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in three-dimensional planar acoustic waveguides”
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In this paper, we consider the inverse scattering problem of reconstructing a bounded obstacle in a three-dimensional
planar waveguide from the scattered near-field data measured on a finite cylindrical surface containing the obstacle and
corresponding to infinitely many incident point sources also placed on the measurement surface. The obstacle is allowed to
be an impenetrable scatterer or a penetrable scatterer. We establish the validity of the factorization method with the near-
field data to characterize the obstacle in the planar waveguide by constructing an outgoing-to-incoming operator which is
an integral operator defined on the measurement surface with the kernel given in terms of an infinite series.

Keywords: factorization method, planar waveguide, inverse scattering problem

PACS: 02.30.Zz, 02.30.Tb

1. Introduction

Inverse problems play a central role in science and en-
gineering, such as ocean acoustic, medical imaging, nonde-
structive testing, remote sensing and radar.!'?! Especially, the
inverse scattering problems of ocean acoustics have received
much attention in recent years.[>~131 A finite deep ocean is
popularly modeled by a waveguide bounded by two parallel
planes. Time-harmonic acoustic waves in the waveguide are
usually modeled by the Helmholtz equation inside it with suit-
able boundary conditions.!'*! In this paper, we assume that
the ocean has a pressure released surface and a rigid bottom,
corresponding to the Dirichlet condition and Neumann con-
dition, respectively. We concern with the inverse scattering
problem of time-harmonic acoustic waves from a bounded
obstacle in a planar waveguide at a fixed frequency. Let
R} = {x = (x1,x,%3)" € R?:0 < x3 < h} be the waveguide
of thickness 4 > 0. The lower and upper boundaries of the
waveguide R;’l are denoted by

IH={xeR:x3=0} and I} ={xecR*:x3=h} (1)

respectively. The bounded domain D in Ri with the boundary
dD € C? is occupied by the obstacle. The part of the waveg-
uide not occupied by D is denoted by R;’l \ D, which is assumed
to be connected.

Then the acoustic wave u traveling inside the waveguide
satisfies the following equations:

Au+kPu=0 inR;\D, )
0

u=0 only, ~L =0 onlj, 3)
aX3

PBu=0 on dD, 4
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where k > 0 is the wave number, and % denotes the boundary
condition imposed on dD. Here, u is usually called the total
field. In the simplest case, u satisfies the Dirichlet boundary
condition

PBu:=u=0 ondD, (5)

which corresponds to a sound-soft obstacle, while for a sound-
hard obstacle, u satisfies the Neumann boundary condition

u
%u.:$:0 on dD. 6)

Here, Vv is the unit outward normal vector to dD. We also con-
sider the impedance boundary condition

%’u:zg—z—i-p(x)uzo on oD, @)
which corresponds to an imperfect or partially coated obstacle.
Here, p(x) € L*(dD) is the impedance function.

Given incident fields, what we want to do is to get the in-
formation of the scattered field in the waveguide and to solve
the inverse problem of reconstructing the shape and location
of the domain D, which is occupied by the obstacle. This
inverse problem is much more challenging than that in free-
space. Due to the planar geometry, only a finite number of
modes can propagate at a long distance, while the other modes
are evanescent fields and undetectable away from the obsta-
cles. This increases the ill posedness of the inverse problem.
For this reason, the inverse scattering problem in a waveguide
has received increasing attention.!>%-101 We refer to Ref. [15]
for the generalized dual space method, Ref. [11] for reverse
time migration method, and Refs. [4], [6], and [13] for the lin-
ear sampling method. The authors of Ref. [16] used the factor-
ization method to recover the scattering surface of a periodic
structure.
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The purpose of this paper is to extend the factorization
method!'-1%) to reconstruct the obstacle D in the waveg-
uide scattering. In this paper,we will utilize the factorization
method to reconstruct the shape of an unknown obstacle em-
bedded in a planar acoustic waveguide using the measurement
of the scattered field near the obstacle. Following the idea
of Ref. [17], we construct an auxiliary outgoing-to-incoming
operator to derive the factorization of data operator. The main
principle of factorization method is that a point z in the waveg-
uide R} belongs to the domain D if and only if the field gen-
erated by a special point source at z is in the range of a certain
linear operator defined by the data, called the near-field opera-
tor. Finally, the range of this operator can be characterized by
spectral properties.

The remaining part of this paper is organized as follows.
In Section 2, we present the direct scattering problem in the 3D
waveguide and some useful results. In Section 3, we derive the
Fourier coefficients of the near-field operator. In Section 4, we
give a justification of the factorization method for the case of
a Dirichlet boundary condition in a waveguide. We define the
outgoing-to-incoming operator in the first part and then give a
description of the domain D. In Sections 5 and 6, we extend
the factorization method with near-field data to the case of the
impedance and Neumann boundary conditions and the inverse
medium scattering case.

2. Direct scattering problem

In this section, we will present some notation and basic
results to be used throughout the paper. Recall that the waveg-
uide is denoted by Ri. Noting that the x3-axis is orthogonal to
the waveguide, we combine the first two coordinates to write

x= (xl,xg,x3)T = (kv,xg)T, x€R3.

In this paper, we shall often work later in the bounded domain
Qg == {x € R} : |¥]> < R*}, where the radius R is assumed to
be large enough such that 1+ [x]> < R? for all x € D. This
implies that D is contained in the interior of Qg. The part of
the boundary dQg, contained in the waveguide Ri, is denoted
by the cylinder

Cr:={xcR}: x> =R%}.

The incident field u' we used is the solution to the
Helmholtz equation Au' +4%u' = 0 in R}, and satisfies the
boundary conditions (3). The direct scattering problem is then
to find the scattered field u* = u —u' subject to Egs. (2) and (3),
when the total field u satisfies one of boundary conditions (5)-
(7). To ensure the uniqueness of solution for direct scattering
problem, the scattered field u#® have to satisfy additionally a
radiation condition.?Y. Since D C Qg, we have the following

mode expansion by carrying out a separation of variables in X
and x3:

u*(x) = i sin(04,x3)un (%),  Vx € Ry \ Qg, 8)

m=1
where i, : = (2m—1)m/2h, m = 1,2,.... Then the scattered
field u® automatically satisfies the waveguide boundary condi-
tion (3). The modes u,, satisfy the two-dimensional Helmholtz
equation

Aty + K21y =0, [X] >R, m=1,2,..., 9)

where k,, = \/k2— 02 if k > o, and ky, = i\/ 04 — k2 if
k < oy,. The radiation condition for the planar waveguide
problem is then to impose the modes u,, to satisfy the outgoing
Sommerfeld radiation condition

hmrl/Z(aaum_ikmum>:0, withr =[5, (10)

r—o0 r

uniformly for all direction X/r. From the definition of k,,,
we note that there is some positive integer M (k) such that the
modal wave numbers k,, are real, which correspond to modal
frequencies of the waveguide, when m < M (k). While k,, are
purely imaginary when m > M(k), corresponding to exponen-
tially decaying modes. However, the case k,, = 0 for some
m € N corresponds to an exceptional frequency. We always
assume that

k# oy

The Green’s function!!¥l for the waveguide R} with re-

for all m € N. (11)

spect to the boundary condition (3) is given by
i - . . ~
Gr.y) = 55 ¥ sin(ouxs) sin(ys) Hy (kn ¥ =31,
m=1
x,y ER) X#Y. (12)

[14]

Using the method of images,''™ one can derive an equiv-

3

h’

1 = e iklr—ym| eik|)c7y'm|
6ty =37 £ 0
i, 2 el e
x#yeR}, 13)
where the source image points are given by
Ym = (yl 7.)}27.))3)—r + (Ovoazmh)Tv
y:n: (y17y277y3)T+(07072mh)Ta m € 2. (14)

alent representation of the Green’s function in R

Usually, the formula (13) is called the normal mode repre-
sentation of Green’s function in the waveguide and we call
Eq. (13) the ray representation. From Eq. (13), we observe
that the Green’s function can be written as
1 eikk=y  _ 3
G(x,y) = preR P +G(x,y), x#y€eR;.
It may be see that the first part of the superposition
1 eiklx—l

Dx,y) = ———
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is the fundamental solution of Helmholtz equation in free
space, while the remaining part 5(x,y) is analytic.*l Conse-
quently, the jump relations and regularity properties of single-
layer potential [, G(x,y)¢(y)ds(y) and double-layer poten-

tial
dG(x,y)
b VD) o(y)ds(y)

dG(x,y) du
IR et

are the same as for the potentials with kernel ®(x,y), respec-
tively.

From Ref. [20], we know that the Green’s formulas are
still holds in the waveguide R3, that is, for any function u sat-
isfying Eqgs. (2), (3), (4), and (10), it holds that

Moreover, by seeking a solution in the form of a combined double- and single-layer potential

o= [

4 B 0, ifxe D, 15
} s0) = u(x), ifxeR\D. (15)
- inG<x7y>}<p<y>ds<y>, (16)

we know that the w is a solution of Egs. (2), (3), (4), and (10), provided that the density ¢ is the solution of the boundary integral

equation

JdG(x,y)

(P()C) +2 oD av(y)

e(y)ds(y)

Thus, the problem of Egs. (2), (3), (4), and (10) is uniquely
solvable, due to the boundary integral equation is uniquely
solvable.[?"!

We remark that under some certain geometric assump-
tions on a sound-soft obstacle, the uniqueness of the solution
to the acoustic waveguide scattering problem was proved in
Ref. [21].

the existence of non-trivial waves for the homogeneous prob-

For the sound-hard obstacle, it has been proved

lem, called trapped modes.[??! The authors in Ref. [3] proved
out that these scattering problems are uniquely solvable ex-
cept possibly for an infinite series of exceptional values of the

wavenumber with no finite accumulation point.

3. Fourier coefficients of near-field operator

In this paper, we consider the point source wave as inci-
dent field u'(x,y)
position y € Cg, and the corresponding scattered field is de-

= G(x,y) which is generated at the source

noted by u*(x,y) which depends on the point source y. Then
the measurement data we need in this paper are taken on the
cylinder Cg. Therefore, the set {u®(x,y) : x,y € Cr} are the
data for the inverse problem, or equivalently, the so-called
near-field operator N : L*(Cg) — L*(Cg) is given by

(Ve)) = | W )g0)as0), TG (18

Under cylindrical coordinates on Cy : = {x € R} : |]> = 1},

the functions

Yinn(Qx,x3) = e " sin(aux3), meZt ne .

2117/ G(x,y)p(y)ds(y) = —2ul(x), forx e aD. (17)

form a complete orthogonal system in L?(Cg). Thus, for any

g € L>(Cg), we have the expansion
“Y ¥
m=1n=—oco

x = (Rcos @y, Rsin @y, x3) € Cg (19)

e % sin(Qx3),

with
1

TR Jo g(x)e " sin(og,x3)ds(x),  (20)

8mn =

where the coefficients g, , € C are regarded as the Fourier co-
efficients of g with respect to the functions {Y,,, :m € Z*,n €
Z}. The Fourier coefficients of an L? function on Cg are un-
derstood in this sense throughout the paper. We observe that

o 4oo
||gHiz(CR) = mhR Z Z |gm,n|2'

m=1n=—oo

Therefore, We define the operator Fg : L*>(Cg) — ¢? by

Fr(g)

Conversely, for g = {gu., : m € ZT,n € Z} € (* we can define
: 0> = L?(Cg) by

i):g

m=1n=—co

=g, g:={gna:meZ neZ}e®. Q21

the operator Zp !
e 1% sin(ax3). (22)

Then, we can readily deduce from Eqs. (21) and (22) that
lyR —ILz (Cr)? yReg.7 —Iéz,

1
o *
Fy
R= nhRR’

A

(F2") =nhRFR,  (23)

where /;2(¢,) and I2 denote the identity operator on L?(Cgr)
and /2, respectively.
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We have already known that the boundary condition (3)  uide Ri outside Qg,
and the radiation condition (10) lead to a series representation

of any radiating solution u® € H} (R3\ Qg),1*! Z Z U’"”H (kp|%]) e sin(apx3),
p=lg=—c°

=Y Y UnuHY (kr) " sin(opxs),  (24) x e Ry \ g, 25)
m=1n=—oo

where U,y € C for all m € Z",n € Z. Therefore,
for x = (rcos @y, rsin@,,x3) " € RZ \ Qg, where H,(ll) denotes
the Hankel function of the first kind of order n.

Let J,, be the Bessel functions of order n. Set

yR(”’"v"’CR) = {UI',':;]” Hgl)(k,,R) pEZt g€ Z} e’

for all m € Z",n € Z. By using the Fourier coefficients of Ng,

we will consider the operator

u,in,n(x) =3, (k%)) e " sin(Qiux3), xER},meZT neZ.

, N = FRNFg' 12— 2 (26)
We can verify that uy, , satisfies the Helmholtz equation Au +
kK?u =0 in Rz and the waveguide boundary condition (3). If  instead of the near-field operator N. An explicit expression of
we consider u,imn as the incident field, the corresponding scat- 4" is given as follows.
tered field is denoted by u,, ,. Then from the series represen- Lemma 1 Let g € L>(Cg). gmn, g, and Uy are given as

tation (24), we know that um n has the expansion in the waveg- in Egs. (20), (21), and (25), respectively. Then we have
|

iR e =
JVg:{l ‘ RY Y U’"”H kR)ng,:peZ*,qu}. 27

2 m=1n=—co

\
Proof By definition, we know that .4#'g = #grNg. Thus  and the series on the right side is absolutely and uniformly

we only need to derive the Fourier coefficients of the near-field ~ convergent on compact subsets of |x| < |y]. Thus we have the

data Ng on Cg with respect to {¥,,,, : m € 7T ne Z}. expansion of Green’s function as follows:
Set
U(x): :/ u(x,y)g(y)ds(y), x €R}\ Qz.  (28) G(x,y) = o Zl Y. sin(apxs) sin(0mys)
Cr m=1n=—oo

Then we observe that Ng is the restriction on Cg of U, and U T (e £1) HEY (i [9]) €170 02), (30
is the scattered field corresponding to the incident field U'(x) : . )

= Jop, G(x,)g(y)ds(y), for |3] < R. From the representation for [x] (ﬁ)m Since J_,(1) = (_1.)an(¢) anfi an(t).:
of Green’s function (12), we note that (i/4) H} ( kol F—F1) is (=1)"H,, () for n € Z, we can rewrite the previous identity
just the fundamental solution of two—dlmensmnal Helmholtz

equation (9). Recall from Ref. [1], the Hankel function i e e

as

i
H(()l) (kX —¥]) has the expansion G(x.) ~ 2 ,;1 n;m sin(tnxs) sin(Gnys)

—in kp, ki in(@e— (Pv> 1

W (k7 —3]) = ): T (i |31 HY (Ko [51]) €~ (0= 00), oo ) HR (o5 € (3D

(29)  This implies that for |x] < R,
|

400 Hoo

Z Y sin(0xs) e 3, (k7)) /C 2(y) sin(cy3) HY (kn[5]) e~ " P ds(y)
R

=ln=—o0
o0 oo
Z Y nhRgu.H § (ka) sin(04,x3) e 95 1, (k| X))

m 1 n=—c0

R +oo oo
:i Z Z gmn n ka) ( ) (32)

m=1n=—co

with g,, , defined by Eq. (20). Then, by linear superposition we conclude from Eqgs. (25) and (32) that

R +o0  Hoo
= i Z Z gmn ka) ( ) (33)

m=1n=—oo

100203-4
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17'CR = = I e
=5 L L snatl (kaR) X Y U HG (1) e sin(apra) (34)
m=1n=—oc0 p=1lg=—0c0
inR &% e A
=5 X Z HY (%) ¥ Y U2 H (knR) g e "% sin(atx3) (35)
p=1lg=—o m=1g=—oc°
\
for |x| > R. Here, interchanging the order of summation is v=f ondD,
allowed since the two series are absolutely and uniformly con- v=0 on Iy, QL —0 onIj,
x3

vergent on compact subsets of |x| > R. Therefore, the Fourier

coefficients of U (x yield the expression (27). a

()]

4. Dirichlet boundary condition

In this section, we will utilize the factorization method to
reconstruct a sound-soft obstacle embedded in a planar acous-
tic waveguide using the measurement of the scattered field on
Cg. The key ingredients in this part is the construction of an
auxiliary unitary mapping 7 and an appropriate factorization
of the operator T7.

For the sound-soft obstacle, we consider the general
Dirichlet problem

Problem 1 (Dirichlet boundary value problem)
Given f € H'/?(9D), we find a solution v to the following
problem:

Av+k*v=0, inR;\D,
|

The radiation condition (10).

4.1. Factorization of near-field operator

First, we define the incidence operator
Hpir : 0> — H'/2(9D)

for the Dirichlet boundary problem in the waveguide as fol-

lows:
- 1717R oW
HDir(g):zUlyaD Z Z H k Rgmnumn(x)
m=1n=—oo
x€aD. (36)

Here Hp;; is a Herglotz-like operator, which maps a superpo-
sition of the incident waves u;” with the weight g,, , into its
trace on dD. The adjoint operator Hy, : H™'/2(9D) — ¢2 is

R0 < [ -
iy = { = SEHD ) [ WOl e " sin(o)dsr) i € 2 m € 2. G7)
JdD

2

Recall the expression of the Bessel functions of order n:[!]

S )i EA P 38
Jn(t)_,,zolﬂ(”l"W(Z) y =V, 1,2,.... ( )

We observe that J,,(it) = (—1)"J,(it). By the definition of k,,,
we already know that k,, is real, if m < M(k); otherwise, k,, is
purely imaginary. Therefore,

W* Jn(kmlﬂ)a mSM(k), (39)
) () Tkl ED,  m> M(k).

Thus, we could avoid the conjugate of Bessel function J, in-
side the integral of Eq. (37).

Let v be the unique outgoing solution to the Problem 1
with the boundary value f € H'/2(9D). Suppose that on Cg, v
has the following expansion

+o0 400

Ol = L X bmath”

m=1n=—co

b €C. (40)

Then the solution operator Gp;, : H'/ 2(dD) — £? is defined by
the Fourier coefficients of v’ o ie.,

mR)e el sin( otx3),

GDir(f) = {bm,nHSlU(ka) :n€Z+7m€Z}- (41)

|
From the definition of .4, Hpy;, and Gp;;, the following rela-

tion holds:
N = —GpjiHpj- (42)

In the rest of this section, the single-layer operator and
single-layer potential are essential tools. They are give by

/ G(x,y)y(y)ds(y), xedD, (43)

- [ Gnwi)as
D

for y € H-'/2(dD), respectively. From the expansion of

(y), xeR) (44

Green’s function (30), we obtain the expansion of single-layer
potential

+oo  Hoo

(Vy . Z Z sin(0g,x3) e "%

m I n=—c0

/ vl

Together with the definition of Gp;; and the jump relation for
[20]

H.Y (k7))

n(km|9]) €~ sin(@ny3) ds(y). (45)

single-layer potentials in the waveguide,'=" we have the fol-

lowing relation

100203-5
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i —ingy _;
Gon (V)] 0) = GonS¥ = { 3718 aB) [ WOl e " sinfotn)dsy) m €1, me 2

In order to find an appropriate factorization of .4, we
observe Egs. (37) and (41) that

TRhToGpirS = Hpyy, RIS Gy Ty = Hpir. (47)
with the operator Ty : ¢> — ¢* defined by
(1)
H,, ' (kmR
(Tog)m,n:* ?l)( )gm,mlSmSMa
H, ' (knR)
(1)
H; ' (knR
(Tog)m.,n = (_1)n+1 %gm,mm >M (48)
H,,’ (knR)

for g = {gmn:n € Z",me Z}. Here (Iog)m represent the
component of sequence Tpg € = 7" ,n € Z. Moreover,
it is seen from Eq. (48) that ToT" = T To = 2, that is, Tp is

unitary operator on 28

M oo R)

Kxy 7th Z Z

=] n=—o0 Hn

o)
1 +oo0 +oo0

e L L (=D

m=M+1n=—oo
Here, M denotes M (k) as above.

Proof By the definition of .%g, N, and .4, we know that N =

Ti, we derive that
TIN =
- _GDirS GDir7

HY (k,.R)

ITQJVJR = —ﬂ'hRJR ToGpirS™ (ToGDir)*y =

(46)

From Eq. (42) and the second relation in Eq. (47), we ob-
serve that

ToV = —ToGpirHpir = —TRh(ToGpir)S™ (ToGpir)*.  (49)

Consequently, we obtain a factorization of the near-field oper-
ator N as follows.

Theorem 1 For the near-field operator N, we have the

factorization
TiN = —GpieS* Gy, Gpir = F¢ ' TG, (50)
where T} : = Fp ' Ty.Fg : L*(Cr) — L?(Cg) takes the form:
(Tig) (x) = . K@2)e0)ds0), (51
for g € L?(I’tg), with the kernel
e (9= sin(0g,x3) sin(04,y3)
wit i (k) (o= o :
—— e v sin(Qy,x3) sin( @y y3). 52)

Fr Ly Fx. With the factorization (49) and the definition of

—(Zx ' ToGpir) S* Gy x Ty (T 1)
(53)

with the third equality follows the last relation in Eq. (23), and the operator Gp;; in the last equality is given as above. Then the
first part of the theorem is proved.
From the definition of 77 and Ty, it follows that for g € LZ(CR),

M oo nl) R) .
(Tlg)( ) (‘/RTOQ Z Z R)gm,n eln(px Sin(Ocmx3)
=]ln=—c0 m
o g HY (kR N
— Z (=1)" ?1)( " g | € sin(04,x3), x € Cr
m=M+1n=—co H; (km )
with
1 .
8mn = M x g(x) e 1x sin(amx3)ds(x).

Substitute the expression of g, , into the last equality,

(Tig)(x) lffﬁm%%m>/wwmamu
18)\X) = ——— - * sIn( O, X3 gV mYy3)ds(y
ThR | = e 1Y (kmR) Cr

S —
(knR) . ingy g s
&mwmmﬁme¢mw@.

Interchanging the order of summation and integral, we can reformulate the last identity as

f Y Y

m=M+1n=—oo

100203-6
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(Tig)(x

)= [ Kx3)e0)ast),

where the kernel is given by Eq. (52). Thus, we finish the
proof. a

Remark 1 Let v be an outgoing solution to the Helmholtz
equation in the waveguide Rz, whose modes satisfy the 2D
outgoing Sommerfeld radiation condition (10). Suppose v has
the expansion

“+oo  Hoo

=Y Y v HY (ki3] €% sin(0tx3),

m=1n=—co

for all x € R} \ Qg,,

where Ryg > 0. Then we define the incoming field

M oo

— Y X vl

m=1n=—oco

=5} —+oo
D MG
m=M+1n=—oo

) 119 5in(04,x3)
Hﬁ,” (knR)e in@x sin( 0Gx3).

Then the two parts of the function v both satisfy the Helmholtz
equation in ]Rz, the waveguide boundary condition (3) and the
incoming condition. Namely, the modes v, satisfy the 2D
Helmholtz equation (9) and the incoming condition

limr1/2<‘; +zkmvm) =0, r=|g]

r—yoo

uniformly for all direction X/r. Then by Eq. (52) we can read-
ily verify that

Ti (V‘CR) = 17|CR7 for all R > Ry.

In particular, we have

h (G(x’z)}xGCR)

for all R > |z].

4.2. Characteristic function of D

We first give the properties of the solution operator Gp;,
defined by Eq. (41) and the modified solution operator Gp;;.

Lemma 2 The solution operator Gp;, : H/ 2(dD) — % is
compact, one-to-one with a dense range in /2.

Accordingly, the operator Gp;, : H'/2(9D) — L%(Cp) is
compact, one-to-one with a dense range in LZ(CR)

Proof First, injectivity of Gpj; follows from the unique-
ness of the Dirichlet boundary value problem. 2]
From Ref. [3], we have the well-posedness of the three-

dimensional waveguide scattering Problem 1 in H! (R} \ D).

— i
G(X Z |x€CR ﬂ |
m=1n=—oco

Together with the compact embedding property of H'/2(Cg)

into L*(Cg), we conclude that Gp;; is a compact operator.
Then we will prove that the operator Gp;; has a dense

range in 2. For some P € Z7, define the sequence g'P) as

g(P):{g,(,fZ,:meZJ“,nGZ},

(P) gm.m lfmSP’ ‘n| SPa
8mn = ' .
0, otherwise.

for g = {gmn:m € Z*,n€Z} € (*. Thus, for any € > 0 there
exists a integer P > 0 such that ||g{%) — g||» < &. Now we

define the function v by

vy 1 (1 ingy o
v(x) = ) 0 Gmn | Hn (ki |3]) €% sin(043),
m=1n=—"F; Hn (ka)

for x # 0.

Obviously, v is a solution to the Helmholtz equation Av +
Kv=0inR}\{xe R}
radiation condition (10). From the definition of the solution

: X = 0}, and satisfies the outgoing

operator Gpj;, we know that Gpj; (v| P D) = g(P E), hence

1G0ir(v5) —9ll,2 <.

Thus, we obtain the denseness of the range of Gp;; in 2.
Finally, we notice the fact that Tj is an unitary operator
in /2 and .%y is an isomorphism. Then, the properties of Gp;;
follows. O
Lemma 3 Let Gp;; be given as in Eq. (50). For z € Qp,
we define the function

9:(x) = G(x,2)| o, € L*(Cr).

Then z € D if and only if ¢, belongs to the range Z(Gp;,) of
Gpjr-

Proof First, we assume that z € D. Clearly, G(-,z) |R2\5
is analytic, hence it is the unique radiating solution to the
Problem 1 with the boundary data f := G(- ‘ )|5p- From the
definition of Gp;;, Gpji, and Tj, it follows that Gp(f) =
TR (G Z)|CR)

Gpir(f) = Fx ' ToGoie(f) = Fg ' To-Fr (G('7Z)|CR>

=T <G z)ch>.

We notice that z € D C Qg, then |Z] < R = |x] holds for x € Cg.
Thus, from the expansion (31) for the Green’s function G(x,z)

(54)

with |x| > |z|, the complex conjugate of Green’s function can
rewrite as

0  4oo —
Z Z HY" (kR) sin(0t,x3) sin(0,z3) T, (ki |Z]) €~ 1710 0x)
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M Hoo
Lh Y X HY (k) 5in(Ots) Sin(0nz3) I (k| 2]) & 7O 92)
m=1n=
i 2 0 o . )
—= Y Y ()"Hy (knR) sin(0x3) sin(0,23) Ty (ki [2]) €709, (55)

where M = M(k), such that k,, is real if m < M while k,, is
purely imaginary if m > M. The last equality holds with the
fact J, (i) = (—1)"J,(ir). Observing Eq. (55), we find that

G(x,2)|,ec, = T1 (G(x.2)] e )- (56)
Combing Egs. (54) and (55) yields
¢.(-) = G(HZ)’CR € Z(Gpir).

On the other hand, let z € Qg C Rz and assume that Gp;(f) =
¢.. Since Ty is unitary on £, we have

Gpir = TO_IER(GDir, and Ty = ﬁ;lTo‘lﬁR.
Then,

QR_IGDir(f) = <Q\R_lTo_lag\R(GfDir(f) =
=T (¢:) = G(WZ)‘CR'

The last identity follows from Eq. (56). Therefore, Gpi(f) =

T ' Ty ' Tr(92)

Fr(G(-,2) ’CR) holds. Let v be the solution of Problem 1 with
the boundary f such that
Goir(f) = Fr(v|c,) = Fr(G(.2) .-

Due to the uniqueness of solutions to the Problem 1, we get
v=G(-,z) in R} \ Qg. Therefore, v=G(-,z) =R} \ (DU{z})
holds by analytic continuation. If z € Ri \ D, this contradicts
the fact that v is analytic in R} \ D but G(-,z) is singular at
z. It is impossible that z € dD since v|aD € H'/2(aD) but
G(-,2) ’aD ¢ H'/2(9D). Hence, we conclude that z € D, which
complete the proof. m|

We now give the properties of the middle operator S.

Lemma 4 Some properties of single-layer operator S in
the waveguide Rz are given as follows:

(i) The operator S is an isomorphism from space
H~'/2(dD) into H'/2(aD).

(i1) Let S; be defined by Eq. (43) with k =i. Then §; is
self-adjoint and coercive as an operator from H~!/ 2(dD) —
H'/2(9D).

(i) Im(@,S¢) < 0 for all ¢ € H"'/2(dD) with ¢ #
0. Here, (-,-) denotes the duality between H'/2(9D) and
H~'/2(9D) extending the L2-product in L?(dD).

(iv) The difference S —S; is compact from H™!/ 2(aD)
into H'/2(9D).

Proof From Ref. [20], we realize that the single-layer
potential in the waveguide Rfl has the same properties as the

single-layer potential in the free space, such as the jump rela-
tion and the Green’s theorems. In the case of free space R3, the
Thus,
from the same process, Lemma 4 can be proved. O

same conclusion holds, see Lemma 1.14 in Ref. [18].

Now, we have shown all prerequisites which are neces-
sary to apply Theorem 2.15 in Ref. [18].

Theorem 2 Let X C U C X* be a Gelfand triple with a
Hilbert space U and reflexive Banach space X such that the
embedding is dense. Furthermore, let ¥ be a second Hilbert
spaceandlet F: Y - Y,G: X —Y and T : X* — X be linear
bounded operators such that

F = GTG*. (57

We make the following assumptions:

1) G is compact with dense range.

i) ReT has the form ReT = Ty + T; with some coercive
operator Ty and some compact operator 77 : X* — X.

iii) Im T is nonnegative on X, i.e., (@, (ImT)¢) > 0.

iv) T is injective.

Then the operator Fff = |Re[e!T]| + [Im F| is positive,
self-adjoint, and compact, and the range of G : X — Y and
Fﬁl/ .Y = Y coincide. Here |[ReF | is defined in the standard
way via the spectral representation for compact self-adjoint
operators, and the parts ReF and ImF are defined by

1 * 1 *
ReF = 2 (F+F"), ImF = o (F — F").

From this result on range identities in factorizations ap-
plied to the factorization F = GT G*, we obtain the final result
of this section, which give an explicit reconstruction of D.

Theorem 3 Assume that k,, # o, for all m € N. For
Z € Qg, ¢. is given as in Lemma 3. Denote by (4, ;) jen
an eigensystem of the normal operator (T\N); := [Re(T1N)|+
[Im(7N)|. Then

€D 9. e%[(TlN);/z}

2o
W)= [ZW] >0, (58)
J j

Proof According to the Lemmas 2, 3, and 4, the theorem

is a direct corollary of Theorem 5. O
This theorem presents a sufficient and necessary compu-
tational criterion for precisely characterizing the region occu-
pied by the sound-soft obstacles. In other words, the charac-

W(z)). In

teristic function xp of D is given by yp(z) = sign(

100203-8
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conclusion, we establish the factorization method for recon-
structing a sound-soft obstacle in the waveguide Rz with the
auxiliary outgoing-to-incoming operator 7. When the bound-
ary condition is sound-hard or impedance, the similar result
can be deduced with the same means.

5. Impedance boundary condition

In this section we talk about the obstacle with respect to
Then the scattered field in
this case satisfies the following equations:
Problem 2 [Impedance boundary value problem]
Given f € H~'/2(9D), find a solution to the problem:

impedance boundary conditions.

Av+kv=0

dv
By = E—Fp(x)v-f on dD,

in R} \ D,

inR & &

0i=7 Y Y H

=1n=—o

(H 1mpg

with g € £? given by Eq. (16). The adjoint operator Hi’;np

v
v -0

the radiation conditioin,

v=0 only, only,

where the impedance function p(x) € L*(dD) is complex-
valued satisfies that Im(p) > 0 almost everywhere on dD.
Noting that for fixed y € Rz \5, when we choose

9G(x,y)
av(x)

f=- —p(x)G(x,y), x€9D,
the solution of Problem 2 is the scattered field with the incident
field G(x,y) whose source point at y € R; \ D.

We use the similar means in the case of Dirichlet bound-
ary conditions, we first introduce the incidence operator /> —

H~'/2(aD) by

0d .
ka 8m,n (8\/(x) +P(X)> [Jn(km‘)ﬂ)elmpx Sin(am)C3)], X e 8D, (59)

: H'/2(dD) — ¢* takes the form

Hi = { 2B k) [ (s 901 ) [Tl sin(aya) | ) asth) i€ 2 m e Z} (60)

for all w € H'/2(9D). Further, we define the solution operator
Gimp : H™/2(9D) — (% by

Gimp(f) = {buaH\ (knR) :n €Z*\meZ},  (61)

where by, , H,(,1> (knR) are the Fourier coefficients of u| Cr with
u the radiating solution to the Problem 2.
Define the layer-potential operators K, K’, and J, respec-

tively, by
[ 9G(x,y)
Ky(x) = /a ) v POIasD) forxe aD. 62)
K'y(x) = 0o (( ))l//( )ds(y) forx € dD, (63)
|
ToN = —7RA(TyGimp)
T\N = GlmpTanGfmpa

| dG(x,y)

d
IV (x) ~/aD av(y)

Jy(x) = y(y)ds(y) forx € dD. (64)

Since the Green’s function can be written as the super-
position of the fundamental solution @ (x,y) in free space and
an analytic function, the layer-potential operators has the same
properties as the ones with kernel @. It follows from Refs. [20]
and [23] that the operators K : H'/2(9D) — H'/2(dD), K’ :
H '/2(dD) - H '/2(dD) and J: H'/2(dD) — H /(D) are
all bounded.

Theorem 4 Let 7 and .4 be given by Egs. (48) and (26),

respectively. 1 = Fp 70 Zx has been defined in Theorem 2.

Then
T (TG 65
Gimp = EI;ITOGimpa (66)

where Timp : H'/2(9D) — H™V/2(9D) is defined as Timp = J +i(Im p)I +K'p + pK + pSp.

Proof Define

Ve i= [ 1% BTG WO)ast), 3 B\aD, 67
aD

av(y)

From Eq. (30), we can see that

oo oo

d

Ol =5 £ X H Euk)sinozs)e™ | (5557 P07 ) [kl sin(anpa) 72 | wir)as)

=1n=—o
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We recall that J,(k,,|x]) has the conjugate property (39), to-

imp> We can deduce that

gether with the expression (60) of H.

TRhT)Gimp (BV |5p)) = Himp V- (68)

Using the jump relations of layer-potentials, we have

BV |5, =Ty +i(lm p)y+K' (DY) + pKy + pS(py)
= Limp ¥ (69)

Then, by Eq. (68) we have

ﬂRhToGimpTimp— 1mp and wRHWT G

imp ~imp

Ty = Himp. (70)

Recalling the definition of the operator N in Eq. (26), we ob-
serve that
N = _GimpHimp

under the impedance boundary condition, from which the re-
lation

Ty N = — TR (ToGimp) Tiap (T0Gimp) (71

follows. This completes the proof of Eq. (65). Since N =
Fr 'V F, the factorization (66) can be justified in the same
manner as in the case of Dirichlet boundary conditions. O

Theorem 5 Assume that k, # o, for all m € N and
k? is not an eigenvalue of —A in D C Rz with respect to the
impedance boundary condition.

(D The operator Gjyp is compact, one-to-one with a
dense range in L?(Sg).

(I) The operator iy, is an isomorphism from the space
H'/2(9D) into H~'/2(9D).

(II) Let J; be define by Eq. (64) with k = i. Then J; is
self-adjoint and coercive as an operator from H!/ 2(3D) into
H~'/2(aD).

(IV) Im(Timp@, @) > 0 for all ¢ € H-'/2(9D) with ¢ #

(V) The difference Timp — J; is compact from H'/2(9D)
into H-/2(aD).

Since the difference between the Green’s function in
waveguide and the fundamental solution in free space is an
analytic function, the theorem above is a trivial extension of
Theorem 4.2 in Ref. [17].

Similarly to Theorem 3 for the sound-soft obstacle case,
we can prove the following result.

Theorem 6 Assume that k,, # o, for all m € N and k?
is not an eigenvalue of —A in D with respect to the impedance
boundary condition. For z € Qg, define the function ¢,(-) =
7z)} Cr’ Then
7ED<= ¢, € X% [(TIN);/Z]
|

N ITR_ 1), .
Hp y = { - 7H

ka / y(y

2
’ (¢27 Wj)LZ(CR)

-1
: 1 >0, (72)
J j

where A; € C are the eigenvalues of the normal operator

(TiN); : = [Re(TiN)| + |[Im(TyN)|

with the corresponding normalized eigenfunctions y; €
L*(Cr)

We remark that when we take p(x) = 0, the factoriza-
tion method with near-field data in the waveguide extends
straightly to the Neumann boundary condition, provided for
anyme Z*, k# (2m—1)x/2h.

6. Inverse medium scattering problem

In this section, we consider that D is a penetrable with
the refraction index n(x). Assume that Re (n) >0, Im (n) > 0,
n =1 in background Ri \ D and n # 1 in D. Then the direct
scattering in a planar waveguide with a penetrable medium is
modeled simply by the equation

Au+kn(x)u=0 (73)

with the waveguide boundary condition (3) and modal radi-
ation condition (10). The incident field «® in this section is
still the point source at y € Cg. Then the scattered field u® is
the solution of the following problem with f = u'| » € L*(D)
corresponding to the incident field u'(-) = G(-,y).

Problem 3 [Inhomogeneous medium problem]

Given f € L*(D), find the solution v to the following
problems:

Av+EPn(x)v =k (1—n(x))f, inR},

v=0 onlp, ﬂ:O,

v

the radiation condition (10).

on Iy,

As in the case of sound-soft obstacle, we also define the
solution operator Gpen : L?(D) — ¢? and the incidence operator
Hyen : £* — L*(D) for the Problem 3 as follows:

Gpen(f)z{bmnH“)(k,nR):meZ+,nez}, (74)
1717R oo
Hpn(g)=— Y, ) H" (k,.R) )8mnth (%), X €D, (75)

m=1n=—co

where by, » Hg,l)(ka) are the Fourier coefficients of v| Cr in
the expansion (40). And u,in_’n, g are given as in Section 3. We
still have the relation .#” = —GpenHpen. The adjoint operator
H?.. :L*(D) — ¢? can be readily given by

pen *

(k| %]) e "9 sin(ot,x3)ds(x) :n € ZF, me Z}. (76)

100203-10
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Then, by the unitary operator 7 and expansion (30) of Green’s
function, we derive that

(T Hpen @) (%) —nhRﬂR< /D G(x,y)(p(y)dy|CR). (77)

For the penetrable obstacle, define the middle operator Ty, :
L?(D) — L*(D) by

Tyend = g0 [, Ge)o)dsty). 9

It is easy to verify that [, G(x,y)@(y)dy is the solution of
Problem 3 with f = T,e,@. Then, we derive the relations as

follows:
TO*ngn = ThRGpenTpen and HpenTo = nhRTp*enG;en. (79)

Therefore, we get the factorization
ToN = —ﬂ:hR(ToGpen)Tp’;n(ToGpen)* (80)

Here, ./ is defined as in Eq. (26). By defining the opera-
tor Gpen : = Fg ITOGPen, together with the properties (23) of
Fourier operator .%, we have the factorization of TN,

TN = —GpenTpen G, 81)

pen”

where T is given in Theorem 1.

The middle operator T, of the factorization (81) satisfies
all the properties of Theorem 5 from Refs. [2], [20], and [24].
Using the similar argument as in Section 4, we have the fol-
lowing result.

Theorem 7 Let n(x) # 1 for all x € D. For z € Qp, define

0:(-) = G(-3)| - Then

zeD<:>¢ze%[(T1N);/2]

—1

2
’ (¢Z7 wj)L2<CR)

>0, (82)
|4,

= W)=Y,

J

where A; € C are the eigenvalues of the normal operator
(TiN); : = |Re (T1N)|+ [Im (71 N)| with the corresponding nor-

malized eigenfunctions y; € L2(Cg).

7. Conclusion

In this paper, we establish the factorization method for the
impenetrable and penetrable obstacles, with the idea of defin-
ing the outgoing-to-incoming operator 7; to find an appropri-
ate factorization of 71 N. From the final results, Theorems 6,

9, and 10, we know that the characteristic functions of D only
depend on the near-field operator, and 77 is determined by the
waveguide Rfl and wavenumber k. Finally, we observe that
the inversion scheme is independent of the physical properties
of the underlying obstacles. This is an advantage to practical
application.
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