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We study how the decoherence of macroscopic objects originates intrinsically from the relativistic effect. With the
degree of freedom of the center of mass (CM) characterizing the collective quantum state of a macroscopic object (MO),

o o . . . —1 .
it is found that an MO consisting of N particles can decohere with a time scale of no more than /N . Here, the special
relativity can induce the coupling of the collective motion mode and the relative motion modes in an order of 1/c2, which

intrinsically results in the above minimum decoherence.

Keywords: decoherence, macroscopic object, special relativistic effect
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1. Introduction

Quantum superposition lies in the heart of both quan-
tum mechanics!'!?! and the current quantum technologies such
as quantum communication and computation.>* Any su-
perposition of different states whose evolution is governed
by Schrodinger’s equation!® still satisfies the same evolu-
tion equation and remains valid in the quantum world. Upon
one measurement, Born’s rule determines the probability of
one definite outcome.!® Another feature of interest in quan-
tum mechanics is the quantum coherence, which is depicted
by superposition. For instance, the fringes in the interfer-
ence experiment of electrons show the coherence of the elec-
tron state in different paths. However, interaction between a
physical system with its environment may ruin this coherence.
This environment-induced process, known as decoherence or
dissipation,!”! destroys the coherence of the system, i.e., sup-
presses strongly the interference of states of the system or dis-
sipates its energy, and singles out a set of states which behave
like classical states.[®°! In the quantum theory of measurement
where the system, apparatus, and environment are all treated
as quantum objects (governed by Schrodinger’s equation), de-
coherence is proposed to interpret the outcome of measure-
ments without the collapse of wave packets.[”!% A number
of models of environments which do not dissipate energy of
the system but contribute to its decoherence have been stud-
ied in the past few decades. For example, the environment can

IL12] 4 reservoir of harmonic

[14]

be chosen as a ring of spin 1/2,!
oscillators, 13! and many other external environments.

It seems that quantum theory, while tested thoroughly
at the microscopic level, is somehow counter-intuitive in the
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macroscopic domain. In Schroédinger’s well-known gedanken
experiment,''>! a cat, which is described as a macroscopic ob-
ject (MO), is in a superposition state of alive and dead, which
has never been observed in the classical world. In our daily
life, the cat is either alive or dead with the same chance but not
in the superposition state. In fact, decoherence plays an impor-
tant role in this transition from the quantum world to the clas-
sical world.®%) In the universe, isolated systems barely exist,
especially the MOs, which must interact with environments
(with a large scale of degrees of freedom). Generally speak-
ing, the larger the scale of a system, the faster it decoheres. %]

As we stated above, various interactions will lead to this
quantum-classical transition phenomena. In this paper, we fo-
cus on its intrinsic origin, which results in the minimum de-
coherence even in the absence of any usual environments. It
has been found that the collective mode of MOs can be cou-
pled with its inner motion modes.['”~!"] Carazza has stud-
ied the decoherence effect of the collective variable for free
quasi-relativistic particles.!!”! Nevertheless, for macroscopic
objects, a more reasonable scenario should take the interaction
between particles into account, since it is the coupling between
particles that bound them into a macroscopic object. Recently,
Igor Pikovski et al. has also studied decoherence due to grav-
itational time dilation in 2015.1?Y) They phenomenologically
thought that the internal movement energy of the system can
contribute to its total mass, and the center of mass (CM) was
coupled to the internal movement due to the general relativistic
effect.

In this paper, we revisit the effect of the special relativity
on the decoherence of the collective mode of macroscopic ob-
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jects. We study a ring of relativistic particles with the nearest—
neighbouring interaction, and under some transformation we
find there exist interactions between the CM and the internal
degrees of freedom. Then we look into the decoherence of CM
motion after time evolution and obtain the decoherence time
T~ (3VNI|AE 2| ©/2Mc?) ~!\Where N is the particle number,
AE is the energy difference of two initial states, @ is the
coupling strength, and M is the total mass of CM.

The remainder of this paper is organized as follows. In
Section 2, we describe the relativistic macroscopic system
consisting of N particles and obtain its effective Hamiltonian
with the lowest relativistic effect to depict the decoherence of
CM motion. In the decoherence dynamics, we choose the ini-
tial state as a product state of the superposition states of CM
momentum (coherent states) and ground states of simple os-
cillators, and figure out the time evolution of this state. Then
we obtain the reduced density matrix and analyze its decoher-
ence. In Section 3, we study the decoherence of free particles
with the same initial state and compare it with the outcomes in
Section 2. The conclusions and discussions are in Section 4.

2. The quasi-relativistic macroscopic object
2.1. The Hamiltonian of the macroscopic particle ring

In this section, we start from a relativistic MO composed
of N particles, each of which obeys the Dirac equation, with
the nearest-neighbouring interaction being considered. In spe-
cial relativistic quantum theory, the Dirac Hamiltonian of a
free fermion reads [*)

Hy = ﬁmc2+ca -p,

where p and m are the momentum operator and mass of the
particle respectively, and

/3_<(I) _OI>, a,-—<3i %"), (i=1,2,3)

are the Dirac matrices and ¢ denotes the light velocity. It is
well known that there are four eigenvectors where two cor-
p2c? +m2c* and the others cor-

p2c? +m2c*. In other words,

respond to positive energy
respond to negative energy —
one can diagonalize this Hamiltonian in a block with a unitary
transformation U = exp [ - parctan (p/mc) /2p] (Ref. [22])
as Hy=UHyU", i.e.,

p2c2 +m?ct.

The positive and negative energy spaces are separated. In the
following we will focus on the positive energy part and con-
sider the lowest-order relativistic correction of non-relativistic
particles. Actually, the above argument is carried out for Dirac
particles. For scalar particles, one can also obtain the mass-
energy relation with the Klein—Gordon equation.

Thus the total Hamiltonian of the relativistic MO is

1
HZZ P;’202+mzc4+§mw2 (i —xig1)?, (D
1

where m is the mass of a single particle, p; and x; are the mo-
mentum and position operator at site i respectively as we set
the lattice distance a = 1. The Hamiltonian to the second-order
approximation, which contains the lowest-order term with the
relativistic effect, becomes

Pi2 Pi4
2m  8m3c?

+mo? (xl2 —xix,-H)} . (2

For simplicity, we choose N as an odd number without
loss of generality and take the Fourier transformation

1Y < i2n )
Pe =\ L piexp| ——kj|,
szzl ! N
1Y i2m
Nj;xjeXP (Nk.]>7 (3)

to get the normal modes with p; and x;, the momentum and

X —

position operators at momentum space respectively. It is worth
mentioning that py_y = ZIJY:I pjexp(—i2nj) /v/N = P/V/N,
and x—y = ):y:l xjexp (i27j) /v/N = +/NX are the momen-
tum and position operators of the CM. That is to say, the N-th
mode describes the motion of CM while the other N — 1 modes
describe the internal relative motion. Therefore, we introduce
the CM and relative coordinates in the relativistic Hamiltonian
by this Fourier transformation. In this center of mass reference

frame, the Hamiltonian in the low-energy limit becomes,

P’ P! N pep—i

T OM M k;

2m

N-1 2 N-1

2 .2 (T 3p PiP—k
+2mo kg’lxkx,ksm (Nk)_ZMch = 2m
P N—1

——————— Y Pl PhoPhs Ok ko qN
2m*Mc*VN ky ey k3 =1

1 N—1
- SmEMc2 Z Py Pky Pks Py, 5k] +ky4-k3,qN > 4
MZVECT 4 ey d kg =1

where &, 4, +4;.qv fOr g being one of nonzero integers, is the
Kronecker Delta function. It can be seen in Eq. (4) that the
first two terms describe the Hamiltonian of CM while the third
and fourth terms describe the relative motions. Obviously the
last three terms characterize the interaction between CM and
relative motion and the higher order correction.

We then treat the CM system as the “system” and the rel-
ative motion system as the “internal environment”. Therefore,
this division of the Hamiltonian in Eq. (4) implies that the mo-
tion of the system will be influenced by the environment. As a
consequence

H ~ Hs + Hg + Hgg, (5)
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where

_ P
Hs = 53,

Hp = Y3 Bk 4 Do xx_g sin (f,k),

_ 3P \N—-1 PPk
HSE—_zMzzz om

where the high order collective terms are neglected. It can
be checked immediately that [Hs, Hsg] = 0 and [Hg, Hsg] # 0,
which means that evolution governed by the Hamiltonian in
Eq. (5) may cause entanglement between the system and the
environment. According to the decoherence theory, this kind
of interaction will induce a transition from the quantum super-
position state to the classical statistical mixture in the system
without energy dissipation.[”-!

We have obtained the decoherence model, but there re-
mains another problem: different modes of relative mo-
tions are not independent but coupled in pairs. We
then introduce the Bogoliubov transformation. This
Or=n—1 )T =

where Q stands for

transformation is given by ( Oi=1 Or=2 ...

T
Wiv_tyx(v—1) (@k=1 @r=2 --- Ge=n-1)
P, X, which are the momentums and the displacements of the
N — 1 independent relative motions, g for p,x respectively. The
transformation W is

10 00 1
0 1 .. 010
\/T “en
W=y 0 0o 1 10 0 ©)
2l 0 0 —i i 00
0 —i ... 0 i 0
i 0 00 i

For j € [1,N — 1], only two elements are non-vanishing in ev-
ery row and column of W. Especially, W; j =W;n_; =1/v2 V2
when j € [1,(N—1)/2]and W) ; =W}y _; = =i/v/2 when j €
[(N+1)/2,N —1]. We can check that WW' =Ty 1) n-1)»
and

N-1

ZCqu k= ZQk (7

Finally, the diagonalized Hamiltonian becomes (@, =
2o sin(mk/N))

P2 N—1 P2 m 3P2 N— 1P2

H=_-+ Z et SOl )~ 22
M = \2m 2 2M?e” = 2m
p2 N-l
= H, Hp (P
m T Z Ex + Hi(P). (®)

Now we know that there is only the kinetic term in the system
Hamiltonian, the environment contains N — 1 modes of a sim-
ple harmonic oscillator with N — 1 eigenfrequencies and the
motion of CM couples with all the relative motion modes.

2.2. Decoherence dynamics

In the previous subsection, we obtained the Hamiltonian
of the decoherence shown in Eq. (8). With the interaction be-
tween system and environment, the evolution equation of the
reduced density matrix of the system is the quantum master
equation, Which is not unitary due to the interaction with its
environment.!”! According to Born’s rule, the diagonal terms
of the reduced density matrix describe the probabilities of
getting some outcome in one measurement, while the off-
diagonal ones characterize the interference of different quan-
tum states and show the coherence properties of this system.
When the coherence of the system decays with time while the
probability terms remain stable, the system undergoes a tran-
sition from quantum to classical, i.e., decoherence. 16!

We can see that, in the Hamiltonian (8), the relative mo-
tions are N — 1 simple harmonic oscillations and the min-
imal energy difference between two neighbouring levels in
the large N limit is 2ficon/N. Assuming the temperature of
the environment is too low to excite the relative mode, i.e.,
2hwn /N > kgT, all the relative motions stay in the ground
state. Then we choose the initial state as |@(0)) = (|P) +
1P))/V2RTIY-} |0), where |B) (i = 1,2) is the eigenstate
of P with elgenvalue P; and |0), is the ground state of the -
th mode of the relative motion Hamiltonian. The total density
matrix at time ¢ evolves as

p(r) = e /R p(0)) ((0)] e /™. ©

The reduced density matrix of the motion of CM is

= TrEp(t).

As |P;) and |P,) are the eigenstates of Hs, the diagonal terms

Pem.(?)

of the local (reduced) density matrix in basis |P;) are indepen-

1,1 22 2,2
=ps (0)=pg(t) =ps~(0) =1/2.
This feature indicates that we are dealing with a pure decoher-

dent of time, i.e., psl’l (1)

ence process without dissipation. The off-diagonal term reads

| N=
12 _ He(P)t/h o —iH (Pt /B
‘pC-m‘(t)|_§kI;Il‘O| e 1Hk(P)t /7 o —iHi(P)t/ |()>
]N 1
= 5 Ifk(PhPZat)'? (10)
k=1
where
H(P,) = Hgx + Hp i (P),
Fe(Pr,Py,t) = (0] Se(&1€™)Si(r1)Sk(r2e™)Sk(E2) [0);

where S (r) is a squeeze operator. Thus the coherence of this
system is related with the expectation value of four squeeze
operators over the vacuum state (for more details see Ap-
pendixes A and B). After some calculation, we obtain

()] = lexp —ﬁ(l—J0(4a)t)), (11)

lim |p > No

N>1
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where Ny = (32M2c4/9 (AELQ)Z), Ju(x) is the first kind of
Bessel function and AE;, = (P? — P7) /2M. One can con-
clude from Eq. (11) that in the large N limit the decoherence
function depends on the scale of the system, the energy differ-
ence of initial states, the coupling strength of real particles, and
time . One may also find that as @f < 1, Jo(4wt) ~ 1 —4@*t?

thus the decoherence function becomes

[P (1)]
Then the decoherence time (assuming N >> Np) is

. 24/2Mc?
3\/N |AE172| (D'
In the long time limit, ¢ >> 1, Jo(40t) ~ 0 and ’pcl%n (t)‘ ~
exp[—N/Np] /2 which indicates that only when N > Ny,

i
pd2(1)| = 0, i.e., there is a restriction on the scale of the
whole system.

~ %exp [—4Nw*?/Ny) . (12)

13)

0.4f — N=10%
———— N= 1023
— 0.3} — N=10%
g VAos
< 0.2 ‘\,II‘\/‘\,'\\" AVAVAVAVAVL VA
0.1
07\ L L L \7
0 5 10 15 20

t/10~" s

Fig. 1. (color online) The off-diagonal matrix element of |pl2, ()]
as a function of ¢ with different N: N = 10?2 < Ny (blue, solid),
N = 10?® ~ Nj (red, dashed), N = 10%* >> Ny (purple, thin). All the
parameters are chosen as @ = 10'* Hz, and the two superposed initial
velocities V| = 200 m/s, V, = 1000 m/s.

Equations (12) and (13) are the main results of this paper.
The decoherence process of CM depends on the scale of the
system, the interaction strength of real particles and the differ-
ence of the initial kinetic energy. The larger the system is, the
faster it decoheres. Table 1 shows a list of decoherence results
with respect to systems of different magnitudes (e.g., the uni-
verse, the Earth, a person, and Cgp). For simplicity, we have
assumed that all these systems are composed of only carbon
atoms. As an example, we consider Cgy molecules with cou-
pling strength @ ~ 10'* Hz. With the two superposed initial
velocities of this carbon ring as 200 m/s and 1000 m/s,>?! the
lower bound of the particle number is Ny = 1.3 x 10?* which
has the magnitude of Avogadro constant Ny = 6.02 x 10%3.
Thus no decoherence occurs in a single Cgg molecule. Fig-
ure 1 shows ‘ pl2 (t)‘ as a function of ¢ with different N. First,
when N < Ny, the off-diagonal element ’ pl2 (¢t
around 0.48, which means the system barely decoheres; then,
as N ~ N,
around 0.25 later, indicating that a portion of coherence is re-

)| oscillates

P2, (¢)] decreases in the beginning and oscillates

tained in the system; at last, for N > Ny, compared with the

t)’ decreases to zero immediately thus
the state of the CM in this system decoheres. And the deco-
herence time of this MO is about 10~ 4 s,

It is shown in Eq. (11) that the decoherence process de-
pends on P12 — P22.
the coherence of CM remains unchanged.

It seems obscure that when P, = —P»
In fact, this
can be seen in Eqs. (4) and (5) that we drop the term ~
PEQ[1 jkikul Pk, Pky Pk Ok, +ky+k3,N s @ higher order term and
only keep the one ~ P? ):iv;ll PiP—k- This reduction may be
related with our results o< (P} — P2)*.

out the decoherence time as P = —P5.

Now it is time to find
In this case, the off-
diagonal term of the reduced density matrix is calculated as

P2,0)] = 3 [(0] e e rzn )

N— 1P2 m 3P2 N— 1P2
H(P Z + Zxk kT oMm22 Z om

Pl N—-1

SR — w' (P, P.P.).
zszCZ\/Nkhk;:;:l ( ki1 tky ks)

Here denotes the term

N—1 t
Zkl,kz,lg:lW (PklPkZPk3)

N-1 : :
):/q )k27k3=1Pklpkzpk35k1+k2+k3,N transformed by W given in

Eq. (6). Keeping terms up to 2, one finds

R

P 0] = 51+ OHR) -~ H() O

2
2

Ol (HP) — H(PY)|0) \

1 N

The decoherence times T and 7’ are obtained, which are
caused by the P? and P terms of interaction respectively. What
is more important,

2
sy
32 ’

2 2

1, M—W)e

~———h®
’ Mt
1/ ~ Nmia/1 +V2)2

15
T o as)

where V| (V) = P (P>) /M. Here we know that when Py = —P»,
the decoherence effect originates from the interaction term
— V)2 ha? /32Mc*.
P2 % P2 and in the large system limit, we also find that the in-

P with time scale ~ (V; Actually, when
fluence of the P? term dominates, i.e., T < 7’. In other words,
the decoherence process caused by the interaction term P2 is
much faster than the process caused by term P. This is why
we only keep the interaction term P2 in the very beginning of
our paper.
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Table 1. Decoherence time and particle number bound of systems of different scale with coupling strength @ = 10'4 Hz.

Universe Earth Person Ceo
Initial velocity of CM/(m/s) 2.0 x 10°, 1.0 x 10° 3.0x 10*,2.0 x 10* 10,5.0 1.0 x 103, 2.0 x 107
Particle number 5.0x 1078 2.5%10% 5.0 x 1077 60
Particle number bound 1.3 x 100 4.0% 10" 2.0 x 103! 1.3x10%
Decoherence time/s 2.0x10°% 2.0x 10731 3.0x 10713 24%107°

2.3. Decoherence of cat: Superposition of coherent states

It is well known that the eigenstates of momentum op-
erators are ideal quantum states, and that they are difficult to
prepare in experiments. More “classical” states in quantum
mechanics are coherent states, like |ot), which are generated
by applying the displacement operators on the vacuum states.
One important property of the coherent state is that it satisfies
the minimum uncertainty relation. Moreover, coherent states
behave as Gaussian wave packets in both momentum and po-
sition space. In this subsection, we study the decoherence of
a more “classical” quantum state, cat state, i.e., the superpo-
sition of coherent states. Here the Wigner function in phase
space is a useful tool in exploring the non-classicality of quan-
tum states. >4

Here we consider that the CM is prepared in a macro-
scopic superposition state ~ |¢t) + |f) initially, and the rela-
tive modes are still in ground states, describing a non-excited
internal environment,

1

N—1
|¥(0)) = (Ioc>+\ﬁ>>(§§>kf_l1 10}, (16)

where Z is the normalization factor and o (f3) is a complex

(|

number. The reduced density matrix of the motion of CM is
Pem. (1) = |_1|2 // AP AP (o, B, Py, Po.t) |PL) Py (1)
where
I(a,B,P,P,t)

N—1
= [T /P Pot) (P )+ (P  B)) (e | P2) + (B | P2)).
k=1

As illustrated in Subsection 2.2, the decoherence function re-
lies on the overlap of two quantum states, Hivz_ll Ji(P1,Pa,t).

0.2
X exp [167/(1 7J0(4wt))p24N4h2 (1

1
Wa p,q,t) =
( ) |Z|? 7
Wh(p,q,1) = !
|Z|?

For simplicity, we replace this overlap function with its mod-
ulus,

N-1 N-1
[ /(P Pot) =~ ] 1fu(Pr, Pry1).
k=1 k=1

In momentum representation, the coherent state behaves as a
Gaussian wave packet with packet width 71/2¢ and the mean
momentum %3 (¢) /o,

(Pla)y = (ic;) l/46:xp [—:22 (P— ZS((X))T

c
X exp {—Zihiﬁ(a)P} . (18)
At first glance, it seems difficult to deal with the reduced den-
sity matrix given in Eq. (17) as its dimension is infinite. In or-
der to quantify this decoherence process of CM, we introduce
the quasi-probability distribution, Wigner function, which is
defined as
| -

Wip.q)=_ [ dye®?M(g—ylplg+y). (19
Although the Wigner function is a real function, it cannot be
interpreted as a probability distribution function since it can be
negative. Nevertheless, if integrating it over p (g), one will get
the probability distribution function of g (p).

Inserting Eqgs. (17) and (18) into Eq. (19), we calculate
the Wigner function of the center of mass

Wem.(p.q.1) = W*(p,q,t) + WP (p,q,t) + W' (p,q.t), (20)

where

exp {Gj (-R(a)) /202] exp {2(0,7 —13(a))? /ﬂ

o2

B G%,(%(a)))}

exp | ~G3(-K(B)) /202 | exp |2 (0~ 13(B) 7]

2 2(_R
<exp 1671 o) 7 2 (1 G (B)))]’

ey
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which are the direct Wigner functions contributed by quantum state |ct) and |3) respectively, and

1
WI pvqat = 5 _&Xp |:_
(P.a.1) |Z|? mh

202 +ih
72 PTos

(a—BW>T

X exp [— (a—B*)?/2—3(a)> —S(ﬁ)z} exp [_G; <_ ‘”Zﬁ*) /262]

x exp | —16y(1 —Jo(4ot)) p

is the one caused by the interference term |a) (8| + |B) (|,
and we have set G,(x) = ¢ +20x and y = INA* /128c*m*c*.

In the beginning, the two direct Wigner functions in
phase space are centered at (¢ =20R(a),p =13 (a)/0)
and (g =20R(B),p =hr3(B)/o) respectively, which are ex-
actly the mean position and momentum of two coherent
states, while the interference one is approximately centered at
(4= 0 (R (@)+R(B)).p=h(3(x)+3(B)) /20) (the mid-

point of the centers of the two direct terms). Figure 2(a)

() wt=0, N=10

2 a+p*
o? G (_ 2 )
AN*R? o?

+h.c.

shows the Wigner function in phase space at r = 0, where two
packets correspond to the two coherent states and the oscil-
lations correspond to the interference term. Since p stands
for the momentum of the whole system (center of mass), p/N
indicates the mean momentum of a single particle. In this
case, the two packets are centered at (p/N = 0.3,¢q = 10)
and (p/N = 0.7,q = 6) respectively. This raises the follow-
ing question: How does the total Wigner function evolve with
time?

(b) ~wt=0.5, N=10

()  wt=100, N=10

Fig. 2. (color online) The Wigner function in phase space (p/N,q) at different time where we have chosed the natural units # = ¢ = 1 and assumed
c=1,N=10,y=10, ¢« =5+3i,and f =3+7i: (a)t = 0; (b) wt = 0.5; (c) wt = 1; (d) wr = 100.

First, let us turn to a mathematical function Q(x,y) =
exp [—x* —2(ay —b)* —dy*(1 —2x*)] where a > 0,d > 0.
One can prove that if 2a> > d and a®> > 2b%d, the posi-
tion of its peak is x = 0,y = b/a, Q(x,y) |peak= 2(x =
0,y = b/a) = exp[—db*/a*]. Then in our occasion, if
2y(1—Jo(4wt)) < N*, 8y(1—1Jp(4wr))3(ax)> < N*, and
8y (1 —Jo(4mt))3(B)*> < N* (our choice mentioned above
meets all these conditions), the positions of the peaks of

three Wigner functions terms remain unchanged with time (as
shown in Fig. 2)

1 e —4r(1-To(401))3(a)* /N*

WOC 9 at eak — ,
(P1451) Ipeak B
1 —4y(1-Jo(401))3(B)? /N*
Wﬁ(p,%t) |Peak = |E|27rhe y(1-Jo(401))3(B)/ ,
h
W/(p.) st = W' 555+ B).0% (e Bt ). 22
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It is depicted by the above equation that the peak value of the
three Wigner function terms is at time ¢. Since the two di-
rect terms describe the probability distributions of two coher-
ent states respectively and the oscillation term describes the
interference effect, it sounds reasonable to quantify the deco-
herence of the superposition of coherent states with the peak
values of the Wigner function. A useful quantity introduced
by Zurek!?*! is the fringe visibility function

Fla,B.t) Nl Wl(p7q,t) |peak
2 (Wa(p,q,t) |peak Wﬁ(p,q,t) |peak)

Obviously, the fringe visibility function describes the decay

7 (23)

of the peak value of the interference term. In other words, it
shows the decoherence of the system, which originates from
its interaction with the environment. Here, the fringe visibility
function gives

Fla, B.1) o< exp [~y (1-To(4an)) (3(c)* = S(B)?)°].

When expanded at the small time and large time limit, the
above equation becomes

4N
lim F(a,B,t) o< exp {,wztz} ,

or<1 Ny
lim F(a,B,t) < ¢ N (24)
Jim P (0 B,r) = exp |~ |

where Nj) = 32M*c*/9 (AEaﬁ)z is the new particle number
restriction, AE, g = 7* (3(a)? —3(B)?) /2Mc? is the differ-
ence of mean kinetic energy of the two coherent states. Fig-
ure 2 shows the time evolution of the Wigner function. When
t < 1/ the interference term is damped over time while when
ot = 100 > 1, a portion of coherence still remains. Figure 3
shows the Wigner function at the large time limit with different
N while the centers of the two direct terms remain unchanged.
It is shown that the larger the particle number N is, the less
coherence it keeps in the large time limit. All these features
coincide with the analysis results given in Eq. (24). Now we
obtain the decoherence function of a macroscopic superposi-
tion quantum state, ~ |a) + |B), which depends on the mean
momentum of the two superposed coherent states 73 (a)/o
and 73 (B)/o. What is more, this function F (¢, 3,7) is highly
similar to the result we get in Subsection 2.2,

1 9N AE; 2\ 2
. 12 o 1 _ 2.2 1,2
dim, Jpein. (1)) = F exp | ot ( M ) ’
1 ON [ NE1o)\?
. 12 o~ 2 1,2
aim, pein. ()] = Fexp | =55 ( M ) 1 )

where AE| ; is the difference of the kinetic energy of the two
superposed states. Similar to the outcome in Subsection 2.2, in
the superposition of the coherent states case, the decoherence
time depends on the scale of the total system, the interaction
strength of real particles, and the difference of the initial ki-
netic energy.

(a)

wt =100, N=20

(b)

Fig. 3. (color online) The Wigner function in phase space (p/N,q) with
different N.

3. Free-particles evolution

In Subsection 2, we studied the decoherence of the
CM in a ring with N relativistic particles with the nearest-
neighbouring interaction and find that a restriction on parti-
cle number is necessary for the decoherence of CM. Next, we
will explore whether or not this particle number restriction is
induced by the nearest-neighbouring interaction. To this end,
in this section, we investigate the system of N free relativistic
particles

H=Y\/p}+mc.
i

We point out that the results about the cases without inter-
coupling could not be simply achieved from the above con-
sequence by asumming the couplings vanish.

Making the Fourier and Bogoliubov transformations
mentioned above in Egs. (3) and (6), one finds this Hamil-
tonian, to the second order approximation, becomes

P2 N—1 P2 3P2 N—1 P2
oo~ P L k. 26
! 2M+,§1 2m 2M2c2k§’12m’ (20)

where P describes the momentum of CM and P, the momen-
tum of the k-th mode of relative motion.

As there are only momentum terms in Eq. (26), the three
terms commute pairwise. Therefore, for an initial state such as
the product state of the collective and relative momentum op-
erators, no decoherence will occur. What is more, in Section 2
the initial state of the kth mode relative motion is chosen to
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be the ground state of the simple harmonic oscillator, which in
position representation behaves as the Gaussian wave packet
with width 7/ (4mesin(z/N)k). To make sure that the two
models start from the same condition, we set the initial state
of the free-particle model as

o=

QITI9)

where (x| ¢), = (2m02) *exp [—x?/40}] is a Gaussian
wave packet with packet width 67 = 71/ (4mwsin k). As the
evolution of the state is governed by Eq. (26), the state at time
t reads

(1) = %GXP {—IZhM ] |Pr) ®H/dpgk

i 3P12 p?
X exp [h (1 - 2M2c2> —t||p);
1
+ﬁexp {IZ}EM ] |P2) ®H/dpgk

i 3P\ p?
X €Xp |:_h (1 - 2M26’2> %t ‘p>ka (27)

where gi(p) = (20‘,{2/77:]‘12)]/4 ~P*0/M  Then the off-

diagonal element of the reduced density matrix becomes

1 13! ont [ AE\?
12 _ 2
|pi(1)| = 5 &XP [_4 kZ:1 In <1 + 1667 m? <Mc2> A

For small ¢, we obtain

1 9 AE\?
12 - 2.2
lpi*(1)] ~ 5 exp —gNﬂ) t (Mcz) ; (28)
with decoherence time
2V2Mc?
T = L (29)
3\/N|AE172| w

Comparing these two model, we find that with the same
initial state the CM decoheres at the same rate as the outcome
we obtained in Section 2, while there is no restriction on the
This find-
ing concludes that the restriction is introduced by the nearest-

particle number (Np) in the free-particle model.

neighboring interaction between relativistic particles in the
ring. In fact, this product state in the collective and relative
movement reference frame corresponds to an entanglement
state in the real-particle movements frame. Moreover, this en-
tanglement state is difficult to prepare in experiments since
particles are all free. By the way, the transformation between
the two frames considered in this paper is

2 N—-1

). ke 1LY
Z p]COS<N ]) € )

2 N—-1

ki), k —,N—l}
p]sm(N ]) € )

ij, k=N.
j=1

>
|
™=T

4. Conclusions and discussions

We have considered the relativistic modification in the
Hamiltonian of the N-particle-ring system with the nearest-
neighbouring interaction. It is found that interactions exist be-
tween the CM motion and the relative motion that originated
from the relativistic effect. As the part of relative motions be-
haves as a harmonic oscillator bath environment, this interac-
tion causes the decoherence of the CM without dissipation.

Under the particle number condition, N > N, the deco-
herence time of the system depends on the particle number of
the system, the coupling constant and the initial kinetic energy
difference, i.e., T ~ (3\/N(AE172) a)/2Mc2)7

clude that macroscopic objects decoherence faster than micro-

1
. One can con-

scopic ones. With a more classical state as the initial state, the
superposition of coherent states, the CM decoheres in a similar
way to the former case where the decoherence time depends on
the two expectation values of the CM momentum. Through a
further study, we find that in the free-particle system (with-
out the particle interaction), for the same initial state, the sys-
tem decoheres with the same rate as the former case while the
particle number restriction disappears. Therefore, the interac-
tion between particles is responsible for the particle number
restriction and keeps the small system from decoherence. In
the example we take above, only in macroscopic systems with
a particle number N ~ Ny, does the CM decohere.

We finally remark that we only studied the minimum de-
coherence mechanism for the decoherence of MOs, which
is dipicted by its CM coupled with relative movements due
to the relativistic effect. In the real world, as we said be-
fore, a physical system, especially a macroscopic system (with
lots of degrees of freedom) must interact with its external
environment.[”!4] The decoherence effect caused by this ex-
ternal environment may dominate and the intrinsic decoher-
ence effect we considered here can be ignored. In other words,
in practice the MO will already be in a statistical mixture long

before reaching at the decoherence time we obtained in this

paper.
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Appendix A: Squeeze operator in simple har-
monic oscillator

The Hamiltonian

2 2

p 1
H="" 02—
om MO o,
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P L

2—+§mw x?, (A1) 1;[ i (P1,Po,t)
where m' =m/(1 —6), @ = 01— 8. There are two kinds
of definition of operators where
. T KR
/ (4 (P, Pat) = (0]} (r) e P, (1) S] (1)

> efia)k(Pz)aTatSk(rz) ‘O>k 7

F

and
X = o /w, (b—l—bT)
hm' @' ; o (P) = wy\/1—3P2/2M??,
p=- (b=0"). (A2) ,
2 Si(ri) = exp(—|ri|@*/2+ |ri| a?/2),
Then the Hamiltonian becomes 1 5 5 5
: 1 S ho o |r,-|:—11n(1—3Pi /2M=c*).
H:ha)(aa—i—z)—i—zz(a a')
. 1 Then we obtain
=ho' (b'b+ 2> . (A3)

The eigenvalue of the system is (n+1/2)he’. And
Je(Pr,Po,t) = (0] Sk(&1e'™)Sk(r1)Sk(r2e')Sk(E2) [0) .-

m o' p/
b= 4
2h <x " lmlw/> where
1 ! ey

= mo (a+a")+ nfw/(a—aT) .

2\V mo mo &1 =Irilexpli(z —2a(P)1)],

= 8%(r)as(r), (A4) & = |rlexp[i(n — 2@y (P)1)] .
where r = |r|exp(i6), |r | = —ln(l —0)/4,0 =m, and S(r) =
exp(r‘a®/2—ra?/2). T The squeeze operator can be transformed to!?’!

. 1
H=ho' (S‘ r)a‘aS(r) + > . (AS) . . .
aastnt S(l2l €)= exp(lel e~ /2— o] e1%a™? 2)

. .. = exp |—e!? tanh|z| L }ex —2log (cosh|z|) L
Appendix B: Squeeze operator in simple har- P [ L+ Jexp] g (cosh|z]) Ly
monic oscillator X exp [e‘iq’ tanh |z|L,} ,

— 412 — 2 _ (7
’plz (I)‘ = 1Nl_[l‘<0| 1(Hyg+Hj (P )t/h i(Hg+Hpp(P2) I/Fl‘0> ‘ where L+ _aT /2, L-=a /2’ and L3 = (aTa+1/2) /2 form
em- 248 a realization of the SU(I,1) Lie algebra.

Je(Pr, Py, 1) = (O Se([ri]exp [=2ix (Pr)1)])Sk(|ri|exp[—i7)])Si([ra]) k(| r2| exp [i(7 — 200 (P2)t)]) |0

1
= (0|exp [g'fL_} exp [tanh |r||Ly]exp[—2log(cosh|r|) Ls]exp [—tanh |r;|L_]

\/cosh|ri|cosh|r;]

x exp [—tanh |ry| Ly ]exp[—21log (cosh |ry|) L] exp [tanh |rp| L] exp [géLJr} |0),

where gk = exp (2i @y (Py)t) (—2iay(Py)t) tanh |r;|. Following from inserting the identity operator [ d?a/7|a)(ot| =

I, we obtain

SiPLPot) = 420t (0] exp [¢FL- | o) (eu|exp [tanh 11| L]

1 1
7/d2061
y/cosh|ri|cosh|r| T
x exp[—2log (cosh|ri|) L3]exp[—tanh|r|| L_]|0n) (0| exp [— tanh |rp| L]
x exp[—21og (cosh|r|) Ls]exp [tanh |r2| L_] |ots) (a3 | exp [g§L+} 10),
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1
= cosh|ri|cosh|ry| 73

x exp [—log(cosh|ry |)a*a] exp {

tanh |r
x exp [—log (cosh\r2|)aTa] exp [22| } |o) (03] exp {géLJ |0), .

1
/dz(xl...d o3 (0] exp { 5 al} |Ot1><(xlexp{

tanh |r; \

tanh|r;| .,
o
2 1

tanh
] |o) (on|exp {_anzwaaz*}

(BI)

As the coherent state is over complete, the overlap of two different coherent states is nonzero, i.e., (o | B) = exp[—(|a|> +|B|* —

2a*B)/2]. We also notice that the coherent state is not the eigenstate of particle number operator a'a, then

2\ o
il _ .—Ad'a 7&
Aa'al|a) = e exp( 2)2

exp [f
n=0

In the following, we denote 0 = x,; | + ixy;, [ d?; =

fk(PlaPZat)

2 2

2 2

2
(04 (04 t (04
X exp [_| 2| . ‘ 3‘ +a e log(coshrz)] exp |: anz‘r2‘ ]exp[ | §| ]exp

X exp [—x%—x%—x% —x] —xg—xé]

1 1 /d d
= [ dx X¢ €X
cosh|ry|cosh|r;| 73 b Croexp

where
o Q 0
AX(r) = QT A 2 |,
ol 6

—tanh\r|| i (tanh|r1 |—g)
anh\rl\ _81) 2—i—g1 + tanh|rq|

— gk —tanh |r| —1(tanh|r2| g5)

tanh\rz\ %) 2—|—g2—|—tanh|r2| ’
—cosh™!'|r;] —icosh™!|r|

icosh™!|rj] —cosh™!|r]

Ar s — 2+tanh|r| +tanh|rp| i(tanh|r;|— tanh|r;])
127\ i(tanh|r|| —tanh|r,|) 2—tanh|r|—tanh|r| /

With the help of Gaussian integral,[*®! we obtain

23
cosh|ri|cosh|r| /det

_ 2 (B3)

cosh|ri|cosh|ra]| /det Ak

In Eq. (4), the terms higher than (p?)? are neglected. There-
fore, the higher terms in |det [A¥(z)] | should also be ignored,

(P, Pot) =

i.e., |ri| ~ 3P%/8M*c2, cosh|r;| ~ 1 +|r;|* /2 and tanh|r)| ~

|r;|. After further calculation,

cosh? |r{| cosh? |ry| det {Ak(t)} ‘

) Z Al]x,xj

o al? -1)2
"n>:exp ('2)eae 2| /2‘ae—z>'
n.

fjooofjooo d')CZifl dei’ (l = 17273)

1 1 g oy |2 tanh |7 |
= — [ da...d%, Lo o’
cosh|r1|cosh|r2| 3 / ! 3EXP [ 2 } xp [ 2 | P 2 !

Q. (0] tanh

(B2)

b

711

o~ ’26(1 + ||+ |ra)?) e 2P

2iwk(P1)t _ eziwk(PQ)t + e2iwk(P2)t621wk(P1)t)

x| [Inllrl (- e

2 21a)k(P1)t 2i0p (Py)t |r2| +621wk(P2)]

~in|
= 2| [1 Pl = I A |y ey
+ |11 7| <e2iwk(P1)l + e Ziox(Py)t

e*2iwk(P2)tezi(J)k(P1)l _ l)] ’
=25 (14 (|| = |r2])? (1 = cos (2anr)) (B4)

where we have assumed @y (P;) ~ @.
" 1 N—-1

P ()] = 3 I11/k(Pi,Pr1)
k=1

|/ —1/2
= < 26‘cosh|r1|cosh|r2|det{Ak(t)}‘)

(1—cos (Zwkt))] . (BS)

lel I_E(AEI,Z)Z
32 M2t

There is a product of (N — 1) terms in Eq. (B5) and we can

take its logarithm,

In2|pl% (1)] = 21 ll—

9 (AE),)?
M2

(I —cos (Zwkt))]
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—— =V (1 —cos(2axt)). (B6)
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