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Factorization method for inverse obstacle scattering problem
in three-dimensional planar acoustic waveguides∗
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In this paper, we consider the inverse scattering problem of reconstructing a bounded obstacle in a three-dimensional
planar waveguide from the scattered near-field data measured on a finite cylindrical surface containing the obstacle and
corresponding to infinitely many incident point sources also placed on the measurement surface. The obstacle is allowed to
be an impenetrable scatterer or a penetrable scatterer. We establish the validity of the factorization method with the near-
field data to characterize the obstacle in the planar waveguide by constructing an outgoing-to-incoming operator which is
an integral operator defined on the measurement surface with the kernel given in terms of an infinite series.
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1. Introduction
Inverse problems play a central role in science and en-

gineering, such as ocean acoustic, medical imaging, nonde-
structive testing, remote sensing and radar.[1,2] Especially, the
inverse scattering problems of ocean acoustics have received
much attention in recent years.[3–13] A finite deep ocean is
popularly modeled by a waveguide bounded by two parallel
planes. Time-harmonic acoustic waves in the waveguide are
usually modeled by the Helmholtz equation inside it with suit-
able boundary conditions.[14] In this paper, we assume that
the ocean has a pressure released surface and a rigid bottom,
corresponding to the Dirichlet condition and Neumann con-
dition, respectively. We concern with the inverse scattering
problem of time-harmonic acoustic waves from a bounded
obstacle in a planar waveguide at a fixed frequency. Let
R3

h = {x = (x1,x2,x3)
> ∈ R3 : 0 < x3 < h} be the waveguide

of thickness h > 0. The lower and upper boundaries of the
waveguide R3

h are denoted by

Γ0 = {x ∈ R3 : x3 = 0} and Γh = {x ∈ R3 : x3 = h} (1)

respectively. The bounded domain D in R3
h with the boundary

∂D ∈C2 is occupied by the obstacle. The part of the waveg-
uide not occupied by D is denoted by R3

h\D, which is assumed
to be connected.

Then the acoustic wave u traveling inside the waveguide
satisfies the following equations:

∆u+ k2u = 0 in R3
h \D, (2)

u = 0 on Γ0,
∂u
∂x3

= 0 on Γh, (3)

Bu = 0 on ∂D, (4)

where k > 0 is the wave number, and B denotes the boundary
condition imposed on ∂D. Here, u is usually called the total
field. In the simplest case, u satisfies the Dirichlet boundary
condition

Bu : = u = 0 on ∂D, (5)

which corresponds to a sound-soft obstacle, while for a sound-
hard obstacle, u satisfies the Neumann boundary condition

Bu : =
∂u
∂ν

= 0 on ∂D. (6)

Here, ν is the unit outward normal vector to ∂D. We also con-
sider the impedance boundary condition

Bu : =
∂u
∂ν

+ρ(x)u = 0 on ∂D, (7)

which corresponds to an imperfect or partially coated obstacle.
Here, ρ(x) ∈ L∞(∂D) is the impedance function.

Given incident fields, what we want to do is to get the in-
formation of the scattered field in the waveguide and to solve
the inverse problem of reconstructing the shape and location
of the domain D, which is occupied by the obstacle. This
inverse problem is much more challenging than that in free-
space. Due to the planar geometry, only a finite number of
modes can propagate at a long distance, while the other modes
are evanescent fields and undetectable away from the obsta-
cles. This increases the ill posedness of the inverse problem.
For this reason, the inverse scattering problem in a waveguide
has received increasing attention.[5,6,9,10] We refer to Ref. [15]
for the generalized dual space method, Ref. [11] for reverse
time migration method, and Refs. [4], [6], and [13] for the lin-
ear sampling method. The authors of Ref. [16] used the factor-
ization method to recover the scattering surface of a periodic
structure.
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The purpose of this paper is to extend the factorization
method[17–19] to reconstruct the obstacle D in the waveg-
uide scattering. In this paper,we will utilize the factorization
method to reconstruct the shape of an unknown obstacle em-
bedded in a planar acoustic waveguide using the measurement
of the scattered field near the obstacle. Following the idea
of Ref. [17], we construct an auxiliary outgoing-to-incoming
operator to derive the factorization of data operator. The main
principle of factorization method is that a point z in the waveg-
uide R3

h belongs to the domain D if and only if the field gen-
erated by a special point source at z is in the range of a certain
linear operator defined by the data, called the near-field opera-
tor. Finally, the range of this operator can be characterized by
spectral properties.

The remaining part of this paper is organized as follows.
In Section 2, we present the direct scattering problem in the 3D
waveguide and some useful results. In Section 3, we derive the
Fourier coefficients of the near-field operator. In Section 4, we
give a justification of the factorization method for the case of
a Dirichlet boundary condition in a waveguide. We define the
outgoing-to-incoming operator in the first part and then give a
description of the domain D. In Sections 5 and 6, we extend
the factorization method with near-field data to the case of the
impedance and Neumann boundary conditions and the inverse
medium scattering case.

2. Direct scattering problem
In this section, we will present some notation and basic

results to be used throughout the paper. Recall that the waveg-
uide is denoted by R3

h. Noting that the x3-axis is orthogonal to
the waveguide, we combine the first two coordinates to write

x = (x1,x2,x3)
> = (x̃,x3)

>, x ∈ R3.

In this paper, we shall often work later in the bounded domain
ΩR := {x ∈ R3

h : |x̃|2 < R2}, where the radius R is assumed to
be large enough such that 1+ |x̃|2 < R2 for all x ∈ D. This
implies that D is contained in the interior of ΩR. The part of
the boundary ∂ΩR, contained in the waveguide R3

h, is denoted
by the cylinder

CR : = {x ∈ R3
h : |x̃|2 = R2}.

The incident field ui we used is the solution to the
Helmholtz equation ∆ui + k2ui = 0 in R3

h, and satisfies the
boundary conditions (3). The direct scattering problem is then
to find the scattered field us = u−ui subject to Eqs. (2) and (3),
when the total field u satisfies one of boundary conditions (5)–
(7). To ensure the uniqueness of solution for direct scattering
problem, the scattered field us have to satisfy additionally a
radiation condition.[20]. Since D⊂ΩR, we have the following

mode expansion by carrying out a separation of variables in x̃
and x3:

us(x) =
∞

∑
m=1

sin(αmx3)um(x̃), ∀x ∈ R3
h \ΩR, (8)

where αm : = (2m−1)π/2h, m = 1,2, . . .. Then the scattered
field us automatically satisfies the waveguide boundary condi-
tion (3). The modes um satisfy the two-dimensional Helmholtz
equation

∆um + k2
mum = 0, |x̃|> R, m = 1,2, . . . , (9)

where km =
√

k2−α2
m if k > αm and km = i

√
αm− k2 if

k < αm. The radiation condition for the planar waveguide
problem is then to impose the modes um to satisfy the outgoing
Sommerfeld radiation condition

lim
r→∞

r1/2
(

∂um

∂ r
− ikmum

)
= 0, with r = |x̃|, (10)

uniformly for all direction x̃/r. From the definition of km,
we note that there is some positive integer M(k) such that the
modal wave numbers km are real, which correspond to modal
frequencies of the waveguide, when m ≤M(k). While km are
purely imaginary when m > M(k), corresponding to exponen-
tially decaying modes. However, the case km = 0 for some
m ∈ N corresponds to an exceptional frequency. We always
assume that

k 6= αm for all m ∈ N. (11)

The Green’s function[14] for the waveguide R3
h with re-

spect to the boundary condition (3) is given by

G(x,y) =
i

2h

∞

∑
m=1

sin(αmx3)sin(αmy3)H(1)
0 (km|x̃− ỹ|),

x,y ∈ R3
h, x̃ 6= ỹ. (12)

Using the method of images,[14] one can derive an equiv-
alent representation of the Green’s function in R3

h,

G(x,y) =
1

4π

+∞

∑
m=−∞

(−1)m
{

e ik|x−ym|

|x− ym|
− e ik|x−y′m|

|x− y′m|

}
,

x 6= y ∈ R3
h, (13)

where the source image points are given by

ym = (y1,y2,y3)
>+(0,0,2mh)>,

y′m = (y1,y2,−y3)
>+(0,0,2mh)>, m ∈ Z. (14)

Usually, the formula (13) is called the normal mode repre-
sentation of Green’s function in the waveguide and we call
Eq. (13) the ray representation. From Eq. (13), we observe
that the Green’s function can be written as

G(x,y) =
1

4π

e ik|x−y|

|x− y|
+ G̃(x,y), x 6= y ∈ R3

h.

It may be see that the first part of the superposition

Φ(x,y) =
1

4π

e ik|x−y|

|x− y|
100203-2
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is the fundamental solution of Helmholtz equation in free
space, while the remaining part G̃(x,y) is analytic.[4] Conse-
quently, the jump relations and regularity properties of single-
layer potential

∫
∂D G(x,y)ϕ(y)ds(y) and double-layer poten-

tial ∫
∂D

∂G(x,y)
∂ν(y)

ϕ(y)ds(y)

are the same as for the potentials with kernel Φ(x,y), respec-
tively.

From Ref. [20], we know that the Green’s formulas are
still holds in the waveguide R3

h, that is, for any function u sat-
isfying Eqs. (2), (3), (4), and (10), it holds that

∫
∂D

{
u(y)

∂G(x,y)
∂ν(y)

−G(x,y)
∂u
∂ν

(y)
}

ds(y) =

{
0, if x ∈ D,

u(x), if x ∈ R3
h \D.

(15)

Moreover, by seeking a solution in the form of a combined double- and single-layer potential

w(x) =
∫

∂D

{
∂G(x,y)
∂ν(y)

− iηG(x,y)
}

ϕ(y)ds(y), (16)

we know that the w is a solution of Eqs. (2), (3), (4), and (10), provided that the density ϕ is the solution of the boundary integral
equation

ϕ(x)+2
∫

∂D

∂G(x,y)
∂ν(y)

ϕ(y)ds(y)−2iη
∫

∂D
G(x,y)ϕ(y)ds(y) =−2u i(x), for x ∈ ∂D. (17)

Thus, the problem of Eqs. (2), (3), (4), and (10) is uniquely
solvable, due to the boundary integral equation is uniquely
solvable.[20]

We remark that under some certain geometric assump-
tions on a sound-soft obstacle, the uniqueness of the solution
to the acoustic waveguide scattering problem was proved in
Ref. [21]. For the sound-hard obstacle, it has been proved
the existence of non-trivial waves for the homogeneous prob-
lem, called trapped modes.[22] The authors in Ref. [3] proved
out that these scattering problems are uniquely solvable ex-
cept possibly for an infinite series of exceptional values of the
wavenumber with no finite accumulation point.

3. Fourier coefficients of near-field operator

In this paper, we consider the point source wave as inci-
dent field u i(x,y) = G(x,y) which is generated at the source
position y ∈ CR, and the corresponding scattered field is de-
noted by us(x,y) which depends on the point source y. Then
the measurement data we need in this paper are taken on the
cylinder CR. Therefore, the set {us(x,y) : x,y ∈ CR} are the
data for the inverse problem, or equivalently, the so-called
near-field operator N : L2(CR)→ L2(CR) is given by

(Ng)(x) =
∫

CR

us(x,y)g(y)ds(y), x ∈CR. (18)

Under cylindrical coordinates on C1 : = {x ∈ R3
h : |x̃|2 = 1},

the functions

Ym,n(ϕx,x3) = e inϕx sin(αmx3), m ∈ Z+,n ∈ Z.

form a complete orthogonal system in L2(CR). Thus, for any
g ∈ L2(CR), we have the expansion

g(x) =
∞

∑
m=1

+∞

∑
n=−∞

gm,n e inϕx sin(αmx3),

x = (Rcosϕx,Rsinϕx,x3) ∈CR (19)

with

gm,n =
1

πhR

∫
CR

g(x)e−inϕx sin(αmx3)ds(x), (20)

where the coefficients gm,n ∈C are regarded as the Fourier co-
efficients of g with respect to the functions {Ym,n : m ∈ Z+,n ∈
Z}. The Fourier coefficients of an L2 function on CR are un-
derstood in this sense throughout the paper. We observe that

∥∥g
∥∥2

L2(CR)
= πhR

∞

∑
m=1

+∞

∑
n=−∞

|gm,n|2.

Therefore, We define the operator FR : L2(CR)→ ℓ2 by

FR(g) = 𝑔, 𝑔 : =
{

gm,n : m ∈ Z+,n ∈ Z
}
∈ ℓ2. (21)

Conversely, for 𝑔 = {gm,n : m ∈ Z+,n ∈ Z} ∈ ℓ2 we can define
the operator F−1

R : ℓ2→ L2(CR) by

F−1
R (𝑔) =

∞

∑
m=1

+∞

∑
n=−∞

gm,n e inϕx sin(αmx3). (22)

Then, we can readily deduce from Eqs. (21) and (22) that

F−1
R FR = IL2(CR)

, FRF−1
R = Iℓ2 ,

F ∗
R =

1
πhR

F−1
R ,

(
F−1

R
)∗

= πhRFR, (23)

where IL2(CR)
and Iℓ2 denote the identity operator on L2(CR)

and ℓ2, respectively.

100203-3



Chin. Phys. B Vol. 27, No. 10 (2018) 100203

We have already known that the boundary condition (3)
and the radiation condition (10) lead to a series representation
of any radiating solution us ∈ H1

loc(R3
h \ΩR),[4]

us(x) =
∞

∑
m=1

+∞

∑
n=−∞

Um,n H(1)
n (kmr)e inϕx sin(αmx3), (24)

for x = (r cosϕx,r sinϕx,x3)
> ∈ R3

h \ΩR, where H(1)
n denotes

the Hankel function of the first kind of order n.
Let Jn be the Bessel functions of order n. Set

u i
m,n(x) = Jn(km|x̃|)e inϕx sin(αmx3), x ∈ R3

h,m ∈ Z+,n ∈ Z.

We can verify that u i
m,n satisfies the Helmholtz equation ∆u+

k2u = 0 in R3
h and the waveguide boundary condition (3). If

we consider u i
m,n as the incident field, the corresponding scat-

tered field is denoted by us
m,n. Then from the series represen-

tation (24), we know that us
m,n has the expansion in the waveg-

uide R3
h outside ΩR,

us
m,n(x) =

∞

∑
p=1

+∞

∑
q=−∞

Um,n
p,q H(1)

q (kp|x̃|)e ilϕx sin(αpx3),

x ∈ R3
h \ΩR, (25)

where Um,n
p,q ∈ C for all m ∈ Z+,n ∈ Z. Therefore,

FR
(
um,n

∣∣
CR

)
=
{

Um,n
p,q H(1)

q (kpR) : p ∈ Z+,q ∈ Z
}
∈ ℓ2.

for all m ∈ Z+,n ∈ Z. By using the Fourier coefficients of Ng,
we will consider the operator

N : = FRNF−1
R : ℓ2→ ℓ2 (26)

instead of the near-field operator N. An explicit expression of
N is given as follows.

Lemma 1 Let g ∈ L2(CR). gm,n,𝑔, and Um,n
p,q are given as

in Eqs. (20), (21), and (25), respectively. Then we have

N 𝑔 =

{
iπR

2
H(1)

q (kR)
+∞

∑
m=1

+∞

∑
n=−∞

Um,n
p,q H(1)

n (kmR)gm,n : p ∈ Z+,q ∈ Z
}
. (27)

Proof By definition, we know that N 𝑔 = FRNg. Thus
we only need to derive the Fourier coefficients of the near-field
data Ng on CR with respect to {Ym,n : m ∈ Z+,n ∈ Z}.

Set

U(x) : =
∫

CR

us(x,y)g(y)ds(y), x ∈ R3
h \ΩR. (28)

Then we observe that Ng is the restriction on CR of U , and U
is the scattered field corresponding to the incident field U i(x) :
=
∫

CR
G(x,y)g(y)ds(y), for |x̃| < R. From the representation

of Green’s function (12), we note that (i/4)H(1)
0 (km|x̃− ỹ|) is

just the fundamental solution of two-dimensional Helmholtz
equation (9). Recall from Ref. [1], the Hankel function
H(1)

0 (km|x̃− ỹ|) has the expansion

H(1)
0 (km|x̃− ỹ|) =

+∞

∑
n=−∞

Jn(km|x̃|)H(1)
n (km|ỹ|)e−in(ϕx−ϕy),

(29)

and the series on the right side is absolutely and uniformly
convergent on compact subsets of |x̃|< |ỹ|. Thus we have the
expansion of Green’s function as follows:

G(x,y) =
i

2h

+∞

∑
m=1

+∞

∑
n=−∞

sin(αmx3)sin(αmy3)

· Jn(km|x̃|)H(1)
n (km|ỹ|)e in(ϕy−ϕx), (30)

for |x̃| < |ỹ|. Since J−n(t) = (−1)n Jn(t) and H(1)
−n(t) =

(−1)n H(1)
n (t) for n ∈ Z, we can rewrite the previous identity

as

G(x,y) =
i

2h

+∞

∑
m=1

+∞

∑
n=−∞

sin(αmx3)sin(αmy3)

· Jn(km|x̃|)H(1)
n (km|ỹ|)e in(ϕx−ϕy). (31)

This implies that for |x̃|< R,

U i(x) =
i

2h

+∞

∑
m=1

+∞

∑
n=−∞

sin(αmx3)e inϕx Jn(km|x̃|)
∫

CR

g(y)sin(αmy3)H(1)
n (km|ỹ|)e−inϕyds(y)

=
i

2h

+∞

∑
m=1

+∞

∑
n=−∞

πhRgm,n H(1)
n (kmR)sin(αmx3)e inϕx Jn(km|x̃|)

=
iπR

2

+∞

∑
m=1

+∞

∑
n=−∞

gm,n H(1)
n (kmR)u i

m,n(x) (32)

with gm,n defined by Eq. (20). Then, by linear superposition we conclude from Eqs. (25) and (32) that

U(x) =
iπR

2

+∞

∑
m=1

+∞

∑
n=−∞

gm,n H(1)
n (kmR)us

m,n(x) (33)
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=
iπR

2

+∞

∑
m=1

+∞

∑
n=−∞

gm,n H(1)
n (kmR)

+∞

∑
p=1

+∞

∑
q=−∞

Um,n
p,q H(1)

q (kp|x̃|)e inϕx sin(αpx3) (34)

=
iπR

2

+∞

∑
p=1

+∞

∑
q=−∞

H(1)
q (kp|x̃|)

+∞

∑
m=1

+∞

∑
q=−∞

Um,n
p,q H(1)

n (kmR)gm,n e inϕx sin(αpx3) (35)

for |x| > R. Here, interchanging the order of summation is
allowed since the two series are absolutely and uniformly con-
vergent on compact subsets of |x|> R. Therefore, the Fourier
coefficients of U(x)

∣∣
CR

yield the expression (27). 2

4. Dirichlet boundary condition
In this section, we will utilize the factorization method to

reconstruct a sound-soft obstacle embedded in a planar acous-
tic waveguide using the measurement of the scattered field on
CR. The key ingredients in this part is the construction of an
auxiliary unitary mapping T1 and an appropriate factorization
of the operator T1.

For the sound-soft obstacle, we consider the general
Dirichlet problem

Problem 1 (Dirichlet boundary value problem)
Given f ∈H1/2(∂D), we find a solution v to the following

problem:

∆v+ k2v = 0, in R3
h \D,

v = f on ∂D,

v = 0 on Γ0,
v

∂x3
= 0 on Γh,

The radiation condition (10).

4.1. Factorization of near-field operator

First, we define the incidence operator

HDir : ℓ2→ H1/2(∂D)

for the Dirichlet boundary problem in the waveguide as fol-
lows:

HDir(𝑔) : = U i∣∣
∂D =

iπR
2

+∞

∑
m=1

+∞

∑
n=−∞

H(1)
n (kmR)gm,nu i

m,n(x),

x ∈ ∂D. (36)

Here HDir is a Herglotz-like operator, which maps a superpo-
sition of the incident waves ui

m,n with the weight gm,n into its
trace on ∂D. The adjoint operator H∗Dir : H−1/2(∂D)→ ℓ2 is

H∗Dirψ =

{
− iπR

2
H(1)

n (kmR)
∫

∂D
ψ(y)Jn(km|ỹ|)e−inϕy sin(αmy3)ds(y) : n ∈ Z+,m ∈ Z

}
. (37)

Recall the expression of the Bessel functions of order n:[1]

Jn(t) : =
∞

∑
p=0

(−1)p

p!(n+ p)!

(
t
2

)n+2p

, n = 0,1,2, . . . . (38)

We observe that Jn(it) = (−1)n Jn(it). By the definition of km,
we already know that km is real, if m≤M(k); otherwise, km is
purely imaginary. Therefore,

Jn(km|x̃|) =

{
Jn(km|x̃|), m≤M(k),

(−1)n Jn(km|x̃|), m > M(k).
(39)

Thus, we could avoid the conjugate of Bessel function Jn in-
side the integral of Eq. (37).

Let v be the unique outgoing solution to the Problem 1
with the boundary value f ∈H1/2(∂D). Suppose that on CR, v
has the following expansion

v(x)
∣∣
CR

=
+∞

∑
m=1

+∞

∑
n=−∞

bm,n H(1)
n (kmR)e inϕx sin(αmx3),

bm,n ∈ C. (40)

Then the solution operator GDir : H1/2(∂D)→ ℓ2 is defined by
the Fourier coefficients of v

∣∣
CR

, i.e.,

GDir( f ) : =
{

bm,n H(1)
n (kmR) : n ∈ Z+,m ∈ Z

}
. (41)

From the definition of N , HDir, and GDir, the following rela-
tion holds:

N =−GDirHDir. (42)

In the rest of this section, the single-layer operator and
single-layer potential are essential tools. They are give by

(Sψ)(x) =
∫

∂D
G(x,y)ψ(y)ds(y), x ∈ ∂D, (43)

(V ψ)(x) =
∫

∂D
G(x,y)ψ(y)ds(y), x ∈ R3

h (44)

for ψ ∈ H−1/2(∂D), respectively. From the expansion of
Green’s function (30), we obtain the expansion of single-layer
potential

(V ψ)(x) =
i

2h

+∞

∑
m=1

+∞

∑
n=−∞

sin(αmx3)e inϕx H(1)
n (km|x̃|)

×
∫

∂D
ψ(y)Jn(km|ỹ|)e−inϕy sin(αmy3)ds(y). (45)

Together with the definition of GDir and the jump relation for
single-layer potentials in the waveguide,[20] we have the fol-
lowing relation
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GDir
(
(V ψ)

∣∣
∂D

)
= GDirSψ =

{
i

2h
H(1)

n (kmR)
∫

∂D
ψ(y)Jn(km|ỹ|)e−inϕy sin(αmy3)ds(y) : m ∈ N+, n ∈ Z

}
. (46)

In order to find an appropriate factorization of N , we
observe Eqs. (37) and (41) that

πRhT0GDirS = H∗Dir, πRhS∗G∗DirT
∗

0 = HDir. (47)

with the operator T0 : ℓ2→ ℓ2 defined by

(T0𝑔)m,n =−
H(1)

n (kmR)

H(1)
n (kmR)

gm,n,1≤ m≤M,

(T0𝑔)m,n = (−1)n+1 H(1)
n (kmR)

H(1)
n (kmR)

gm,n,m > M (48)

for 𝑔 = {gm,n : n ∈ Z+,m ∈ Z}. Here (T0𝑔)m,n represent the
component of sequence T0𝑔 ∈ ℓ2, m ∈ Z+,n ∈ Z. Moreover,
it is seen from Eq. (48) that T0T ∗0 = T ∗0 T0 = Iℓ2 , that is, T0 is
unitary operator on ℓ2.

From Eq. (42) and the second relation in Eq. (47), we ob-
serve that

T0N =−T0GDirHDir =−πRh(T0GDir)S∗(T0GDir)
∗. (49)

Consequently, we obtain a factorization of the near-field oper-
ator N as follows.

Theorem 1 For the near-field operator N, we have the
factorization

T1N =−GDirS∗G∗Dir, GDir := F−1
R T0G, (50)

where T1 : = F−1
R T0FR : L2(CR)→ L2(CR) takes the form:(
T1g
)
(x) =

∫
CR

K(x,y)g(y)ds(y), (51)

for g ∈ L2(Γ±R), with the kernel

K(x,y) = − 1
πhR

M

∑
m=1

+∞

∑
n=−∞

H(1)
n (kmR)

H(1)
n (kmR)

e in(ϕx−ϕy) sin(αmx3)sin(αmy3)

− 1
πhR

+∞

∑
m=M+1

+∞

∑
n=−∞

(−1)n+1 H(1)
n (kmR)

H(1)
n (kmR)

e in(ϕx−ϕy) sin(αmx3)sin(αmy3). (52)

Here, M denotes M(k) as above.
Proof By the definition of FR, N, and N , we know that N = F−1

R N FR. With the factorization (49) and the definition of
T1, we derive that

T1N = F−1
R T0N FR =−πhRF−1

R T0GDirS∗(T0GDir)
∗FR =−

(
F−1

R T0GDir
)
S∗G∗Dir ∗T ∗0

(
F−1

R
)∗

= −GDirS∗G∗Dir, (53)

with the third equality follows the last relation in Eq. (23), and the operator GDir in the last equality is given as above. Then the
first part of the theorem is proved.

From the definition of T1 and T0, it follows that for g ∈ L2(CR),

(T1g)(x) =
(
FRT0𝑔

)
(x) =−

M

∑
m=1

+∞

∑
n=−∞

[
H(1)

n (kmR)

H(1)
n (kmR)

gm,n

]
e inϕx sin(αmx3)

−
∞

∑
m=M+1

+∞

∑
n=−∞

(−1)n

[
H(1)

n (kmR)

H(1)
n (kmR)

gm,n

]
e inϕx sin(αmx3), x ∈CR

with

gm,n =
1

πhR

∫
CR

g(x)e−inϕx sin(αmx3)ds(x).

Substitute the expression of gm,n into the last equality,

(T1g)(x) = − 1
πhR

[
M

∑
m=1

+∞

∑
n=−∞

H(1)
n (kmR)

H(1)
n (kmR)

e inϕx sin(αmx3)
∫

CR

g(y)e−inϕy sin(αmy3)ds(y)

+
∞

∑
m=M+1

+∞

∑
n=−∞

(−1)n H(1)
n (kmR)

H(1)
n (kmRe inϕx)

sin(αmx3)
∫

CR

g(y)e−inϕy sin(αmy3)ds(y)

]
.

Interchanging the order of summation and integral, we can reformulate the last identity as
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(T1g)(x) =
∫

CR

K(x,y)g(y)ds(y),

where the kernel is given by Eq. (52). Thus, we finish the
proof. 2

Remark 1 Let v be an outgoing solution to the Helmholtz
equation in the waveguide R3

h, whose modes satisfy the 2D
outgoing Sommerfeld radiation condition (10). Suppose v has
the expansion

v(x) =
+∞

∑
m=1

+∞

∑
n=−∞

vm,n H(1)
n (km|x̃|)e inϕx sin(αmx3),

for all x ∈ R3
h \ΩR0 ,

where R0 > 0. Then we define the incoming field

ṽ(x) = −
M

∑
m=1

+∞

∑
n=−∞

vm,nH(1)
n (kmR)e inϕx sin(αmx3)

−
∞

∑
m=M+1

+∞

∑
n=−∞

(−1)nvm,nH(1)
n (kmR)e inϕx sin(αmx3).

Then the two parts of the function ṽ both satisfy the Helmholtz
equation in R3

h, the waveguide boundary condition (3) and the
incoming condition. Namely, the modes ṽm satisfy the 2D
Helmholtz equation (9) and the incoming condition

lim
r→∞

r1/2
(

∂ ṽm

∂ν
+ ikmṽm

)
= 0, r = |x̃|

uniformly for all direction x̃/r. Then by Eq. (52) we can read-
ily verify that

T1
(
v
∣∣
CR

)
= ṽ
∣∣
CR
, for all R > R0.

In particular, we have

T1
(
G(x,z)

∣∣
x∈CR

)
= G(x,z)

∣∣
x∈CR

,

for all R > |z|.

4.2. Characteristic function of DDD

We first give the properties of the solution operator GDir

defined by Eq. (41) and the modified solution operator GDir.
Lemma 2 The solution operator GDir : H1/2(∂D)→ ℓ2 is

compact, one-to-one with a dense range in ℓ2.
Accordingly, the operator GDir : H1/2(∂D)→ L2(CR) is

compact, one-to-one with a dense range in L2(CR)

Proof First, injectivity of GDir follows from the unique-
ness of the Dirichlet boundary value problem.[20]

From Ref. [3], we have the well-posedness of the three-
dimensional waveguide scattering Problem 1 in H1

loc(R3
h \D).

Together with the compact embedding property of H1/2(CR)

into L2(CR), we conclude that GDir is a compact operator.
Then we will prove that the operator GDir has a dense

range in ℓ2. For some P ∈ Z+, define the sequence 𝑔(P) as

𝑔(P) =
{

g(P)m,n : m ∈ Z+,n ∈ Z
}
,

g(P)m,n =

{
gm,n, if m≤ P, |n| ≤ P,
0, otherwise.

for 𝑔 =
{

gm,n : m ∈ Z∗,n ∈ Z
}
∈ ℓ2. Thus, for any ε > 0 there

exists a integer Pε > 0 such that ||𝑔(Pε )−𝑔||ℓ2 ≤ ε . Now we
define the function v by

v(x) =
Pε

∑
m=1

+Pε

∑
n=−Pε

[
1

H(1)
n (kmR)

gm,n

]
H(1)

n (km|x̃|)e inϕx sin(αmx3),

for x̃ 6= 0.

Obviously, v is a solution to the Helmholtz equation ∆v +
k2v = 0 in R3

h \ {x ∈ R3
h : x̃ = 0}, and satisfies the outgoing

radiation condition (10). From the definition of the solution
operator GDir, we know that GDir

(
v
∣∣
∂D

)
= 𝑔(Pε ), hence∥∥GDir

(
v
∣∣
∂D

)
−𝑔
∥∥
ℓ2 < ε.

Thus, we obtain the denseness of the range of GDir in ℓ2.
Finally, we notice the fact that T0 is an unitary operator

in ℓ2 and FR is an isomorphism. Then, the properties of GDir

follows. 2

Lemma 3 Let GDir be given as in Eq. (50). For z ∈ ΩR,
we define the function

φz(x) = G(x,z)
∣∣
CR
∈ L2(CR).

Then z ∈ D if and only if φz belongs to the range R(GDir) of
GDir.

Proof First, we assume that z ∈ D. Clearly, G(·,z)
∣∣
R3

h\D
is analytic, hence it is the unique radiating solution to the
Problem 1 with the boundary data f := G(·,z)

∣∣
∂D. From the

definition of GDir, GDir, and T1, it follows that GDir( f ) =
FR
(
G(·,z)

∣∣
CR

)
GDir( f ) = F−1

R T0GDir( f ) = F−1
R T0FR

(
G(·,z)

∣∣
CR

)
= T1

(
G(·,z)

∣∣
CR

)
. (54)

We notice that z∈D⊂ΩR, then |z̃|< R = |x̃| holds for x ∈CR.
Thus, from the expansion (31) for the Green’s function G(x,z)
with |x| > |z|, the complex conjugate of Green’s function can
rewrite as

G(x,z)
∣∣
x∈CR

= − i
2h

∞

∑
m=1

+∞

∑
n=−∞

H(1)
n (kmR)sin(αmx3)sin(αmz3)Jn(km|z̃|)e−in(ϕz−ϕx)
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= − i
2h

M

∑
m=1

+∞

∑
n=−∞

H(1)
n (kmR)sin(αmx3)sin(αmz3)Jn(km|z̃|)e in(ϕx−ϕz)

− i
2h

∞

∑
m=+1

+∞

∑
n=−∞

(−1)nH(1)
n (kmR)sin(αmx3)sin(αmz3)Jn(km|z̃|)e in(ϕx−ϕz), (55)

where M = M(k), such that km is real if m ≤ M while km is
purely imaginary if m > M. The last equality holds with the
fact Jn(it) = (−1)nJn(it). Observing Eq. (55), we find that

G(x,z)
∣∣
x∈CR

= T1
(
G(x,z)

∣∣
x∈CR

)
. (56)

Combing Eqs. (54) and (55) yields

φz(·) = G(·,z)
∣∣
CR
∈R(GDir).

On the other hand, let z∈ΩR ⊂R3
h and assume that GDir( f ) =

φz. Since T0 is unitary on ℓ2, we have

GDir = T−1
0 FRGDir, and T ∗1 = F−1

R T−1
0 FR.

Then,

F−1
R GDir( f ) = F−1

R T−1
0 FRGDir( f ) = F−1

R T−1
0 FR(φz)

= T ∗1 (φz) = G(·,z)
∣∣
CR
.

The last identity follows from Eq. (56). Therefore, GDir( f ) =
FR
(
G(·,z)

∣∣
CR

)
holds. Let v be the solution of Problem 1 with

the boundary f such that

GDir( f ) = FR(v
∣∣
CR
) = FR(G(·,z)

∣∣
CR
).

Due to the uniqueness of solutions to the Problem 1, we get
v = G(·,z) in R3

h \ΩR. Therefore, v = G(·,z) = R3
h \ (D∪{z})

holds by analytic continuation. If z ∈ R3
h \D, this contradicts

the fact that v is analytic in R3
h \D but G(·,z) is singular at

z. It is impossible that z ∈ ∂D since v
∣∣
∂D ∈ H1/2(∂D) but

G(·,z)
∣∣
∂D /∈H1/2(∂D). Hence, we conclude that z ∈D, which

complete the proof. 2

We now give the properties of the middle operator S.
Lemma 4 Some properties of single-layer operator S in

the waveguide R3
h are given as follows:

(i) The operator S is an isomorphism from space
H−1/2(∂D) into H1/2(∂D).

(ii) Let Si be defined by Eq. (43) with k = i. Then Si is
self-adjoint and coercive as an operator from H−1/2(∂D)→
H1/2(∂D).

(iii) Im
〈
ϕ,Sϕ

〉
< 0 for all ϕ ∈ H−1/2(∂D) with ϕ 6=

0. Here,
〈
·, ·
〉

denotes the duality between H1/2(∂D) and
H−1/2(∂D) extending the L2-product in L2(∂D).

(iv) The difference S− Si is compact from H−1/2(∂D)

into H1/2(∂D).
Proof From Ref. [20], we realize that the single-layer

potential in the waveguide R3
h has the same properties as the

single-layer potential in the free space, such as the jump rela-
tion and the Green’s theorems. In the case of free space R3, the
same conclusion holds, see Lemma 1.14 in Ref. [18]. Thus,
from the same process, Lemma 4 can be proved. 2

Now, we have shown all prerequisites which are neces-
sary to apply Theorem 2.15 in Ref. [18].

Theorem 2 Let X ⊂U ⊂ X∗ be a Gelfand triple with a
Hilbert space U and reflexive Banach space X such that the
embedding is dense. Furthermore, let Y be a second Hilbert
space and let F : Y → Y , G : X → Y and T : X∗→ X be linear
bounded operators such that

F = GT G∗. (57)

We make the following assumptions:
i) G is compact with dense range.
ii) ReT has the form ReT = T0 +T1 with some coercive

operator T0 and some compact operator T1 : X∗→ X .
iii) Im T is nonnegative on X , i.e.,

〈
ϕ,(ImT )ϕ

〉
> 0.

iv) T is injective.
Then the operator F♯ =

∣∣Re[e itT ]
∣∣+ |Im F | is positive,

self-adjoint, and compact, and the range of G : X → Y and
F1/2
♯ : Y → Y coincide. Here |ReF | is defined in the standard

way via the spectral representation for compact self-adjoint
operators, and the parts ReF and ImF are defined by

ReF =
1
2
(F +F∗), ImF =

1
2i

(F−F∗).

From this result on range identities in factorizations ap-
plied to the factorization F = GT G∗, we obtain the final result
of this section, which give an explicit reconstruction of D.

Theorem 3 Assume that km 6= αm for all m ∈ N. For
z ∈ ΩR, φz is given as in Lemma 3. Denote by (λ j,ψ j) j∈N
an eigensystem of the normal operator (T1N)♯ := |Re(T1N)|+
|Im(T1N)|. Then

z ∈ D⇐⇒ φz ∈R
[(

T1N
)1/2
♯

]
⇐⇒W (z) : =

[
∑

j

∣∣∣(φz,ψ j
)

L2(CR)

∣∣∣2
|λ j|

]−1

> 0. (58)

Proof According to the Lemmas 2, 3, and 4, the theorem
is a direct corollary of Theorem 5. 2

This theorem presents a sufficient and necessary compu-
tational criterion for precisely characterizing the region occu-
pied by the sound-soft obstacles. In other words, the charac-
teristic function χD of D is given by χD(z) = sign(W (z)). In
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conclusion, we establish the factorization method for recon-
structing a sound-soft obstacle in the waveguide R3

h with the
auxiliary outgoing-to-incoming operator T1. When the bound-
ary condition is sound-hard or impedance, the similar result
can be deduced with the same means.

5. Impedance boundary condition
In this section we talk about the obstacle with respect to

impedance boundary conditions. Then the scattered field in
this case satisfies the following equations:

Problem 2 [Impedance boundary value problem]
Given f ∈ H−1/2(∂D), find a solution to the problem:

∆v+ k2v = 0 in R3
h \D,

Bv :=
∂v
∂ν

+ρ(x)v = f on ∂D,

v = 0 on Γ0,
∂v
∂ν

= 0, on Γh,

the radiation conditioin,

where the impedance function ρ(x) ∈ L∞(∂D) is complex-
valued satisfies that Im(ρ)≥ 0 almost everywhere on ∂D.

Noting that for fixed y ∈ R3
h \D, when we choose

f =−∂G(x,y)
∂ν(x)

−ρ(x)G(x,y), x ∈ ∂D,

the solution of Problem 2 is the scattered field with the incident
field G(x,y) whose source point at y ∈ R3

h \D.
We use the similar means in the case of Dirichlet bound-

ary conditions, we first introduce the incidence operator ℓ2→
H−1/2(∂D) by

(
Himp𝑔

)
(x) : =

iπR
2

+∞

∑
m=1

+∞

∑
n=−∞

H(1)
n (kmR)gm,n

(
∂

∂ν(x)
+ρ(x)

)[
Jn(km|x̃|)e inϕx sin(αmx3)

]
, x ∈ ∂D, (59)

with 𝑔 ∈ ℓ2 given by Eq. (16). The adjoint operator H∗imp : H1/2(∂D)→ ℓ2 takes the form

H∗impψ =

{
− iπR

2
H(1)

n (kmR)
∫

∂D

(
∂

∂ν(y)
+ρ(y)

)[
Jn(km|ỹ|)e−inϕy sin(αmy3)

]
ψ(y)ds(y) : n ∈ Z+,m ∈ Z

}
(60)

for all ψ ∈H1/2(∂D). Further, we define the solution operator
Gimp : H−1/2(∂D)→ ℓ2 by

Gimp( f ) =
{

bm,n H(1)
n (kmR) : n ∈ Z+,m ∈ Z

}
, (61)

where bm,n H(1)
n (kmR) are the Fourier coefficients of u

∣∣
CR

with
u the radiating solution to the Problem 2.

Define the layer-potential operators K, K′, and J, respec-
tively, by

Kψ(x) =
∫

∂D

∂G(x,y)
∂ν(y)

ψ(y)ds(y) for x ∈ ∂D, (62)

K′ψ(x) =
∫

∂D

∂G(x,y)
∂ν(x)

ψ(y)ds(y) for x ∈ ∂D, (63)

Jψ(x) =
∂

∂ν(x)

∫
∂D

∂G(x,y)
∂ν(y)

ψ(y)ds(y) for x ∈ ∂D. (64)

Since the Green’s function can be written as the super-
position of the fundamental solution Φ(x,y) in free space and
an analytic function, the layer-potential operators has the same
properties as the ones with kernel Φ . It follows from Refs. [20]
and [23] that the operators K : H1/2(∂D)→ H1/2(∂D), K′ :
H−1/2(∂D)→H−1/2(∂D) and J : H1/2(∂D)→H−1/2(∂D) are
all bounded.

Theorem 4 Let T0 and N be given by Eqs. (48) and (26),
respectively. T1 = F−1

R T0FR has been defined in Theorem 2.
Then

T0N =−πRh
(
T0Gimp

)
T ∗imp

(
T0Gimp

)∗
, (65)

T1N =−GimpT ∗impG∗imp, Gimp = F−1
R T0Gimp, (66)

where Timp : H1/2(∂D)→ H−1/2(∂D) is defined as Timp = J+ i(Im ρ)I +K′ρ +ρK +ρSρ .
Proof Define

V (x) : =
∫

∂D

[
∂G(x,y)
∂ν(y)

+ρ(y)G(x,y)
]

ψ(y)ds(y), x ∈ R3
h \∂D. (67)

From Eq. (30), we can see that

V (x)
∣∣
CR

=
i

2h

+∞

∑
m=1

+∞

∑
n=−∞

H(1)
n (kmR)sin(αmx3)e inϕx

∫
∂D

(
∂

∂ν(y)
+ρ(y)

)[
Jn(km|ỹ|)sin(αmy3)e−inϕy

]
ψ(y)ds(y).
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We recall that Jn(km|x̃|) has the conjugate property (39), to-
gether with the expression (60) of H∗imp, we can deduce that

πRhT0Gimp
(
BV

∣∣
∂D

)
= H∗impψ. (68)

Using the jump relations of layer-potentials, we have

BV
∣∣
∂D = Jψ + i(Im ρ)ψ +K′(ρψ)+ρKψ +ρS(ρψ)

= Timpψ (69)

Then, by Eq. (68) we have

πRhT0GimpTimp = H∗imp and πRhT ∗impG∗impT ∗0 = Himp. (70)

Recalling the definition of the operator N in Eq. (26), we ob-
serve that

N =−GimpHimp

under the impedance boundary condition, from which the re-
lation

T0N =−πRh
(
T0Gimp

)
T ∗imp

(
T0Gimp

)∗ (71)

follows. This completes the proof of Eq. (65). Since N =

F−1
R N FR, the factorization (66) can be justified in the same

manner as in the case of Dirichlet boundary conditions. 2

Theorem 5 Assume that km 6= αm for all m ∈ N and
k2 is not an eigenvalue of −∆ in D ⊂ R3

h with respect to the
impedance boundary condition.

(I) The operator Gimp is compact, one-to-one with a
dense range in L2(SR).

(II) The operator Timp is an isomorphism from the space
H1/2(∂D) into H−1/2(∂D).

(III) Let Ji be define by Eq. (64) with k = i. Then Ji is
self-adjoint and coercive as an operator from H1/2(∂D) into
H−1/2(∂D).

(IV) Im
〈
Timpϕ,ϕ

〉
> 0 for all ϕ ∈ H−1/2(∂D) with ϕ 6=

0.
(V) The difference Timp− Ji is compact from H1/2(∂D)

into H−1/2(∂D).
Since the difference between the Green’s function in

waveguide and the fundamental solution in free space is an
analytic function, the theorem above is a trivial extension of
Theorem 4.2 in Ref. [17].

Similarly to Theorem 3 for the sound-soft obstacle case,
we can prove the following result.

Theorem 6 Assume that km 6= αm for all m ∈ N and k2

is not an eigenvalue of −∆ in D with respect to the impedance
boundary condition. For z ∈ ΩR, define the function φz(·) =
G(·,z)

∣∣
CR

. Then

z ∈ D⇐⇒ φz ∈R

[
(T1N)

1/2
♯

]

⇐⇒W (z) : =

[
∑

j

∣∣∣(φz,ψ j
)

L2(CR)

∣∣∣2
λ j

]−1

> 0, (72)

where λ j ∈ C are the eigenvalues of the normal operator

(T1N)♯ : = |Re(T1N)|+ |Im(T1N)|

with the corresponding normalized eigenfunctions ψ j ∈
L2(CR)

We remark that when we take ρ(x) = 0, the factoriza-
tion method with near-field data in the waveguide extends
straightly to the Neumann boundary condition, provided for
any m ∈ Z+, k 6= (2m−1)π/2h.

6. Inverse medium scattering problem
In this section, we consider that D is a penetrable with

the refraction index n(x). Assume that Re(n)≥ 0, Im (n)≥ 0,
n = 1 in background R3

h \D and n 6= 1 in D. Then the direct
scattering in a planar waveguide with a penetrable medium is
modeled simply by the equation

∆u+ k2n(x)u = 0 (73)

with the waveguide boundary condition (3) and modal radi-
ation condition (10). The incident field u i in this section is
still the point source at y ∈ CR. Then the scattered field us is
the solution of the following problem with f = u i

∣∣
D ∈ L2(D)

corresponding to the incident field u i(·) = G(·,y).
Problem 3 [Inhomogeneous medium problem]
Given f ∈ L2(D), find the solution v to the following

problems:

∆v+ k2n(x)v = k2(1−n(x)) f , in R3
h,

v = 0 on Γ0,
∂v
∂ν

= 0, on Γh,

the radiation condition (10).

As in the case of sound-soft obstacle, we also define the
solution operator Gpen : L2(D)→ ℓ2 and the incidence operator
Hpen : ℓ2→ L2(D) for the Problem 3 as follows:

Gpen( f ) =
{

bm,n H(1)
n (kmR) : m ∈ Z+,n ∈ Z

}
, (74)

Hpen(𝑔) =
iπR

2

+∞

∑
m=1

+∞

∑
n=−∞

H(1)
n (kmR)gm,nu i

m,n(x), x ∈ D, (75)

where bm,n H(1)
n (kmR) are the Fourier coefficients of v

∣∣
CR

in
the expansion (40). And u i

m,n, 𝑔 are given as in Section 3. We
still have the relation N = −GpenHpen. The adjoint operator
H∗pen : L2(D)→ ℓ2 can be readily given by

H∗Dirψ =

{
− iπR

2
H(1)

n (kmR)
∫

∂D
ψ(y)Jn(km|x̃|)e−inϕx sin(αmx3)ds(x) : n ∈ Z+, m ∈ Z

}
. (76)
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Then, by the unitary operator T0 and expansion (30) of Green’s
function, we derive that(

T ∗0 H∗penϕ
)
(x) = πhRFR

(∫
D

G(x,y)ϕ(y)dy
∣∣
CR

)
. (77)

For the penetrable obstacle, define the middle operator Tpen :
L2(D)→ L2(D) by

Tpenϕ =
1

k(n−1)
ϕ−

∫
D

G(x,y)ϕ(y)ds(y). (78)

It is easy to verify that
∫

D G(x,y)ϕ(y)dy is the solution of
Problem 3 with f = Tpenϕ . Then, we derive the relations as
follows:

T ∗0 H∗pen = πhRGpenTpen and HpenT0 = πhRT ∗penG∗pen. (79)

Therefore, we get the factorization

T0N =−πhR(T0Gpen)T ∗pen(T0Gpen)
∗ (80)

Here, N is defined as in Eq. (26). By defining the opera-
tor Gpen : = F−1

R T0Gpen, together with the properties (23) of
Fourier operator F , we have the factorization of T1N,

T1N =−GpenTpenG∗pen. (81)

where T1 is given in Theorem 1.
The middle operator Tpen of the factorization (81) satisfies

all the properties of Theorem 5 from Refs. [2], [20], and [24].
Using the similar argument as in Section 4, we have the fol-
lowing result.

Theorem 7 Let n(x) 6= 1 for all x∈D. For z∈ΩR, define
φz(·) = G(·,z)

∣∣
CR

. Then

z ∈ D⇐⇒ φz ∈R
[(

T1N
)1/2
♯

]
⇐⇒W (z) : =

[
∑

j

∣∣∣(φz,ψ j
)

L2(CR)

∣∣∣2
|λ j|

]−1

> 0, (82)

where λ j ∈ C are the eigenvalues of the normal operator
(T1N)♯ := |Re(T1N)|+ |Im(T1N)|with the corresponding nor-
malized eigenfunctions ψ j ∈ L2(CR).

7. Conclusion
In this paper, we establish the factorization method for the

impenetrable and penetrable obstacles, with the idea of defin-
ing the outgoing-to-incoming operator T1 to find an appropri-
ate factorization of T1N. From the final results, Theorems 6,

9, and 10, we know that the characteristic functions of D only
depend on the near-field operator, and T1 is determined by the
waveguide R3

h and wavenumber k. Finally, we observe that
the inversion scheme is independent of the physical properties
of the underlying obstacles. This is an advantage to practical
application.
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