discussions

We have considered the relativistic modification in the
Hamiltonian of the N-particle-ring system with the nearest-
neighbouring interaction. It is found that interactions exist be-
tween the CM motion and the relative motion that originated
from the relativistic effect. As the part of relative motions be-
haves as a harmonic oscillator bath environment, this interac-
tion causes the decoherence of the CM without dissipation.

Under the particle number condition, N � N0, the deco-
herence time of the system depends on the particle number of
the system, the coupling constant and the initial kinetic energy
difference, i.e., τ ∼

(
3
√

N (∆E1,2)ω/2Mc2
)−1

. One can con-
clude that macroscopic objects decoherence faster than micro-
scopic ones. With a more classical state as the initial state, the
superposition of coherent states, the CM decoheres in a similar
way to the former case where the decoherence time depends on
the two expectation values of the CM momentum. Through a
further study, we find that in the free-particle system (with-
out the particle interaction), for the same initial state, the sys-
tem decoheres with the same rate as the former case while the
particle number restriction disappears. Therefore, the interac-
tion between particles is responsible for the particle number
restriction and keeps the small system from decoherence. In
the example we take above, only in macroscopic systems with
a particle number N ∼ NA, does the CM decohere.

We finally remark that we only studied the minimum de-
coherence mechanism for the decoherence of MOs, which
is dipicted by its CM coupled with relative movements due
to the relativistic effect. In the real world, as we said be-
fore, a physical system, especially a macroscopic system (with
lots of degrees of freedom) must interact with its external
environment.[9,14] The decoherence effect caused by this ex-
ternal environment may dominate and the intrinsic decoher-
ence effect we considered here can be ignored. In other words,
in practice the MO will already be in a statistical mixture long
before reaching at the decoherence time we obtained in this
paper.
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Appendix A: Squeeze operator in simple har-
monic oscillator

The Hamiltonian

H =
p2

2m
+

1
2

mω
2x2−δ

p2

2m
100301-8



Chin. Phys. B Vol. 27, No. 10 (2018) 100301

=
p
′2

2m′
+

1
2

m′ω
′2x
′2, (A1)

where m′ = m/(1− δ ), ω ′ = ω
√

1−δ . There are two kinds
of definition of operators

x =

√
h̄

2mω
(a+a†),

p =−i

√
h̄mω

2
(a−a†),

x′ =

√
h̄

2m′ω ′
(b+b†),

p′ =−i

√
h̄m′ω ′

2
(b−b†). (A2)

Then the Hamiltonian becomes

H = h̄ω

(
a†a+

1
2

)
+

δ

2
h̄ω

2
(a−a†)2

= h̄ω
′
(

b†b+
1
2

)
. (A3)

The eigenvalue of the system is (n+1/2)h̄ω ′. And

b =

√
m′ω ′

2h̄

(
x′+ i

p′

m′ω ′

)
=

1
2

(√
m′ω ′

mω
(a+a†)+

√
mω

m′ω ′
(a−a†)

)
= S†(r)aS(r), (A4)

where r = |r|exp(iθ), |r|=− ln(1−δ )/4, θ = π , and S(r) =
exp(r∗a2/2− ra†2/2). Thus

H = h̄ω
′
(

S†(r)a†aS(r)+
1
2

)
. (A5)

Appendix B: Squeeze operator in simple har-
monic oscillator

∣∣ρ12
c.m.(t)

∣∣ = 1
2

N−1

∏
k=1

∣∣∣〈0| e i(Hk+HI,k(P1))t/h̄ e−i(Hk+HI,k(P2))t/h̄ |0〉k
∣∣∣

=
1
2

N−1

∏
k=1
| fk(P1,P2, t)| .

where

fk(P1,P2, t) = 〈0|S†
k(r1)e iωk(P1)a†atSk(r1)S

†
k(r2)

× e−iωk(P2)a†atSk(r2) |0〉k ,

and

ωk(P) = ωk

√
1−3P2/2M2c2,

Sk(ri) = exp(−|ri|a2/2+ |ri|a†2/2),

|ri|=−
1
4

ln(1−3P2
i /2M2c2).

Then we obtain

fk(P1,P2, t) = 〈0|Sk(ξ1 e iπ)Sk(r1)Sk(r2 e iπ)Sk(ξ2) |0〉k .

where

ξ1 = |r1|exp [i(π−2ωk(P1)t)] ,

ξ2 = |r2|exp [i(π−2ωk(P2)t)] .

The squeeze operator can be transformed to[25]

S(|z| e iφ ) = exp(|z| e−iφ a2/2−|z| e iφ a†2/2)

= exp
[
−e iφ tanh |z|L+

]
exp [−2log(cosh |z|)L3]

× exp
[

e−iφ tanh |z|L−
]
,

where L+ = a†2/2, L− = a2/2, and L3 =
(
a†a+1/2

)
/2 form

a realization of the SU(l, l) Lie algebra.

fk(P1,P2, t) = 〈0|Sk(|r1|exp [−2iωk(P1)t)])Sk(|r1|exp [−iπ)])Sk(|r2|)Sk(|r2|exp [i(π−2ωk(P2)t)]) |0〉k

=
1√

cosh |r1|cosh |r2|
〈0|exp

[
gk

1L−
]

exp [tanh |r1|L+]exp [−2log(cosh |r1|)L3]exp [− tanh |r1|L−]

× exp [− tanh |r2|L+]exp [−2log(cosh |r2|)L3]exp [tanh |r2|L−]exp
[
gk

2L+

]
|0〉k ,

where gk
1 = exp(2iωk(P1)t) tanh |r1|, gk

2 = exp(−2iωk(P2)t) tanh |r2|. Following from inserting the identity operator
∫

d2α/π|α〉〈α|=
I, we obtain

fk(P1,P2, t) =
1√

cosh |r1|cosh |r2|
1

π3

∫
d2

α1 . . . d2
α3 〈0|exp

[
gk

1L−
]
|α1〉〈α1|exp [tanh |r1|L+]

× exp [−2log(cosh |r1|)L3]exp [− tanh |r1|L−] |α2〉〈α2|exp [− tanh |r2|L+]

× exp [−2log(cosh |r2|)L3]exp [tanh |r2|L−] |α3〉〈α3|exp
[
gk

2L+

]
|0〉k
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=
1

cosh |r1|cosh |r2|
1

π3

∫
d2

α1 . . . d2
α3 〈0|exp

[
gk

1
2

α
2
1

]
|α1〉〈α1|exp

[
tanh |r1|

2
α
∗2
1

]
× exp

[
− log(cosh |r1|)a†a

]
exp
[
− tanh |r1|

2
α

2
2

]
|α2〉〈α2|exp

[
− tanh |r2|

2
α

2∗
2

]
× exp

[
− log(cosh |r2|)a†a

]
exp
[

tanh |r2|
2

α
2
3

]
|α3〉〈α3|exp

[
gk

2L+

]
|0〉k . (B1)

As the coherent state is over complete, the overlap of two different coherent states is nonzero, i.e., 〈α | β 〉= exp[−(|α|2+ |β |2−
2α∗β )/2]. We also notice that the coherent state is not the eigenstate of particle number operator a†a, then

exp
[
−λa†a

]
|α〉= e−λa†a exp

(
−|α|

2

2

)
∞

∑
n=0

αn
√

n!
|n〉= exp

(
−|α|

2

2

)
e|α e−λ |2/2

∣∣∣α e−λ

〉
.

In the following, we denote αi = x2i−1 + ix2i ,
∫

d2αi =
∫

∞

−∞

∫
∞

−∞
dx2i−1 dx2i , (i = 1,2,3).

fk(P1,P2, t) =
1

cosh |r1|cosh |r2|
1

π3

∫
d2

α1 . . . d2
α3 exp

[
gk

1
2

α
2
1

]
exp

[
−|α1|2

2

]
exp
[

tanh |r1|
2

α
∗2
1

]

× exp

[
−|α2|2

2
− |α1|2

2
+α

∗
1 α2 e− log(cosh|r1|)

]
exp
[
− tanh |r1|

2
α

2
2

]
exp
[
− tanh |r2|

2
α

2∗
2

]

× exp

[
−|α2|2

2
− |α3|2

2
+α

∗
2 α3 e− log(cosh|r2|)

]
exp
[

tanh |r2|
2

α
2
3

]
exp

[
−|α3|2

2

]
exp
[

gk
2

2
α
∗2
3

]
× exp

[
−x2

1− x2
2− x2

3− x2
4− x2

5− x2
6
]

=
1

cosh |r1|cosh |r2|
1

π3

∫
dx1 . . . dx6 exp

[
−1

2

6

∑
i, j=1

Ak
i jxix j

]
, (B2)

where

Ak(t) =

 Θ1 Ω1 0
Ω T

1 Λ1,2 Ω2
0 Ω T

2 Θ2

 ,

Θ1 =

(
2−gk

1− tanh |r1| i
(
tanh |r1|−gk

1
)

i
(
tanh |r1|−gk

i
)

2+gk
1 + tanh |r1|

)
,

Θ2 =

(
2−gk

2− tanh |r2| −i
(
tanh |r2|−gk

2
)

−i
(
tanh |r2|−gk

2
)

2+gk
2 + tanh |r2|

)
,

Ωi =

(
−cosh−1 |ri| −i cosh−1 |ri|
i cosh−1 |ri| −cosh−1 |ri|

)
,

Λ1,2 =

(
2+ tanh |r1|+ tanh |r2| i (tanh |r1|− tanh |r2|)
i (tanh |r1|− tanh |r2|) 2− tanh |r1|− tanh |r2|

)
.

With the help of Gaussian integral,[26] we obtain

fk(P1,P2, t) =
23

cosh |r1|cosh |r2|
1√

det [Ak(t)]

=
23

cosh |r1|cosh |r2|
1√

det [Ak(t)]
. (B3)

In Eq. (4), the terms higher than (p2)2 are neglected. There-
fore, the higher terms in

∣∣det
[
Ak(t)

]∣∣ should also be ignored,
i.e., |ri| ∼ 3P2

i /8M2c2, cosh |ri| ∼ 1+ |ri|2 /2 and tanh |r1| ∼
|ri|. After further calculation,∣∣∣cosh2 |r1|cosh2 |r2|det

[
Ak(t)

]∣∣∣

'
∣∣∣26(1+ |r1|2 + |r2|2)e−2iωk(P2)t

∣∣∣
×
∣∣∣[ |r1| |r2|(1− e2iωk(P1)t − e2iωk(P2)t + e2iωk(P2)t e2iωk(P1)t)

−|r1|2 e2iωk(P1)t e2iωk(P2)t −|r2|2 + e2iωk(P2)t
]∣∣∣

' 26
∣∣∣[1+ |r1|2 + |r2|2−|r1|2 e2iωk(P1)t −|r2|2 e−2iωk(P2)t

+ |r1| |r2|(e2iωk(P1)t + e−2iωk(P2)t

− e−2iωk(P2)t e2iωk(P1)t −1)
]∣∣∣

= 26
[
1+(|r1|− |r2|)2 (1− cos(2ωkt))

]
, (B4)

where we have assumed ωk(Pi)' ωk.

∣∣ρ12
c.m.(t)

∣∣= 1
2

N−1

∏
k=1
| fk(P1,P2, t)|

=
1
2

(
N−1

∏
k=1

2−6
∣∣∣cosh |r1|cosh |r2|det

[
Ak(t)

]∣∣∣)−1/2

' 1
2

N−1

∏
k=1

[
1− 9

32
(∆E1,2)

2

M2c4 (1− cos(2ωkt))

]
. (B5)

There is a product of (N− 1) terms in Eq. (B5) and we can
take its logarithm,

ln2
∣∣ρ12

c.m.(t)
∣∣= N−1

∑
k=1

ln

[
1− 9

32
(∆E1,2)

2

M2c4 (1− cos(2ωkt))

]
100301-10
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'− 9
32

(∆E1,2)
2

M2c4

N−1

∑
k=1

(1− cos(2ωkt)) . (B6)
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