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TOPICAL REVIEW — Soft matter and biological physics
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Oscillatory behaviors can be ubiquitously observed in various systems. Biological rhythms are significant in governing
living activities of all units. The emergence of biological rhythms is the consequence of large numbers of units. In this
paper we discuss several important examples of sustained oscillations in biological media, where the unit composed in the
system does not possess the oscillation behavior. The dominant phase-advanced driving method is applied to study the
skeletons and oscillatory organizing motifs in excitable networks and gene regulatory networks.
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1. Introduction

Oscillatory behavior is an indication of temporally pe-
riodic dynamics of a system, and it can be ubiquitously ob-
served in various systems, ranging from physics and chemistry
to biology.!!:?! The behaviors are mathematically described by
the existence of a typical time scale that repeatedly emerges in
the evolution. Physically the emergence of the rhythmic fea-
ture of a system may originate from numerous different sce-
narios. Self-sustained oscillation, also called the limit cycle,
which is defined as a typical nonlinear dynamical behavior, has
received a great deal of attention throughout the last century.!

The emergence of sustained oscillations is an interesting
topic in studies of nonlinear systems. The essential mecha-
nism of sustained oscillation is the existence of feedback, but
the source of feedback depends strongly on different situa-
tions. In mechanical systems, for example, the conventional
Van der Pol oscillator, the adjustable damping provides the
key mechanism for the energy compensation to sustain a sta-
ble limit cycle. The damping becomes positive to dissipate
energy when the amplitude is large and becomes negative to
compensate energy when the amplitude is small. This pro-
vides a feedback mechanism to maintain the stable oscillation.
Stability analysis can well present the dynamical mechanism
of the limit-cycle motion. There are a lot of historic exam-
ples and models in describing this typical oscillatory dynam-
ics, regular or chaotic, and these studies have also been well
applied in many different systems.
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Self-sustained oscillations in complex systems consisting
of a large number of units with no oscillatory dynamics have
become of great interest in recent years.[*® Because each
unit in the system does not exhibit an oscillatory behavior, the
feedback mechanism of sustained oscillations should be due
to the collaborative feedback of units. It is thus very interest-
ing and important to explore the mechanism of oscillatory dy-
namics when these units interact with each other, and to study
how a number of non-oscillatory nodes organize themselves to
present a collective oscillatory phenomenon.[®! Recent stud-
ies of the so-called complex networks stimulated by milestone
works on small-world!'?! and scale-free networks!'! provide
a powerful platform in revealing self-organizations in complex
networks. [12-16]

The topic of self-sustained oscillations in complex sys-
tems was largely motivated by an extensive study and a strong
background of systems biology. Non-oscillatory systems ex-
ist ubiquitously in biological systems, e.g., the gene segments
and neurons. People have extensively studied such common
behaviors in nature, such as oscillations in genetic regulatory

[417-25] heural networks, and brains. 5-8:26-331

networks,

The exploration of the key determinants of collective os-
cillations is a great challenge. Recent progresses indicate that,
although the collective self-sustained oscillation emerges from
the organization of units in the system, only a small num-
ber or some of key units play the dominant role in giving

rise to the collective dynamics. We may call them the self-
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organization core or the oscillation source. Theoretically, di-
verse self-sustained oscillatory activities and related determin-
ing mechanisms have been reported in different kinds of ex-
citable complex networks. For example, we discovered that
one-dimensional Winfree loops may support self-sustained
target group patterns in excitable small-world networks.343]
We have also revealed the center nodes and small skeletons
to sustain target-wave-like patterns in excitable homogeneous
random networks.?*~*!1 The mechanism of long-period rhyth-
mic synchronous firings in excitable scale-free networks has
been explored to explain the temporal information process-
ing in neural systems.[*?! On the other hand, node dynamics
in biological networks depends crucially on different systems.
For example, the gene dynamics is totally different from the
excitable dynamics, and the network structures are also dif-
ferent. We have revealed the fundamental building blocks of
sustained oscillations in gene regulatory networks and studied
the interesting chaotic dynamics and its mechanism. 4343
The present paper gives a brief review of our recent stud-
ies on self-sustained oscillations of interacting non-oscillatory
units. We demonstrate our results by studying excitable net-
works and gene regulatory networks. The dominant phase-
advanced driving (DPAD) method is an effective approach in
revealing the fundamental organization of collective oscilla-

tions.
2. The dominant phase-advanced driving
method

An important subject in revealing the coordination of
units is to explore the core structure and dynamics in the orga-
nization process of a large number of non-oscillatory units.
DPAD is a dynamical method that can find the strongest
cross driving of the target node when a system is in an os-
cillatory state. Here, we briefly recall the dynamical DPAD
structure, 36411

Given a network consisting of N nodes with nonoscilla-
tory local dynamics described by well-defined coupled ordi-
nary differential equations, there are M (M > N) links among
these different nodes. We are interested in the situation when
the system displays a global self-sustained oscillation and all
nodes that are individually non-oscillatory become oscillatory.
It is our motivation to find the mechanism supporting the os-
cillation in terms of the network topology and oscillation time
series of each node.

Let us first clarify the significance of nodes in a net-
work with sustained oscillations by comparing their phase dy-
namics. Obviously the oscillatory behavior of an individually
nonoscillatory node is driven by signals from one or more in-
teractions with advanced phases, if such a phase variable can
be properly defined. We call such a signal the phase-advanced

driving (PAD). Among all phase-advanced interactions the in-
teraction giving the most significant contribution to the given
node can be defined as the dominant phase-advanced driving
(DPAD). Based on this idea, the corresponding DPAD for each
node can be identified. By applying this network reduction ap-
proach the original oscillatory high-dimensional complex net-
work of N nodes with M vertices/interactions can be reduced
to a one-dimensional unidirectional network of size N with M’
unidirectional dominant phase-advanced interactions.

An example of clarifying the DPAD is shown in Fig. 1(a).
The black curve denotes the given node as the reference node.
Many nodes linking directly to this reference can be checked
when a given network is proposed. Suppose there are three
nodes whose dynamical time series are labeled by green, blue,
and red curves, respectively. The green curve exhibits a lagged
oscillation to the reference curve, therefore one calls it the
phase-lagged oscillation. The blue and red curves provide the
drivings for exciting the reference node, so these curves are
identified as PAD. The blue one presents the earliest oscilla-
tion and makes the most significant contribution thus it is the
DPAD.

( a) Reference Node
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Fig. 1. (color online) (a) A schematic plot of the DPAD. As compar-
isons, the reference oscillatory time series, a usual PAD and a phase-
lagged node dynamics are also presented, respectively. (b) An example
of a simplified (unidirectional) network in terms of the DPAD scheme.
(Adapted from Ref. [38]).

Figure 1(b) gives an illustration of a DPAD structure con-
sisting of one loop and the nodes outside the loop radiated
from the loop. For excitable node dynamics, as shown below,
the red nodes form a unidirectional loop that acts as the os-
cillatory source, and the yellow nodes beyond the loop form
paths for the propagation of oscillations.

The DPAD structure reveals the dynamical relationship
between different nodes. Based on this functional structure,
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we can identify the loops as the oscillation source, and illus-
trate the wave propagation along various branches. All the
above ideas are generally applicable to diverse fields for self-
sustained oscillations of complex networks consisting of in-
dividual non-oscillatory nodes. In the following sections we
focus on self-sustained oscillations in excitable networks and
regulatory gene networks. One can find that both types of sys-
tem possess a common feature, that is, only a small number of
units participate in the global oscillation, and some fundamen-
tal structures play dominant roles in giving rise to oscillatory
behaviors in the system, although the organizing cores differ
for these two types of networks.

3. Oscillation sources and wave propagations on
excitable networks

We first take the representative excitable dynamics as a
prototype example to reveal the mechanism of global oscilla-
tions. Cooperation among units in the system leads to an or-
dered dynamical topology to maintain the oscillatory process.
In regular media, the oscillation core of a spiral wave is a self-
organized topological defect. People have also found that the
loop topology is significant in maintaining the self-sustained
oscillation. For example, as early as in 1914, Mines suggested
the importance of the loop structure in oscillations of cardia
media.[*®! Jahnke and Winfree proposed the dispersion rela-
tion in the Oregonator model.[*”] Courtemanche et al. studied
the stability of the pulse propagation in one-dimensional (1D)
chains.!*®! If a loop composed of excitable nodes can produce
self-sustained oscillations, one may call it the Winfree loop.

It is not difficult to understand the loop topology as a ba-
sic structural basis of collective oscillation for a network of
non-oscillatory units. An excitable node in a sustained oscil-
latory state must be driven by other nodes. To maintain such
drivings, a simple choice is the existence of a looped linking
among interacting nodes. A local excitation leads to a pulse
and is propagated along the loop to drive other nodes in order,
which forms a feedback mechanism of repeated driving. Fur-
thermore, the oscillation along the loop can be propagated by
nodes outside the loop and spread throughout the system. The
propagation of oscillation in the media gives rise to the wave
patterns.

The loop structure is ubiquitous in real networks and
plays an important role in network dynamics. Recurrent ex-
citation has been proposed to be the reason supporting self-
sustained oscillations in neural networks. The DPAD method
can reveal the underlying dynamic structure of self-sustained
waves in networks of excitable nodes and the oscillation
source. In complex networks, numerous local regular connec-
tions coexist with some long-range links. The former plays
an important role in target wave propagation and the latter is
crucial for maintaining the self-sustained oscillations.

We use the Béar-Eiswirth model to describe the excitable
dynamics and consider an Erdos—Renyi (ER) random network.
The network dynamics is described by

. 1 vi+b
u; = 771,{,'(1,{,'71) <I/l,' )

t a
N
+DZA,"J'(MJ‘—M,'), (la)
=1
vi = f(ui) = vi. (1b)

Variables u;(¢) and v;(r) describe the activator and the inhibitor
dynamics of the i-th node, respectively. The function f(u)
takes the following piecewise form:

0, if u<1/3,
F)=< 1-675u(u—1)*, if 1/3<u<l, )
1, ifu> 1.

The relaxation parameter €< 1 represents the time ratio be-
tween the activator u# and the inhibitor v. The dimensionless
parameters a and b denote the activator kinetics of the lo-
cal dynamics and the ratio ur = b/a can effectively control
the excitation threshold. D is the coupling strength between
linking nodes. A = {A;;} is the adjacency matrix. For a
symmetric and bidirectional network, the matrix is defined as
A;j=Aj; = 1if there is a connection linking nodes i and j,
andA; j =A;; = 0 otherwise. The impact of the network struc-
ture on global dynamics has been extensively studied in the
last two decades.[1>~16]

We study the random network in Fig. 2(a) as a typical ex-
ample. Without couplings among nodes, each excitable node
is non-oscillatory, i.e., they evolve asymptotically to the rest
state u = v = 0 and will stay there perpetually unless some ex-
ternal force drives them away from this state. When a node is
kicked from its rest state by a stimulus large enough, the unit
can be excited by its own internal excitable dynamics.

With the given network structure and parameters, one
studies the dynamics of the system by starting from different
sets of random initial conditions. The system evolves asymp-
totically to the homogeneous rest state in many cases. How-
ever, one still finds a small portion of tests which eventually
exhibit global self-sustained oscillations. The spatiotemporal
patterns given in Figs. 2(b) and 2(c) are two different examples
of these oscillatory (both periodic and self-sustained) states.

One can unveil the mechanism supporting the oscillations
and the excitation propagation paths by using the DPAD ap-
proach. In Figs. 2(d) and 2(e), the reduced directed networks
corresponding to the oscillatory dynamics by using the DPAD
method are plotted. For the case with dynamics shown in
Fig. 2(b), the single dynamical loop plays the role of the os-
cillation source, with cells in the loop exciting sequentially to
maintain the selfsustained oscillation, as shown in Fig. 2(d).
We can observe waves propagating downstream along sev-
eral tree branches rooted at various cells in the loop. If we
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plot the spatiotemporal dynamics along these various paths
by re-arranging the node indices according to the sequence in
the loop, we can find regular and perfect wave propagation
This indicates that the DPAD structure well illus-
trates the wave propagation paths. For the case with dynamics

patterns.

shown in Fig. 2(c), the corresponding DPAD structure given
in Fig. 2(e) is a superposition of two sub-DPAD paths, i.e.,
there are two organization loop centers, where two sustained

trees.

The DPAD structures in Figs. 2(d) and 2(e) clearly show
the distinctive significance of some units in the oscillation
which cannot be observed in Figs. 2(b) and 2(c) where units
evolve in the homogeneous and randomly coupled network,
and no unit takes any priority over others in topology. Be-
cause the unidirectional loop works as the oscillation source,
the units in the loop should be more important to the oscilla-

oscillations are produced in two loops and propagate along the  tion.
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Fig. 2. (color online) (a) An example of a random network with N =

10 20 '%0 J() 50 60 70 80 90 |00

100 nodes, and each node connects to other nodes with the same

degree k = 3. (b), (c) The spatiotemporal evolution patterns of two different oscillatory states in the same network shown in panel (a)
by starting from different initial conditions. Both patterns display the evolution of local variable u. The nodes are spatially arranged
according to their indices i. (d) The DPAD structure corresponding to the oscillation state in panel (b), where a loop and multiple
chains are identified; (e) the DPAD structure corresponding to the oscillation state in panel (c), where two independent subgraphs are
found with each subgraph containing a loop and numerous chains. (Adapted from Ref. [38]).

4. Minimum Winfree loop and self-sustained os-
cillations on excitable networks

Studies on the emergence of self-sustained oscillations in
excitable networks indicate that regular self-sustained oscil-
lations can emerge. However, whether there is an intrinsic
mechanism in determining the oscillations in networks is still
unclear. For example, for Erdos—Renyi networks, whether the
connection probability is related to sustained oscillations is an
open topic.

In this section we study the occurrence of sustained os-

cillation depending on the linking probability on excitable ER
random networks, and find that the minimum Winfree loop
(MWL) is the intrinsic mechanism in determining the emer-
gence of collective oscillations. Furthermore, the emergence
of sustained oscillation is optimized at an optimal connection
probability (OCP), and the OCP is found to form a one-to-one
relationship with the MWL length. This relation is well under-
stood that the connection probability interval and the OCP for
supporting the oscillations in random networks are exposed to
be determined by the MWL. These three important quantities
can be approximately predicted by the network structure anal-
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ysis, and have been verified in numerical simulations. 43!

One adopts the Bar—Eiswirth model (1) on ER networks
with N nodes.
given probability P, and the total number of connections is

Each pair of nodes are connected with a

PN(N —1)/2. By manipulating P, one can produce a num-
ber of random networks with different detailed topologies for
a given P.

We introduce the oscillation proportion

Pos = Nos/NarLL 3)

as the order parameter to quantitatively investigate the influ-
ence of the system parameters on self-sustained oscillations
in random networks, where Ny is the total number of tests
starting from random initial conditions for each set of pa-
rameters, and Ngg is the number of self-sustained oscillations
counted in Nar 1, dynamical processes.
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In Figs. 3(a)-3(d) the dependence of the oscillation pro-
portion Pog on the connection probability P for different pa-
rameters a, b, €, and D on ER random networks with N = 100
nodes is presented. It is shown from all these curves that
the system can exhibit self-sustained oscillation in a certain
regime of the connection probability and no oscillations are
presented at very small or very large P. Moreover, an OCP P =
Pocp for supporting self-sustained oscillations can be expected
on ER random networks. The number of self-sustained oscil-
lations increases as the parameter a is increased (Fig. 3(a)),
while Pog decreases as b is increased (Fig. 3(b)). Moreover,
the OCP for supporting self-sustained oscillations is indepen-
dent of the parameters a and b. Figure 3(c) reveals the de-
pendence of Pos on the relaxation parameter €. It is shown
in Fig. 3(c) that as € is increased, Pos decreases remarkably.
Increasing the coupling strength D is shown to enhance the
sustained oscillation (Fig. 3(d)).
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Fig. 3. (color online) The dependence of the oscillation proportion Pos on the connection probability P at different system parameters
on excitable ER random networks. The OCPs Pocp for supporting self-sustained oscillations on ER networks at different parameters

are indicated. (Adapted from Ref. [48]).

The emergence of collective self-sustained oscillations
has also been observed in Section 3, and the non-trivial de-
pendences of the collective oscillations on the parameters es-
pecially the connection probability P are very interesting. As

discussed above, the excitable wave propagating along an ex-

citable loop can form a 1D Winfree loop which serves as the
oscillation source and maintains the self-sustained oscillation
in excitable complex networks. Figure 4(a) presents the de-
pendence of the sustained-oscillation period T of the 1D Win-

free loop on the loop length, where a shorter/longer period is
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expected for a shorter/longer loop length. However, due to the
existence of the refractory period of excitable dynamics, a too
short 1D Winfree loop cannot support sustained oscillations,
implying a minimum Winfree loop length L,;, for a given set
of parameters. Moreover, the sustained oscillation ceases for
the shortest loop length, corresponding to the MWL.

In Fig. 4(b), Pocp is found to build a one-to-one corre-
spondence to Ly, indicating that the emergence of collective
oscillations is essentially determined by the MWL. This corre-
spondence can be understood by analyzing the following two
tendencies. First, as discussed above, a network must contain
a topological loop with a length that is not shorter than the
MWL, i.e.,

LZLmin- (4)

Second, the average path length (APL) of a given network
should be large enough so that

dapL > Linin — 1. )

These two tendencies propose the necessary conditions for the
formation of a 1D Winfree loop supporting self-sustained os-

cillations. Moreover, the first condition leads to the lower crit-
ical connection probability, which by violating the network
cannot support sustained oscillations. The second condition
gives rise to the upper critical connection probability when
the APL is so short that the loops are too small to support
oscillations. In Fig. 4(c), the probability of the loop length
being larger than the MWL length is computed against the
connection probability P of an ER network. An increasing
dependence can be clearly seen, and a lower threshold ex-
ists. As shown in Fig. 4(d), the probability of an ER network
with the APL satisfying dapr, > Lmin — 1 is plotted against P.
A decreasing relation and an upper threshold can be found.
The necessary condition for sustained oscillation should be a
joint probability satisfying both L > Ly, and dapr, > Liin — 1.
The dependence of this joint probability on the connection
probability P is the product of the curves in Figs. 4(c) and
4(d), which naturally leads to a humped tendency, shown in
Fig. 4(e), where an OCP is expected for the largest joint prob-
ability. This gives a perfect correspondence to the results pro-

posed in Fig. 3.
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Fig. 4. (color online) (a) The dependence of the oscillation period of a Winfree loop on the loop length. Below the MWL length L.;, the oscillation
ceases. (b) The dependence of the OCP on the MWL Ly,. (c) The dependence of the proportion of network structures satisfying L > Ly, on
the connection probability P. (d) The dependence of the proportion of network structures with an APL satisfying dapy, > Lpin — 1 on P. (e) The
dependence of the joint probability (JP) on P. The MWL with the length Ly, = 6 is used as the example. (Adapted from Ref. [48]).

Self-sustained oscillation on networks is important for
various activities in biological activities. The mechanism of
self-sustained oscillation lies on the loop topology embedded
in networks. The dependence of self-sustained oscillations on
the system parameters reveals that these phenomena are re-
lated to the loop topology and dynamics, and are essentially
determined by the MWL. The one-to-one correspondence be-
tween the optimal connection probability and the MWL length

is revealed. The MWL is the key factor in determining the col-

lective oscillations on ER networks. 490!

5. Chaotic oscillations in gene regulatory net-
works

Gene regulatory networks (GRNG), as a kind of biochem-

ical regulatory networks in system biology, can be well de-
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scribed by coupled differential equations (ODEs) and have
been extensively explored in recent years. The ODEs describ-
ing biochemical regulation processes are strongly nonlinear
and often have many degrees of freedom. We are concerned
with the common features and network structures of GRNs.

Different from the excitable networks above, posi-
tive feedback loops (PFLs) and negative feedback loops
(NFLs) have been identified in various biochemical regula-
tory networks and found to be important control modes in
GRNs. 29241 Self-sustained oscillation, birhythmicity, burst-
ing oscillation and even chaotic oscillations are expected for
these objects. Specifically chaos may occur in GRNs with a
small number of units, which have seldom been reported be-
fore. The study of oscillations and chaos in small GRNs is
of great importance in understanding the mechanism of gene
regulation processes in very large-scale GRNs. Network mo-
tifs as subgraphs can appear in some biological networks and
they are suggested to be elementary building blocks that carry
out some key functions in the network.

Various types of motifs producing some simple functions
have been explored and studied, such as sign-sensitive acceler-
ators or delays of feed-forward loop, tunable biological oscil-
lations of coupled NFL and PFL, and so on. In this section, we
apply the concept of motifs to investigate the oscillatory and
even chaotic dynamics in GRNs. We define a chaotic motif as
the minimal structure with the simplest interactions that can
generate chaos. It is our motivation to unveil the relation be-
tween network structures and the existence of oscillatory and
chaotic behaviors in GRNs. We mainly concentrate on chaotic
behaviors of autonomous GRNs and answer some very funda-
mental questions, for example, the mechanism of the rareness
of chaos in GRNs basic building blocks/motifs for chaotic mo-
tions in complex GRNs, and so on.

We consider the following GRN model:

dp;
dt

:fl(p) — Pi, (6)

where (p) = (p1,p2,--.,pn) and the function f; (p) satisfies
the following form:

Ai (p) ’
Ri (p) )
A; (p)R;(p), for joint regulation.

for activive regulation only,
for repressive regulation only, (7)

fi(p) =

The active regulation function is

Ai(p) = act!/(act" + K", (3)
and the repressive regulation function is written as

Ri(p) = K"/ (rep} + K"), ©)
where

N
acti:ijla,-jpj, (10)

N
repi=Y . Bijp;. an

i,j=1,2,...,N and p; is the expression level of gene i, 0 <
pi < 1. The adjacency matrices o and 3 determine the net-
work structure of the system, which are defined in such a way
that o;; = 1 if gene j activates gene i, B;; = 1 if gene j in-
hibits gene i, and @;; - B;j= 0 for no dual-regulation of gene i
by gene j. act;(rep;) represents the sum of active (repressive)
transcriptional factors to node i. The regulated expression of
genes is represented by Hill functions with cooperative expo-
nent & and activation coefficient K, characteristic for many real
genetic systems.

One may search for chaotic motions extensively in low-
dimensional GRNs described by ODEs by using M samples
from random network structures, parameter distributions and
initial variable conditions. The asymptotic states are finally
recorded and classified into three different types: steady states,
periodic oscillation states, and chaotic states. The observation
reveals that while most of the tests evolve to steady states, in-
deed some tests (still many) tend to periodic oscillations. The
asymptotic chaotic states are extremely rare.

Although the above experiments indicate a rare presen-
tation of chaotic motion, we can adopt an alternative strategy
to exhibit more proportions of chaos. One can aim at some
period-m (mp) states and study various bifurcation sequences
to chaos by continually varying parameters. Therefore, all the
previously mp states can be classified to chaotic solutions. In
this way we again search for chaos by randomly choosing pa-
rameters and initial conditions but within the classes of peri-
odic networks. One can find considerably richer chaotic be-
haviors than the previous attempt, and all these samples can
be used for studying the mechanism of chaos in GRNS. It can
be inferred that oscillations in coupled GRNs are rather robust

against parameter sets.
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Fig. 5. (color online) A 3-node chaotic motif. (a), (b) Two 3-node
chaotic GRNs, where solid/dashed lines denote active/repressive reg-
ulations. (c), (d) Bifurcation diagrams of (a) and (b), respectively by
plotting peak values of p; as a function of K with 7 = 3.00. (Adapted
from Ref. [43]).
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One may analyze the chaotic behaviors of some chaotic
samples to study the mechanism of chaos. A 3-node GRN
is plotted in Fig. 5(a), which exhibits chaos by varying the
parameters shown in Fig. 5(c). We are concerned with the
minimal structure to produce chaos. In order to do this, dif-
ferent links/interactions are deleted in different tests and the
structure of Fig. 5(b) is eventually found by deleting a single
interaction 3 — 1 (solid arrow) from Fig. 5(a), in which chaos
can still be maintained. Further deleting any cross coupling
interaction between different nodes from Fig. 5(b) can defi-
nitely suppress chaos no matter how the system parameters,
initial conditions, and self-regulations are varied. It is inter-
esting that GRNs in Figs. 5(a) and 5(b) show similar types of
bifurcation sequences to chaos as shown in Figs. 5(c) and 5(d).
Therefore, the deleted interaction is not essential for chaotic

behaviors, while the remaining cross interactions and the two
feedback loops in Fig. 5(b) are all crucial for the chaotic mo-
tion. The topology presented in Fig. 5(b) can be considered
as the 3-node chaotic motif of GRNs with a minimal structure
persisting chaotic gene regulation.

A similar concept of chaotic motif can be defined for 4-
node GRNs. In Fig. 6 we do exactly the same as Fig. 5 for
three 4-node GRNs. From Fig. 6(a) we delete two interactions
1 — 2,3 — 2 to get Fig. 6(b) and further delete 1 — 3 to get
Fig. 6(c). It can be found from similar bifurcation sequences
to chaos presented in Figs. 6(d)-6(f) that those deleted inter-
actions are unessential for chaos. Further removal of any of
the cross interactions left can entirely suppress chaos. Then
the topology in Fig. 6(c) is a minimal 4-node reduced network
as a 4-node chaotic motif.
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Fig. 6. (color online) A 4-node chaotic motif. The same as Fig. 5 with three 4-node GRNs considered. (a)—(c) Three 4-node chaotic
GRNs, where solid/dashed lines denote active/repressive regulations. (d)—(f) Bifurcation diagrams of (a)—(c), respectively by plotting
peak values of p3 as a function of K with (d) 7 =2.00, (e) h = 2.35, and (f) h = 2.50. (Adapted from Ref. [43]).
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Fig. 7. (color online) Chaotic GRNs of Figs. 5 and 6 described by
DTF distributions with the DTF associated to all cross interactions. It
is shown that most of the interactions reducible for chaos have almost
zero DTFs, which are in good accordance with the previous numerical
results. (Adapted from Ref. [43]).

The above studies extensively explored chaotic motifs.
Chaos is due to the complicated competitions among various

oscillatory modes and the intricate drivings among different

nodes, so it is crucial to explore the driving relationships in
GRNs quantitatively. One may apply the concept of DPAD
and the extended DPAD time fraction (DTF) analysis. DPAD
is a dynamical method that can find the strongest cross driv-
ing of the target node at any time instant when a system is in
an oscillatory state, and DTF p describes the driving contribu-
tions of all cross interactions to the target node during some
given long period. p € [0,1], i.e., when p = 1, there is only
one cross interaction to the target node, while when p =~ 0 the
driving effect of the given interaction to the target node is so
weak that one can delete this link.

It is remarkable that all the above chaotic motifs discussed
can be well explained by the DPAD relationships and the DTF
analysis. In Figs. 7(a) and 7(b), one calculates the DTFs for
all cross interactions which are depicted. It is interesting to see
that the DTF of the interaction 3—1 in Fig. 7(a) has p3_,; =0

while the other cross interactions are nearly 1.0 or comparable
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to each other. The comparable DTFs of the interactions 1 — 2
and 3 — 2 in Fig. 7(b) imply the competition between the two
NFLs of 2 —+1—3 — 2 and 2 — 1 — 2 in the chaotic mo-
tif, which is responsible for the chaos generation. This DTF
analysis quantitatively explains why the interaction 3 — 1 is
not crucial and why all the chaotic motif of Fig. 7(b) is irre-
ducible.

In Fig. 7(c), the 4-node motif is presented with the DTF
contributions computed and labeled. It can be found that
p1—2 ~ 0 and p3_;» =~ 0, which contribute little to chaotic mo-
tion. The graph can be reduced to Fig. 7(d). The chaotic motif
of Fig. 7(e) is obtained by further removing 1 — 3, which has
a much smaller DTF than the other links.

6. Conclusion and perspectives

To summarize, in this paper we have extensively studied
the sustained oscillations ubiquitously existing in biological
systems, where the self-organization among units plays an im-
portant role. We are particularly interested in the case when
each unit in the complex system does not exhibit oscillatory
behavior. The emergence of sustained oscillations is first re-
vealed by proposing the DPAD approach, through which the
self-organization source of oscillations is found. The DPAD
method is useful in understanding the driving relation among
units. On the basis of the DPAD structures we can easily iden-
tify the oscillation sources and wave propagation paths in os-
cillatory complex networks. As two examples, the excitable
networks and the gene regulatory networks are adopted as two
practical applications.

By studying the sustained oscillations of excitable net-
works, one may find that sustained oscillation is initiated by
the existence of Winfree loops. The oscillatory motion is pro-
duced in a loop and propagated along different paths, and this
gives rise to the wave propagation patterns in a network. It is
hard to clearly observe the propagating route, while one may
vividly find it in terms of the DPAD method. Moreover, we
also find that the minimum Winfree loop is the intrinsic mech-
anism in determining the emergence of collective oscillations
on excitable ER random networks. Furthermore, the emer-
gence of sustained oscillation is optimized at an optimal con-
nection probability, and the OCP is found to form a one-to-one
relationship with the MWL length.

For collective oscillations on gene regulatory networks,
we focus on the basic core (motif) for exhibiting oscillatory
dynamics. Different from the relative simple loop structure
as basic source emerging sustained oscillations, we find more

complicated behaviors. Furthermore, we extensively search

for chaos in low-dimensional GRNs. We find various chaotic
motifs as the minimal building blocks for chaotic motions.
The mechanism of chaos originates from the competitions be-
tween different oscillatory modes, and the DPAD method and
DPAD time fraction analysis can give a quantitative explana-

tion of these competitions on chaotic GRNs.
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