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Based on the complex effective conductivity method, a closed-form expression for the internal impedance of mixed
carbon nanotube (CNT) bundles, in which the number of CNTs for a given diameter follows a Gaussian distribution, is
proposed in this paper. It can appropriately capture the skin effect as well as the temperature effect of mixed CNT bundles.
The results of the closed-form expression and the numerical calculation are compared with various mean diameters, standard
deviations, and temperatures. It is shown that the proposed model has very high accuracy in the whole frequency range
considered, with maximum errors of 1% and 2.3% for the resistance and the internal inductance, respectively. Moreover,
by using the proposed model, the high-frequency electrical characteristics of mixed CNT bundles are deeply analyzed to
provide helpful design guidelines for their application in future high-performance three-dimensional integrated circuits.

Keywords: mixed carbon nanotube (CNT) bundle, internal impedance, closed-form expression, complex ef-

fective conductivity method
PACS: 73.63.-b, 81.07.De, 85.35.Kt

1. Introduction

Due to their extremely desirable properties of high me-
chanical and thermal stability, high thermal and electrical con-
ductivity, and large current carrying capacity, carbon nan-
otubes (CNTs) have been identified as a promising candidate
for next generation high-speed interconnect systems.!!=3] Ac-
cording to the number of rolled up graphene sheets, CNTs are
classified as single-walled CNTs (SWCNTs, with only one
shell) and multi-walled CNTs (MWCNTs, with several con-
centric shells).l‘t‘6J SWCNTs can be either metallic or semi-
conducting depending on their chirality, and MWCNTs always
behave as metallic conductors.!”) The high intrinsic ballistic
resistance associated with an isolated CNT suggests the use
of bundles consisting of numerous parallel connected CNTs
to realize low-impedance interconnects.'®! It has been proven
that CNT interconnects can provide significant performance
enhancement with respect to Cu interconnects. [*’

Three-dimensional integrated circuits (3-D ICs) can dra-
matically enhance chip performance, functionality, and device
packing density by stacking multiple layers of active devices

10.1] Through-silicon vias (TSVs) are essentially

vertically. !
cylindrical conducting vias coated with a layer of insulating
material residing in silicon substrates for vertical intercon-
nects in 3-D ICs.['”] Recently, TSV arrays filled with CNT
bundles were fabricated successfully for 3-D ICs using vari-

[13-16

ous methods. 1 Meanwhile, the equivalent-circuit models

for pure CNT bundles based signal-ground TSV pairs were
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also proposed.!'7-1°) However, almost all experiment results
show that a realistic CNT bundle is a mixed bundle consisting
of SWCNTs and MWCNTs. [20-24 Considering the limitations
and cost of the current diameter-controlling methods, adopting
pure SWCNT bundles for large-scale integration appears to be
impractical in the short term.[?>2% In addition, mixed CNT
bundles have the advantages of easy fabrication and the poten-
tial benefit of improving the density of the conduction chan-
nels. Therefore, they will become the most potential material
for high-performance TSVs in future 3-D ICs.

There are few research efforts that have been made to ad-
dress the modeling and characterization of mixed CNT bun-
dles due to their complexity in structure. The conductance
and inductance models for mixed CNT bundles were firstly
proposed in Refs. [26] and [27], respectively. However, since
the effects of the coupling, frequency, and temperature were
not considered, the proposed models are applied only to the
conditions of DC and low-frequencies at room temperature.
In addition, the models also need numerical calculations, so
they are quite inconvenient to use in practice. Furthermore, a
similar model for mixed CNT bundles was also proposed, and
the effects of the CNT rearrangement inside the bundle on the
capacitive and inductive crosstalk were analyzed deeply.!?!
More recently, the equivalent-circuit model for mixed CNT
bundle based differential TSVs was reported, but the DC con-
ductance model was still used.?! Therefore, the obtained re-
sults are inaccurate.

The objectives of this paper are to propose a closed-
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form internal impedance model of cylindrical mixed CNT bun-
dles, and study their high-frequency electrical characteristics
to explore the feasibility in the application of future high-
performance 3-D ICs. The organization is as follows. In Sec-
tion 2, a closed-form expression for the internal impedance of
mixed CNT bundles is proposed based on the complex effec-
tive conductivity method, which serves as the basis of their
performance analysis. In Section 3, the proposed model is
comprehensively verified against the results of the numerical
calculation with various parameters up to 100 GHz. Moreover,
a deep analysis of the electrical characteristics of mixed CNT
bundles is carried out using the proposed model in Section 4.
Finally, some conclusions are drawn in Section 5.

2. Closed-form expression for the internal

impedance of mixed CNT bundles

Since an SWCNT, which consists of one shell, is a special
case of the MWCNT, mixed CNT bundles can be treated as
a combination of multiple MWCNTS.[?! The cross-sectional
view of a mixed CNT bundle is shown in Fig. 1, where r is
the radius, D;, and D, are the inner- and outer-most shell di-
ameters of the MWCNTs, and 6 = 0.34 nm is the thickness
of each shell, which is equal to the gap between neighboring
shells. According to the experimental results in Ref. [22] and
modeling in Ref. [5], the ratio of Dj,/Dyy: can be assumed to
be 0.5 approximately.

Fig. 1. Cross-sectional view of a mixed CNT bundle.

For MWCNTs, the number of conduction channels per
shell i3

N _f2/3, D < 3dr/(2T), W
channel =3 4y TD +n, D > 3dr /(2T),

where m =2.04 x 107 nm~1-K~!, n = 0.425, T is the tem-
perature in Kelvin, D is the diameter of any shell, and dy =
1300 nm-K. The admittance per conduction channel can be
given by

GoD

—_— 2
PD+L’ @

Ychannel =

where Gq = 2¢?/h is the quantum conductance per channel,

and
joH
P=1+— 3
ST 3)
T H
L=—-2|—. 4
(To )103 @

Here, e is the electronic charge, % is the Planck constant, H is
the length of the mixed CNT bundles, Vg = 8 x 103 m/s is the
Fermi velocity, and T = 100 K. It should be noted that P rep-
resents the effect of the kinetic inductance. Since the gap be-
tween neighboring shells is considerably smaller than the nan-
otube diameter, the integral method can be used to calculate
the parameters of MWCNTS. Therefore, for Doy < 3dr/(2T),
the admittance of an MWCNT can be derived as

GQ PDout Ll 2PD0ut + 2L
= — n(f ———
36P2 2 PDout + 2L

and for Doy > 3dr/(2T), it can be derived as

_ Gq [9mTPD?, N 3(nP—mTL)
- 36p2 16 2P

PDgyt 2PDgy +2L
—Lln|{ ———+ .
8 ( 2 n(PDoerzL)ﬂ ©)
According to the practical manufacturing process of

mixed CNT bundles,?*! the number of MWCNTs for a given
Doy follows a Gaussian distribution with a mean diameter D,

; &)

1

Y,

and a standard deviation o as

e 2\ 7/ @)

ovVr
where Ny is the total number of MWCNTSs determined by the
tube density. So, the total admittances of MWCNTs inside a
mixed CNT bundle for the two cases can be expressed respec-

tively as
3dy
2T
Yoo = /0 YiN (Dou) dDo, )
o = [y, Y2V (Do) dDout. ©)

2T
From Egs. (5) and (6), it can be observed that equations (8) and
(9) need a numerical integration, which is time-consuming and
inconvenient to characterize the mixed CNT bundles. To ob-
tain the closed-form expressions, we use the Taylor theorem
(due to N(Dyy £30) =~ 0 and Dgy: < 1) to approximate the
logarithmic function in Egs. (5) and (6) as

In 2PDgyt + 2L
PDgy +2L
~ a(DouI*Dm)z+b(D0ut*Dm)+C, (10)
where
—P? (3L% +2PDy,L
a= ( L ) 7 an
2(PDm+L)" (PDy +2L)
PL
b= ; (12)
(PDy + L) (PDy, +2L)
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2PDy, +2L
=In{ ———— |. 13
¢ n(PDm+2L> (13)
In addition,
X —u? 2r
2 dux 14
[ etaun 0 (14)

where oo = —1.702.13!1 Therefore, the closed-form expres-
sions for Y11 and Yiorp can be further derived, respectively,

as
- GQNtOI 1 —2‘2 2 1
2= 352 T | Var 16
3(nP—mTL) 2 et
2 A 24 =
2P ) ¢ T irew
9mTP(c>+D2) 3(nP—mTL)
- B 16
. < 16 2P » (16)
where
1
A =Lac*t+Lbo — SPo, 17)
1
B=_Laoc’>+Lc— PP, (18)
2dr
r=(=-D . 1
(3T m>/6 (19)

Furthermore, the complex effective conductivity of the mixed
CNT bundles can be obtained by

(Ytotl + YtotZ) H

Oeff =
¢ 2

(20)
The accurate expression for the internal impedance of
cylindrical conductors is>?!

_ KH  Iy(Kr)
o 27'Er0'eff ]1 (KV)7

21

where K = ((;o,uocrcll)l/2 el@/4) I, and I, are the modified
Bessel functions of the first kind of order zero and one. To
remove the Bessel functions, it is approximated as 33!

__ KH -coth (0.777Kr) = 0.356H

VAS + : (22)
27'ErO'eff 717}’2 Ocff

Note that the approximate accuracy mainly depends on the pa-
rameter Kr. The maximum error of the resistance is 4% occur-
ring when |Kr| = 5 and that of the inductance is 5% occurring
when |Kr| = 3.5. Substituting Eq. (20) into Eq. (22), we can
easily obtain the internal impendence of the mixed CNT bun-
dles. Moreover, their resistance and internal inductance can be

given by
R =Re(2), (23)
L= M. (24)
0]

3. Verification of the proposed model of mixed
CNT bundles

Figures 2 and 3 compare the resistances and the internal
inductances of mixed CNT bundles obtained from the closed-
form expression and the numerical calculation up to 100 GHz,
respectively, with various mean diameters, standard devia-
tions, and temperatures. Here, r =5 um, H = 100 pm, and
Niot = 7.854 x 10* (the tube density is assumed as 103 um_z).
It should be noted that the results of the numerical calcula-
tion are obtained using Eqs. (5)—(9), (20), and (21) with the
Simpson numerical integral, and those of the closed-form ex-
pression using Egs. (5), (6), (15), (16), (20), and (22). It can be
observed that the results of the closed-form expression agree
extremely well with those of the numerical calculation in the
whole frequency range considered, with maximum errors of
1% and 2.3% for the resistance and the internal inductance, re-
spectively. The accuracy of the proposed model can be further
improved by using higher-order polynomials to approximate
the logarithmic function in Eq. (10). In addition, the resistance
increases, and the internal inductance decreases, respectively,
at high frequencies due to the skin effect. However, similar

3.5 AL g T :
lines: numerical calculation
symbols: closed-form expression
3.0 Dn=4nm, c=1nm, T=300 K sl

2.5
D, =6 nm, c=1nm, T=400 K
2'0 AAAAALA, AA%AA A A

Resistance /)

1.5F D,=6nm, oc=1.5 nm, T=300 K

1.0 ) L
107! 10° 10! 10?

Frequency/GHz

Fig. 2. (color online) Comparison of the resistances of mixed CNT bundles
obtained from the closed-form expression and the numerical calculation.
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10.0F %o g
o I D,=4nm, oc=1nm, T=300 K OO
& 9'5__ lines: numerical calculation &
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%3 [ D,=6nm, c=1.5nm, T=300 K
5 8.5 d
T
P ooooooooogOpoooon
= 8.0 “Oog_ -
g - AAAAAAAAAWAAAAAAAAA (=}
— - ol
g s Lo
fis lD,=6 nm, c=1nm, T=400 K Y
7.0 o
i aaaal n " i aa gl " L PR
107! 10° 10* 102
Frequency/GHz

Fig. 3. (color online) Comparison of the internal inductances of mixed
CNT bundles obtained from the closed-form expression and the numerical
calculation.
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to pure MWCNT bundles, the corresponding rates of mixed
CNT bundles are obviously smaller than those of Cu intercon-
nects. So they are very suitable for next generation high-speed
interconnect systems.

4. Analysis of electrical characteristics of mixed
CNT bundles

For mixed CNT bundles in the actual application, the
number of CNTs is large enough so that the effect of the
quantum capacitance can be neglected. In addition, their elec-
trostatic capacitance and external inductance are the same as
those of Cu interconnects, respectively. Therefore, the primary
distinction between mixed CNT bundles and Cu interconnects
is the internal impedance including the resistance and internal
inductance. In this section, we will mainly analyze the ef-
fects of the mean diameter D,,, standard deviation o, and tem-
perature T on the resistance and internal inductance of mixed
CNT bundles. The reference values are chosen as D, = 6 nm,
o =1 nm, and 7T = 300 K, and all other parameters are the
same as those in Fig. 2.

4.1. Resistance

As the mean diameter D,, increases, the total number of
conduction channels increases so that the resistance rapidly
decreases, as shown in Fig. 4. However, the rate decreases
gradually and is almost frequency-independent. Furthermore,
it can be observed that the resistance increases at high frequen-
cies due to the skin effect, and the rate increases as the mean
diameter Dy, increases. When the frequency increases from
1 GHz to 100 GHz, the resistance increases by about 16%
and 47% with the mean diameter D, of 4 nm and 8 nm, re-
spectively. Therefore, the smaller the mean diameter Dy, is,
the weaker the influence of the skin effect. However, similar
to pure CNT bundles, the rate of increase of the resistance de-
creases rapidly at very high frequencies due to the existence of
large kinetic inductance or large momentum relaxation time.
It is obvious that the resistance of mixed CNT bundles with
larger mean diameter Dy, starts saturating at a relatively lower
frequency and vice versa.

Although the standard deviation o is a dominant factor
determining the distribution of the diameter of MWCNTs in-
side a mixed CNT bundle, its effect on the total number of
conduction channels is quite small. Therefore, the resistance
decreases slowly as the standard deviation ¢ increases, as
shown in Fig. 5. When the standard deviation ¢ increases from
0.5 nm to 1.5 nm, the resistance increases by about 11.2% and
7.1% with the frequency of 1 GHz and 100 GHz, respectively.
It is shown that the effect of the standard deviation o on the
resistance weakens as the frequency increases. On the other
hand, the rate of increase of the resistance due to the skin ef-
fect increases slowly as the standard deviation ¢ increases.

In other words, the influence of the skin effect is slightly en-
hanced.

Resistance/Q

Fig. 4. (color online) Resistance of mixed CNT bundles obtained from the
proposed model versus the mean diameter and frequency.

Resistance/
T

—_

Fig. 5. (color online) Resistance of mixed CNT bundles obtained from the
proposed model versus the standard deviation and frequency.

As the temperature T increases, although the number of
conduction channels of larger diameter MWCNTSs increases
linearly, which can effectively decrease the resistance, the re-
sistance still increases sharply and the increasing-speed is al-
most frequency-independent, as shown in Fig. 6. This is due
to the fact that the mean free path quadratic decreases as the
temperature T increases, so that the resistance of all conduc-
tion channels increases rapidly.[**3>! Furthermore, it can be
observed that the rate of increase of the resistance due to the
skin effect decreases as the temperature 7 increases. When the
frequency increases from 1 GHz to 100 GHz, the resistance in-
creases by about 29.1% and 24.8% with the temperature T of
300 K and 400 K, respectively. Therefore, the higher the tem-
perature T is, the weaker the influence of the skin effect, but
this effect is quite small since the gap between these two pro-
portions is not obvious. This property is similar to that of Cu

017303-4
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interconnects. Accordingly, the resistance of mixed CNT bun-
dles with higher temperature 7 starts saturating at a relatively
higher frequency and vice versa.

2.505
2.373
2.242
2.111
1.979
1.847
1.716
1.585
1.453
1.321

1.190

Resistance/W

10
eﬁ‘d |

3001 g

Fig. 6. (color online) Resistance of mixed CNT bundles obtained from the
proposed model versus the temperature and frequency.

4.2. Internal inductance

Similar to the case of the resistance, as the mean diam-
eter Dy, increases, the internal inductance decreases rapidly
due to the increase of the number of conduction channels,
and the decreasing-speed also decreases gradually, as shown
in Fig. 7. Since the magnetic inductance tends to be zero
at high frequencies, and the kinetic inductance is becoming
a dominant factor determining the total internal inductance,
which decreases rapidly as the number of conduction chan-
nels increases. Therefore, the rate increases as the frequency
increases. Furthermore, it can be observed that the rate of de-
crease with the frequency of the internal inductance increases
as the mean diameter Dy, increases. When the frequency in-
creases from 1 GHz to 100 GHz, the internal inductance re-
duces by about 9.6% and 25% with the mean diameter Dy, of
4 nm and 8 nm, respectively. Actually, this property of the in-
ternal inductance is also produced by the skin effect. Similar
to the case of the resistance, the internal inductance of mixed
CNT bundles with larger mean diameter Dy, also starts satu-
rating at a relatively lower frequency and vice versa.
It is obvious that the internal inductance decreases slowly
as the standard deviation o increases, as shown in Fig. 8.
When the standard deviation o increases from 0.5 nm to
1.5 nm, the internal inductance reduces by about 0.7% and
2.6% with the frequency of 1 GHz and 100 GHz, respectively.
It is shown that the effect of the standard deviation ¢ on the
internal inductance enhances as the frequency increases, con-
trary to the case of the resistance. It can also be observed that
the rate of increase of the internal inductance due to the skin
effect is almost the same as the standard deviation & increases
since its influence on the skin effect is quite small.

NG
N

W =
X N 7.178
6.652
6.126
5.600

Internal inductance/pH

N2
L 8100 o

Fig. 7. (color online) Internal inductance of mixed CNT bundles obtained
from the proposed model versus the mean diameter and frequency.

8.8

x
S

%

3

7.319
7.160

Internal inductance/pH

Fig. 8. (color online) Internal inductance of mixed CNT bundles obtained
from the proposed model versus the standard deviation and frequency.

The internal inductance decreases as the temperature T’
increases and the rate is almost frequency-independent due
to the linear increase of the number of conduction channels
of larger diameter MWCNTs inside a mixed CNT bundle,
as shown in Fig. 9. Moreover, it can be observed that the rate

Internal inductance/pH
o0
o

0,
e“d
400100 gge®

Toy, 360

Dey,, 380
ty,,
e/[(

Fig. 9. (color online) Internal inductance of mixed CNT bundles obtained
from the proposed model versus the temperature and frequency.
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of increase of the internal inductance due to the skin effect
decreases slowly as the temperature 7 increases. When the
frequency increases from 1 GHz to 100 GHz, the internal in-
ductance reduces by about 16.7% and 14.6% with the temper-
ature 7 of 300 K and 400 K, respectively. This further indi-
cates that the influence of the skin effect is almost temperature-
independent. In addition, the saturation property of the inter-
nal inductance of mixed CNT bundles at very high frequencies
when the temperature 7" varies is similar to that of their resis-
tance.

5. Conclusion

A closed-form expression for the internal impedance of
mixed CNT bundles is proposed in this paper. The results of
the proposed model agree extremely well with those of the
numerical calculation up to 100 GHz, with maximum errors
of 1% and 2.3% for the resistance and the internal induc-
tance, respectively. In order to provide helpful design guide-
lines for mixed CNT bundles in future 3-D ICs, the effects
of the mean diameter, standard deviation, and temperature on
their internal impedance are analyzed deeply using the pro-
posed model. It is shown that both the resistance and the in-
ternal inductance decrease rapidly as the mean diameter in-
creases. Meanwhile, the two corresponding rates remain al-
most the same and increase as the frequency increases. How-
ever, they are decreasing slowly as the standard deviation in-
creases since its effect on the total number of conduction chan-
nels is quite small. In addition, the resistance increases rapidly
and the internal inductance decreases, respectively, as the tem-
perature increases, and the corresponding rates are both almost
frequency-independent.
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