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Hybrid sub-gridding ADE–FDTD method of modeling periodic
metallic nanoparticle arrays∗
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In this paper, a modified sub-gridding scheme that hybridizes the conventional finite-difference time-domain (FDTD)
method and the unconditionally stable locally one-dimensional (LOD) FDTD is developed for analyzing the periodic metal-
lic nanoparticle arrays. The dispersion of the metal, caused by the evanescent wave propagating along the metal-dielectric
interface, is expressed by the Drude model and solved with a generalized auxiliary differential equation (ADE) technique.
In the sub-gridding scheme, the ADE–FDTD is applied to the global coarse grids while the ADE–LOD–FDTD is applied
to the local fine grids. The time step sizes in the fine-grid region and coarse-grid region can be synchronized, and thus
obviating the temporal interpolation of the fields in the time-marching process. Numerical examples about extraordinary
optical transmission through the periodic metallic nanoparticle array are provided to show the accuracy and efficiency of
the proposed method.

Keywords: locally one-dimensional finite-difference time-domain, metallic nanoparticle, sub-gridding, sur-
face plasmon polaritons.
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1. Introduction
Since the extraordinary optical transmission (EOT) phe-

nomenon through a two-dimensional (2D) metallic hole was
first reported by Ebbesen in 1998,[1] a great deal of attention
has been paid to the investigation of surface plasmon polari-
tons (SPPs) excited in sub-wavelength metallic structures.[2–9]

Generally speaking, the transmission resonances in two cases,
namely the coupled SPP resonant mode and the Fabry–Pérot
(FP)-like resonant mode, have been involved in the interpre-
tation of the EOT phenomenon. For the analysis of periodic
metallic nanoparticle arrays, the frequency-dependent finite-
difference time-domain (FDTD) method has been widely
used.[10–13] Because the SPPs are highly localized along the
metal-dielectric interface, fine spatial grids are required to ob-
tain sufficient accuracy. Thus, an extremely small time step
constrained by the Courant–Friedrich–Levy (CFL) stability
condition results in a long CPU time.[14] Several uncondition-
ally stable FDTD methods,such as the alternating-direction
implicit (ADI) FDTD,[15,16]the split-step (SS) FDTD,[17–19]

the locally one-dimensional (LOD) FDTD,[20–22] the Crank–
Nicolson (CN) FDTD method,[23,24] and the Newmark-Beta
FDTD method,[25] have been developed to eliminate the CFL
condition in the past two decades. For the ADIFDTD and
LODFDTD methods, which only need to solve a tri-diagonal
matrix equation with low computational complexity, the latter
requires fewer arithmetic operations and less execution time
than the former.[26]

An unconditionally stable FDTD method can be utilized
to simulate periodic metallic nanoparticle arrays to improve
the efficiency. However, its time step cannot be chosen to be
too large due to the numerical dispersion error.[27,28] More im-
portantly, the fine grid division along the metal-dielectric in-
terface leads to a large memory requirement. A sub-gridding
scheme (sub-gridding means the fine grids inside the coarse
ones) for FDTD only introduces fine grids into the regions
that need high resolution.[29] A more efficient scheme, based
on the use of ADI-FDTD in the local fine-grid region,[30] syn-
chronizes the time marching of the fine-grid region with that
of the coarse-grid region. Thus, only spatial interpolation of
the fields on the spatial sub-gridding interface is necessary.

In this work, we propose a modified sub-gridding scheme
that hybridizes FDTD and LOD-FDTD for the EOT analy-
sis of periodic metallic nanoparticle arrays. After the spatial
domain is divided into the local fine-grid region and global
coarse-grid region, the LOD-FDTD is applied to the fine-grid
region while FDTD is used for the rest of the coarse-grid re-
gion. An easy-to-accomplish scheme of spatial interpolation
is proposed at the interface between coarse-grid and fine-grid
regions, and its numerical stability is tested. Meanwhile, the
time step for fine-grid regions can be taken to be the same as
that for coarse-grid regions due to the unconditional stability
of LOD-FDTD. The dispersion of the metal is expressed by
the Drude model, which is solved with the auxiliary differ-
ential equation (ADE) technique[31] to establish the relation-
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ship between the electric field intensity and conductive elec-
tric current in metallic nanoparticles. With the hybrid sub-
gridding ADE–FDTD method, the transmission resonances of
periodic metallic nanoparticle arrays with and without the de-
fect structure are investigated from the nearultraviolet region
to the nearinfrared region. The numerical examples verify the
accuracy and the effectiveness of the proposed method.

2. Hybrid sub-gridding ADE–FDTD method

The time dependence of e−iωt is assumed. According to
the Drude model, the relative permittivity (in frequency do-
main) of the dispersive metal is given by

εm (ω) = ε∞ −
ω2

p

ω2 + iγω
, (1)

where ω is the angular frequency of the impinging light, ωp

is the plasma frequency in the metal, ε∞ is the relative permit-
tivity at infinite frequency in the metal, and γ is the damping
constant in the metal.

For simplicity, a 2D TM wave including the Ex, Ez, and
Hy components is considered. With reference to Ref. [31], the
Drude model is handled by using the ADE technique, and the
following time-domain governing equations are obtained, in-
cluding the Maxwell equations and auxiliary differential equa-
tions:

∂Ex

∂ t
=− 1
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− 1
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1
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− 1

εeff
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∂Hy
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=

1
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∂ z
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∂Jx

∂ t
=−γJx + ε0ω

2
p Ex, (5)

∂Jz

∂ t
=−γJz + ε0ω

2
p Ez, (6)

where εeff = ε for free space and εeff = εε∞ for the metal re-
gion.

The 2D solution domain is divided into the local fine-grid
region and the global coarse-grid region, as shown in Fig. 1.
The ADE–LOD–FDTD is then applied to the fine-grid region
while ADE–FDTD is for the remaining coarse-grid region.

x

z

ABC ABC

PBC

PBC

global coarse grid region

local fine grid region

spatial sub gridding interface

Fig. 1. Diagram of a sub-gridding scheme for a grid refinement ratio of
three.

Because of unconditional stability of LOD-FDTD, a large
time step can be taken for the fine grids. In other words, the
same time step can now be used in both the coarse-grid region
and the fine-grid region. One of the immediate benefits is that
an interpolation scheme needs to be developed in the spatial
domain instead of the time domain; the other benefit is that
such a scheme reduces the memory requirement since the rel-
atively memory-expensive LOD-FDTD is only applied to the
fine-grid region.

2.1. Coarse-grid region

The ADE–FDTD method is applied to the coarse-grid re-
gion, and we have (taking Ez and Jx for example, where the
fields and currents in coarse grids are shown in capital letters)

En+1
z
∣∣
i,k+1/2 = En

z
∣∣
i,k+1/2 +

∆t
εeff
∣∣
i,k+1/2

(
Hn+1/2

y
∣∣
i+1/2,k+1/2 −Hn+1/2

y
∣∣
i−1/2,k+1/2

∆X
− Jn

z
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i,k+1/2

)
, (7)

Jn+1
x
∣∣
i+1/2,k =

2− γ
∣∣
i+1/2,k ·∆t

2+ γ
∣∣
i+1/2,k ·∆t

Jn
x
∣∣
i+1/2,k +

ε0ω2
p
∣∣
i+1/2,k ·∆t

1+ γ
∣∣
i+1/2,k ·∆t/2

En
x
∣∣
i+1/2,k , (8)

where ∆X is the mesh size in the coarse-grid region.
Since the infinite periodicity assumed in this paper lies in the x direction, the periodic boundary condition (PBC) is imposed

on the top and bottom boundaries, as shown in Fig. 1.

2.2. Fine-grid region

In the ADE–LOD–FDTD fine-grid region, the well-known Yee’s finite difference grid is used. The electromagnetic-field
components are arranged on the cells in the same way as that using the ADE–FDTD method.

With the LOD scheme,[20] we obtain the ADE–LOD–FDTD formalism. In the first time step (n+1/2), we have (taking ez
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and jx for example, where the fields and currents in fine grids are shown in lower case letters)
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where ∆x is the mesh size of the fine-grid region. The time
step is taken uniformly to be the same in both coarse-grid and
fine-grid regions.

The equations of the second time step (n+ 1) can be ob-
tained in a similar way. The above two steps are performed
alternatively in the unconditionally stable time-marching pro-
cedure of 2D ADE–LOD–FDTD. A more detailed process has
been introduced in Ref. [32].

2.3. Implementation of sub-gridding

The interpolation between field samples of coarse and
fine grids affects the stability and accuracy of the hybrid sub-
gridding ADE–FDTD. In Ref. [33] a sub-gridding scheme for
the 2D case was proposed, which takes on low reflections from
the spatial sub-gridding interface.

spatial sub gridding interface

Ez

Ex Ex ex

ex hy

hy

hyex

ex

ex hy

hy

hyex

Ez

Hy

hy

hy

hy

Fig. 2. Arrangement of electromagnetic field components at the spatial
sub-gridding interface.

Figure 2 shows the spatial sub-gridding interface between
the coarse-grid region and the fine-grid region. With field sam-
ples from Fig. 2, the electric and magnetic field components by
using linear interpolation and the collocated field samples are
given as follows:[33]

ex1 = ex2 = ex3 = ex4 = ex5 = ex6 = Ex2, (11)

Hy2 =
1
3
(
hy4 +hy5 +hy6

)
. (12)

In order to further improve the accuracy and stability of
the sub-gridding ADE–FDTD method, a modified formula

for evaluating the magnetic field of coarse grids in the sub-
gridding region is proposed below.

Hy2 =
1
9
(hy1 +hy2 +hy3 +hy4 +hy5

+hy6 +hy7 +hy8 +hy9). (13)

Thus, the electric fields of fine grids in the spatial sub-
gridding interface and its adjacent co-directional electric fields
are calculated by using Eq. (11), and magnetic fields of coarse
grids in the sub-gridding region are calculated with Eq. (13).
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Fig. 3. (color online) Numerical stability verification of hybrid sub-
gridding ADE–FDTD: (a) scheme of spatial interpolation in this paper,
(b) scheme of spatial interpolation in Ref. [28].

To test the stability of the proposed sub-gridding scheme,
we calculate a 2D square resonator of 255 nm × 255 nm with
∆fine = 5 nm and ∆coarse = 3∆fine nm. The results shown in
Fig. 3 indicate that our sub-gridding scheme is still stable af-
ter 100 thousand time-marching steps. The scheme of spatial
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interpolation introduced in Ref. [33] shows unstable behavior
after 5000 time-marching steps.

The basic flowchart of the hybrid sub-gridding ADE–
FDTD is shown in Fig. 4.

Start

Calculate fields of coarse grids with ADE-FDTD

T/ 

Calculate electric fields of fine grids at the spatial sub-

gridding interface and its adjacent co-directional electric 

fields from Eq. (11)

Calculate fields of fine grids with ADE-LOD-FDTD 

Yes

End

No

Calculate magnetic fields of coarse grids in the sub-

gridding region from Eq. (13)

T >Tmax?  

T/T⇁Dt

Fig. 4. Flowchart of the hybrid sub-gridding ADE–FDTD method.

3. Numerical results
With the proposed hybrid sub-gridding ADE–FDTD

method, the transmission resonances of periodic metallic
nanoparticle arrays with and without defect structures are in-
vestigated from the nearultraviolet region to the near infrared
region in this section.

PBC

PML

excitation observation plane

d rT

30 nm

30 nm
r

333

x

PBC

PML

fine grid regions

z

spatial sub gridding interface

 

Fig. 5. Schematic diagram of the periodic metallic nanoparticle array
without defect structure.

A normally incident TM-polarized plane wave illumi-
nates a periodic metallic nanoparticle array from the left side,
as shown in Fig. 5. A Gaussian pulse is used as the source
excitation, which can be written as

F (t) = exp
[
− (t − t0)

2

τ2

]
, (14)

where the maximum frequency fmax = 1000 THz, τ =

1/(2 fmax), and t0 = 3τ . The frequency characteristics of the

transmission are calculated with the discrete Fourier transform
(DET) of time-domain response in the observation plane. The
metal investigated in this paper is gold and the considered
wavelength range is from 300 nm to 1500 nm. Here we choose
ε∞ = 1, ωp = 1.37 × 1016 rad/s, and γ = 4.08 × 1013 rad/s
as a set of parameters to fit the experimental relative permit-
tivity data from the nearultraviolet region to the nearinfrared
region.[34]

The computational region is truncated by Berenger’s per-
fectly matched layer (PML) on the left and right boundaries.
The top and bottom boundaries are treated by the PBCs due to
the periodicity of the structure.

The computational domain is discretized with square Yee
grids. For the fine-grid region simulated with ADE–LOD–
FDTD, we choose ∆fine = 2.5 nm. For the coarse-grid region
with ADE–FDTD, we choose ∆coarse = 3∆fine. The time step
size is set to be ∆tFDTD = ∆tLOD = ∆coarse/2c (c is the velocity
of light in a vacuum) for both ADE–FDTD and ADE–LOD–
FDTD. Due to the numerical dispersion error,[28] a large ratio
of ∆coarse to ∆fine will degenerate the accuracy of the hybrid
sub-gridding ADE–FDTD method.

3.1. Accuracy verification of hybrid sub-gridding ADE–
FDTD method

First, we investigate the light transmission through the pe-
riodic metallic nanoparticle array shown in Fig. 5. In this fig-
ure, r, d, and T correspond to the radius of the nanoparticle,
the space between two adjacent nanoparticles, and the period
length of the array, respectively.
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T
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n
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it
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n
c
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Wavelength/nm

fine grid ADE LOD FDTD

hybrid sub gridding FDTD method

Fig. 6. (color online) Plots of transmittance versus wavelength from
two methods.

Figure 6 shows the transmittance values calculated by
the hybrid sub-gridding ADE–FDTD method and the fine-grid
ADE–LOD–FDTD method, where r = 75 nm, d = 45 nm,
and T = 210 nm. It can be seen from the figure that the
results from the two methods are in good agreement. Ta-
ble 1 shows the comparison of computational efforts between
the two methods. With the sub-gridding scheme, the CPU
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time of the proposed method can be much less than that of
the fine-grid ADE–LOD–FDTD. Since the relatively memory-
expensive ADE–LOD–FDTD is only applied to the fine-grid
region, the memory requirement of the hybrid sub-gridding
ADE–FDTD method is about half that of the fine-grid ADE–
LOD–FDTD. All calculations in this paper are performed on
an Intel Core (TM) i7 3.60-GHz computer with 8-GB RAM.

Table 1. Comparison of computational efforts between two methods.

Method Time step/s Marching step CPU time/s Memory/Mb

Fine-grid LOD-FDTD 1.25×10−17 2400 199.18 42.70
Hybrid FDTD 1.25×10−17 2400 101.53 22.81

3.2. Effects of radius of nanoparticles

With the proposed hybrid sub-gridding ADE–FDTD
method, the results of the transmission spectrum for nanopar-
ticle radius variation at the fixed parameters of d = 45 nm and
T = 210 nm are depicted in Fig. 7. The radius of the nanopar-
ticle is changed from 60 nm to 90 nm. As the radius of the
nanoparticle increases, the resonance peak has an obvious red
shift in the transmission spectrum, and the photonic band gap
in the periodic metallic nanoparticle array is broadened to high
frequency.
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Fig. 7. (color online) Plots of transmittance versus wavelength for dif-
ferent nanoparticle radii.

It can be seen that the resonance peak is very sensitive
to the change of the radius of the nanoparticle. Therefore, we
can choose the appropriate radius of the nanoparticle so that
the resonance peak appears at a desired wavelength range.

3.3. Effect of spacing between nanoparticles

The effect of the nanoparticle spacing variation is illus-
trated in Fig. 8 when r = 75 nm and T = 210 nm. The spacing
between two adjacent nanoparticles varies from 22.5 nm to
75 nm.

As the spacing between two adjacent nanoparticles in-
creases, the decrease of the energy to drive the resonance re-
sults in an obvious red shift of the resonance peak in the trans-
mission spectrum.
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Fig. 8. (color online) Plots of transmittance versus wavelength for dif-
ferent spacing between nanoparticles.

3.4. Effects of period length of array

Figure 9 depicts the results of the transmission spec-
trum for periodic length variation at the fixed parameters of
r = 75 nm and d = 45 nm. The period length of the array is
changed from 180 nm to 240 nm.

Wavelength/nm
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n
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Fig. 9. (color online) Plots of transmittance versus wavelength for dif-
ferent period lengths of array.

As the period length of the array increases, the resonance
peak has an obvious blue shift in the transmission spectrum,
and the photonic band gap of the periodic metallic nanoparti-
cle array is compressed towards low frequencies.

3.5. Effect of defect structure

By adding point defects or line defects into a periodic
nanoparticle array to change its optical properties, the struc-
ture can be applied to the manufacture of various optical de-
vices such as filters, optical waveguides, light-emitting diodes,
etc. In this part, we discuss the effect of defect nanoparticle
size on transmission of a periodic metallic nanoparticle array.

Figure 10 shows a schematic view of one period of the
2D periodic metallic nanoparticle array with defect structures.
The defect nanoparticle is placed in the center of the array
with a radius of R, and the other four identical nanoparticles
each have a radius of r. With the proposed hybrid sub-gridding
ADE–FDTD method, the results of the transmission spectrum
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for defect nanoparticle radius variation are shown in Fig. 11.
The radius of the defect nanoparticle changes from 60 nm to
90 nm, while the following parameters are fixed: d = 45 nm,
r = 75 nm, and T = 210 nm.

x
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PMLPML

spatial sub gridding interface

excitation observation plane

T d

fine grid regions

30 nm

30 nmrR rrrRR

Fig. 10. (color online) Schematic diagram of periodic metallic nanoparticle
array with defect structure.
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Fig. 11. (color online) Plots of transmittance versus wavelength of pe-
riodic metallic nanoparticle array with defect structures.

As the radius of the defect nanoparticle increases, the
photonic band gap shifts toward the longwavelength region.
The red shift phenomenon is obvious, and the photonic band
gap is broadened. When no defect is in the array where the ra-
dius of the defect nanoparticle is 75 nm, the transmission peak
is the largest. This phenomenon is caused by the interaction
between the defect nanoparticle and its adjacent ones. No mat-
ter whether the radius of the defect nanoparticle increases or
decreases, the amplitude of the transmission peak decreases.

The introduction of the defect nanoparticle into the pe-
riodic array broadens the bandwidth of the photonic band
gap. This shows that the resonant wavelength of the trans-
mission peak is tunable, and these human-controlled factors
can greatly expand the application scope of periodic metal-
lic nanoparticle arrays, such as wavelength-selective devices,
small-size nonlinear optical sensors, and filters.

3.6. Effect of bending waveguide

With the proposed hybrid sub-gridding ADE–FDTD
method, in this part, we discuss the effect of a bending waveg-
uide composed of periodic metallic nanoparticles. The radius
of the metallic nanoparticle is r = 75 nm, and the space be-
tween two adjacent nanoparticles is d = 45 nm.
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Fig. 12. (color online) Plots of transmittance versus wavelength of a
bending waveguide composed of periodic metallic nanoparticles.

Figure 12 shows the transmission curve obtained from the
bending waveguide formed by two sharp corners with a 90◦

angle. From the figure, one can see that most of the guided
modes are transmitted except that a transmission dips at a
wavelength of 420 nm. Figure 12 shows a numerical illus-
tration of the propagation of the wave except 420 nm passing
through the bending waveguide in which the incident wave
propagates along the first straight waveguide, couples success-
fully with the perpendicular one, then reaches to the last hori-
zontal one.

4. Conclusions
In this paper, an efficient modified hybrid sub-gridding

ADE–FDTD method based on a combination of FDTD and
LOD–FDTD has been developed for the EOT analysis of pe-
riodic metallic nanoparticle arrays. The LOD-FDTD is ap-
plied to the local fine-grid region, and the FDTD is applied to
the global coarse-grid region. An important advantage of this
method is that the LOD–FDTD fine-grid region can be syn-
chronized with the time-marching step of the FDTD coarse-
grid region. Thus, an interpolation scheme needs to be de-
veloped in the spatial domain instead of the time domain,
and such a scheme reduces the memory requirement and CPU
time. A modified interpolation scheme that is easy to imple-
ment is proposed for the spatial sub-gridding interface, and its
good numerical stability is proved.

We apply the hybrid sub-gridding ADE–FDTD method
to the computational domain that includes general dispersive
media and curved boundaries to conduct the periodic metallic
nanoparticle array studies. Several periodic metallic nanopar-
ticle arrays with and without the defect structure and a bend-
ing waveguide are also discussed from the nearultraviolet re-
gion to the nearinfrared one. The numerical results from the
hybrid sub-gridding ADE–FDTD agree well with those from
fine-grid ADE–LOD–FDTD, and its computing time is greatly
reduced. It is found that some distinct resonance peaks ap-
pear in the photonic band gap and the resonance frequency
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depends strongly on the radius of the nanoparticle, the spacing
between two adjacent nanoparticles, and the periodic length of
the array. It is also shown that the transmittance band gap is
broadened and the red shift of the transmission resonance peak
occurs by introducing the defect structure.
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