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Temperature rise induced by an annular focused transducer with a
wide aperture angle in multi-layer tissue∗
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In order to improve the operability and accuracy of high-intensity focused ultrasound (HIFU), an annular focused
transducer, whereby a B-ultrasound probe is placed in its center, is used to realize the real time monitoring and control
of the treatment. In this paper, the spheroidal beam equation (SBE) was used to calculate the sound field by an annular
focused transducer with a wide aperture angle to first derive the heat deposition and the Pennes equation was used to
calculate the temperature field in multi-layer tissue. We studied the effect of different parameters on the temperature of the
tissues. The result shows that the focal length has a significant influence on both maximum liver temperature rise and skin
temperature rise, and both increase with the increase in the focal length. When the frequency increases, the temperature
rise first undergoes a rapid increase before gradually reaching a maximum, and then finally decreasing. The temperature
rise increases while the inner radius decreases or the sound pressure increases. By choosing suitable parameters, the proper
temperature rise both on the target tissue and skin via an annular focused transducer with a wide aperture angle can be
obtained.

Keywords: spheroidal beam equation, annular focused transducer, multi-layer tissue, temperature field
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1. Introduction
Biomedical ultrasonics is the study of ultrasound in the

biological and medical fields, including ultrasound diagno-
sis, treatment, and biomedical ultrasound engineering, and
has the characteristics of being noninvasive with a high effi-
ciency. High-intensity focused ultrasound (HIFU) is one of the
most popular ultrasound surgeries in biomedical ultrasounds.
It is not only limited to direct cancer treatment, but has many
other applications, such as hemostasis, treatments of ultrasonic
lithotripsy, and cardiac conduction.[1–7] The principle of this
technique is to use a large ultrasonic focusing transducer to
centralize the sound energy on a focal area. A high tempera-
ture (above 65 ◦C) can be achieved in a short period of time
and the target tissue undergoes thermal coagulation necrosis,
killing the cancerous cells.[8,9]

In recent years, the ultrasound focused field has been
widely studied by many researchers. For example, Liu et al.
used the Khokhlov–Zabolotskaya–Kuznetsov (KZK) equation
to study the transmission of finite amplitude sound beams in
multi-layered biological media.[10] Li et al. used the KZK
equation to calculate the influence of the ribs on the sound
field.[11] Kamakura et al. employed an ellipsoidal coordinate
system to develop the spheroidal beam equation (SBE) based
on the Westervelt Equation[12] and Lin et al. utilized the SBE
equation to calculate the sound field in biological tissue with

ribs.[13] Meanwhile, the temperature field induced by the fo-
cused ultrasound has also been analyzed for many cases. Liu
et al.[14] studied the temperature field based on the study of
Li et al.[11] Wang et al. examined the influence of the ribs
by focusing a transducer with a wide aperture angle on the
temperature field.[15] Owing to the potential ability to increase
the HIFU efficiency, schemes to improve the blood dissolution
and tissue ablation rates have been considered. For example,
multi-frequency HIFU is able to improve the rates, especially
for large gaps in the different frequencies.[16,17]

As a possible tumor therapy option, HIFU has been ex-
tensively studied for several decades. However, there are still
many problems waiting to be solved. Owing to the speed
of the temperature rise, the offset of the sound focal position
and position of the maximum temperature rise are difficult to
control, limiting the development and clinical applications of
HIFU. In order to realize real-time monitoring and improve
the clinical utility, an annular focused transducer with a B-
ultrasound probe placed in its center can be used. Kujawska
et al. designed an annular HIFU transducer and concentrated
on the position of the thermal necrosis.[18] Zhang et al. used
the Rayleigh integral formula to calculate the sound field and
then used Pennes bioheat equation to calculate the tempera-
ture field of an annular focused ultrasonic transducer. They
explored the relationship of the size and shape of the heated
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necrosis element with the exposure dose determined by the
sound intensity and exposure time.[19]

In this paper, we analyzed the temperature field of an an-
nular focused transducer with a wide aperture angle in multi-
layer biological tissue. We first used the SBE to calculate the
sound field produced by an annular focused transducer with a
wide aperture angle to obtain the heat deposition. The Pennes
bioheat equation was then solved to obtain the temperature
field in a multi-layer biological tissue including an analysis
of several parameters with a dependence on the obtained tem-
perature field.

2. Theory
The KZK equation is used to calculate the sound field

of an ultrasound transducer based on a parabolic approxima-
tion and therefore is only suitable for a transducer with a half-
aperture angle < 16.6◦ (half of the aperture angle of the trans-
ducer). A focused transducer with a wide aperture angle is a
spherical-shell focused transducer with a spherical half-angle
> 16.6◦.[8] Compared with a small aperture angle focused
transducer, a focused transducer with a wide aperture angle
has a much better focusing effect and smaller radiating area.
Owing to these properties, the focal region, such as tumor tis-
sue, exhibits a higher temperature rise while the other regions
experience a lower temperature rise.[20]

The focused transducer with a wide aperture angle can be
modeled with the SBE equation. Figure 1 shows the model
of our numerical calculations where a1 is the geometric outer
radius of focused transducer radiating surface, a2 is the geo-
metric inner radius of the focused transducer radiating surface,
r is the focus distance of the transducer, r1 is the thickness of
the skin, r2 is the thickness of fat, and r3 is the thickness of the
liver. When we calculated the sound field using an annular fo-
cused transducer, the initial sound pressure of the inner radius
of the focusing transducer corresponding area was zero, while
that of the other areas were normal. The calculation method
for the sound and temperature fields is presented below.

a1

O

skin fat liver
a2

transducer surface

r

r1 r3r2

water

Fig. 1. Model for the numerical calculations.

Kamakura et al. divided the sound field into spherical
and plane wave areas.[10] When σ < σ0, the area is a spheri-
cal wave area because it is close to the surface of the focused
transducer. Conversely, the area for is a plane wave area be-
cause it is close to the focal point.[21,22] σ0 is a critical point.
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Fig. 2. Diagram of the (a) ellipsoidal coordinate system and (b) division
of the sound field.

Figure 2 shows the diagram of the ellipsoidal coordinate
system, where α is the half-angle of the transducer and 2b is
the distance between two focal points of the ellipsoidal coor-
dinate system. The horizontal axis represents the z axis in the
σ direction. The plane of the vertical axis represents the x–y
plane. The ellipsoidal coordinates are (σ , η , ϕ) and σ = z = 0
is at the geometrical focus. In Fig. 2, R is the distance between
any point in the space and the focus, h is the distance between
any point in the space and the z axis, and S is the distance be-
tween any point in the space and the surface of the transducer.

Using the ellipsoidal coordinate system to calculate the
sound field, the relationship between the coordinates of the
oblate spheroidal coordinate system (σ , η , ϕ) and the coordi-
nates of the rectangular coordinate system (x, y, z) is[13]

x = b
√
(1+σ2)(1−η2)cosϕ,

y = b
√
(1+σ2)(1−η2)sinϕ, z = bση , (1)
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where −∞ < σ < +∞, 0 ≤ η ≤ 1, and 0 ≤ ϕ ≤ 2π . To sim-
plify the numerical calculation we introduce η = cosθ , where
θ is the included angle between the projection at the x–z plane
of the connection line between any point of the coordinate sys-
tem and x axis.

The Westervelt equation can be written as follows:[8]

∇2 p− 1
c2

0

∂ 2 p
∂ t2 +

δ

c4
0

∂ 3 p
∂ t3

= − β

ρ0c4
0

∂ 2 p2

∂ t2 , (2)

where p is sound pressure, β is the nonlinear coefficients of
the medium, ρ0 is the density of the medium, c0 is the sound
speed of the medium, δ is sound diffusion rate, and t is the
time. Using a different accompanied coordinate expression
we further simplified Eq. (2)

∂ 2 p̄
∂σ∂τ

+A
∂ 2 p̄

∂τ∂θ
+B
(

∂ 2 p̄
∂θ 2 + cotθ

∂ p̄
∂θ

)
+C

∂ p̄
∂τ

= Dα
∂ 3 p̄
∂τ3 +

D
2lD

∂ 2 p̄2

∂τ2 , (3)

A =
sin2θ

2σ(1+σ2)
,

B =
ε

√
σ2 + sin2

θ

σ(1+σ2)
,

C =
E
σ
,

D =
−bE

√
σ2 + sin2

θ

σ
,

σ < σ0 < 0,



A =
−σ sinθ

1+σ2 ,

B =
−ε(2− cosθ)

1+σ2 ,

C = 0,
D = bE,

σ > σ0, (4)

where p̄ = p/p0 is the normalized sound pressure, p0 is the
initial pressure, k = 2πf/c0 is the wave number, f is the fre-
quency of the transducer, ε = 1/2kb, ω = 2π f , α = δω2/2c3

0
is the sound attenuation coefficient, lD = ρ0c3

0/β p0ω is the
shock formation distance for a planar wave, and:

τ = ω(t +b
√

1+σ2−η2/c0), E =
σ2 + cos2 θ

1+σ2 .

The normalized sound pressure is subjected to the Fourier
decomposition

p̄ =
∞

∑
n=−∞

Cn e−inτ ≈
Nmax

∑
n=−Nmax

Cn e−inτ , (5)

where Cn is the n-th complex amplitude of a harmonic wave,
and C−n =C∗n denotes the complex conjugate of Cn

∂Cn

∂σ
= −A

∂Cn

∂θ
− iB

n

(
∂ 2Cn

∂θ 2 + cotθ
∂Cn

∂θ

)

−[C+Dn2
α(n f0)]Cn−

inD
2lD

Nmax

∑
k=−Nmax

CkCn−k. (6)

The relationship between the sound absorption coefficient
and frequency is

α(n f ) = α∗(n f/ f∗)µ , (7)

where α∗ is the sound absorption coefficient of the medium
for a frequency f∗, and the value of µ is 2 in water and 1.1–1.3
in biological tissue. Then we solve Eq. (6) to obtain the sound
field.

The heat deposition can be expressed as

Qv = 2αI, (8)

where I = I04
Nmax
∑

n=1
|Cn|2 and I0 = p2/ρ0c0 is the sound intensity

of the source.
The Pennes bioheat equation[23] can be written as

ρ0ct
∂T
∂τh

= Kt∇
2T −wbcb(T −Tb)+Qm +Qv, (9)

where ct is the specific heat capacity of the tissue, τh is the
heat-up time, Kt is the heat conduction coefficient of the tissue,
T is the temperature of the tissue, ωb is the blood flow rate in
the heating area, cb is the specific heat capacity of blood, Tb is
the temperature of the blood in the heating area, Qm is the heat
generation rate of tissue, and Qv is the heat generation rate of
the space heat source.

As the tissue is studied in vitro, ωb and Qm can be ig-
nored. Therefore Qv is the only source of heat. The Pennes
equation[23] can therefore be written as:

ρ0ct
∂T
∂τh

= Kt∇
2T +Qv, (10)

where T = T −T0 and T0 is the temperature before heating.

3. Numerical calculations and analysis
In this chapter we present the numerical calculations of

the temperature field by an annular focused transducer. Ta-
bles 1 and 2 show the parameters of the relevant biological
tissues used in the simulation.

Table 1. Sound field parameters.[24,25]

Medium ρ0/kg·m−3 c0/m·s−1 α∗/Np·m−1·MHz−1 β0 µ

Water 1000 1500 0.0253 3.50 2.00
Skin 1090 1530 11.53 4.50 2.00
Fat 910 1430 9.00 10.50 1.14

Liver 1050 1050 4.50 6.00 1.14

Table 2. Temperature field parameters.[24,25]

Medium ct/J·K−1·kg−1 kt/W·m−1·K−1

Water 4180 0.50
Skin 3300 0.45
Fat 3700 0.50

Liver 3700 0.50
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Figure 1 shows the model of our numerical calculations.
The parameters used in the simulation are shown in the illus-
tration, including the following: a1 = 50 mm, a2 = 22.5 mm,
r = 100 mm, r1 = 3 mm, r2 = 17 mm, r3 = 20 mm, f =

1.26 MHz, and p0 = 100 kPa.
To guarantee the correctness of the simulation model, we

first compared the simulation results with actual values re-
ported in the literature.[26] Figure 3 shows the distribution of
the axial temperature rise in the tissue for an outer and inner
radii of the focusing transducer of 50 and 25 mm, a geomet-
ric focal length of 80 mm, a frequency of 0.9 MHz, an initial
sound pressure of 173.2 kPa, and a radiation time of 6 s. The
distance between the transducer and the surface of the liver is
70 mm and the region between the transducer and the liver is
filled with water. The maximum temperature rise is∼ 51.4 ◦C.
Compared with the results in Ref. [26] where the maximum
temperature rise is ∼ 52 ◦C after 6 s, the simulation results of
the two models are essentially identical, which validates our
numerical algorithm.
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Fig. 3. Distribution of axial temperature rise.
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Fig. 4. Axial temperature rise at different geometric inner radii.

Figure 4 shows the tissue temperature rise induced by the
annular focused transducer with changes in the inner radius

of the transducer. When the inner radius of the focused trans-
ducer increases the maximum temperature rise decreases. This
can be interpreted as follows: when the inner radius increases,
the sound energy from the transducer surface decreases, and
therefore the temperature of the tissue decreases. Figure 5
shows the maximum liver temperature and skin temperature
rise at different geometric inner radii. It indicates that while
the inner radius increases, the temperature rise of the skin
slightly decreases. In other words, the influence of the inner
radius on the temperature rise of skin can be ignored.
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Fig. 5. Maximum liver temperature and skin temperature rises at differ-
ent geometric inner radii.

Different geometric focal lengths from 0.08 to 0.15 m
were used to calculate the temperature field for the annular
focused transducer with the other parameters the same as con-
sidered previously. Figures 6 and 7 show the comparative re-
sults, indicating that both the liver temperature and skin tem-
perature rises increased with increasing focal length. When
the geometric focal length increases from 0.08 to 0.15 m, the
half-aperture angle decreases from 38.7◦ to 19.5◦, while the
radii of the focused transducer are unchanged, and both the
effective radiation area and sound energy are essentially un-
changed. Owing to the increase in the geometric focal length,
the focus area is smaller and acoustic energy per unit area of
the focus area increases. Therefore, the temperature of the
focus area increases with increasing geometric focal length.
The maximum temperature rises of the skin and liver increase
by ∼ 9 ◦C and ∼ 35 ◦C, respectively, while the focal length
increases from 0.08 to 0.15 m. The growth rate is consid-
erable, indicating that the focal length of the transducer also
influences the rise in skin temperature. Therefore, when se-
lecting the focal length, the maximum temperature rise of the
skin needs to be simultaneously considered, while taking into
account the maximum temperature rise of the target tissue.

Different transducer frequencies are used to study the
relationship between the temperature rise and frequency. Fig-
ure 8 shows that the maximum liver temperature rise first in-
creased before decreasing while the frequency increased, and
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Fig. 8. Axial temperature rise at different frequencies.

the focus area becomes smaller. In other words, increasing
the frequency improves the focusing ability of the transducer
when the other parameters are unchanged. The influence of the
frequency on the temperature rise is dependent on Qv accord-
ing to Eqs. (8) and (10). Qv is related to the sound absorption
coefficient (α) and the sound intensity (I). For an increase in
frequency, the sound absorption coefficient increases and the
sound intensity decreases. The sound absorption coefficient

takes priority firstly, so the temperature rise increases while
the frequency increases. When the contribution of the sound
absorption coefficient and sound intensity to Qv are balanced,
the temperature rise reaches a maximum. The sound intensity
then takes priority, and the temperature rise decreases and fre-
quency increases. This indicates that choosing a suitable fre-
quency is essential for the efficiency of the treatment. Figure 9
also shows the influence of the frequency on the temperature
rise of skin and is negligible.
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Fig. 9. Maximum liver temperature and skin temperature rises at differ-
ent frequencies.
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Fig. 10. Axial temperature rise at different sound pressures.

In order to improve the efficiency of an HIFU using an
annular focused transducer, it is necessary to study the rela-
tionship between the sound pressure and temperature rise. The
sound pressure is changed from 60 to 120 kPa and the other pa-
rameters of the focused transducer are constant. From Fig. 10,
it is evident that the greater the power, the greater the tem-
perature rise. The growth rate of the highest temperature rise
is initially similar to exponential growth and then tends to be
gradual, as shown in Fig. 11. Moreover, the temperature rise of
the skin increases by a small amount when the sound pressure
increases. Increasing the sound pressure produces a greater
temperature. However, in practical applications, to prevent
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damage to the skin and other normal tissues the sound pres-
sure must be kept below a safe threshold.

60 70 80 90 100 110 120
0

20

40

60

80
maximum liver temperature rise
maximum skin temperature rise

T
e
m

p
e
ra

tu
re

 r
is

e
/
C

Sound pressures/kPa

Fig. 11. Maximum liver temperature and skin temperature rises at dif-
ferent sound pressures.

4. Conclusion
Through numerical calculations, the influence of param-

eters, such as inner radius, focal length, frequency, and sound
pressure, on the temperature rise in tissue induced by an an-
nular focused transducer with a wide aperture angle were dis-
cussed. The results showed that when the geometric inner ra-
dius decreased or focal length increased, the maximum liver
temperature rise increased. As the frequency increased, the
maximum liver temperature rise underwent initial growth, be-
fore gradually increasing and finally decreasing. Therefore,
choosing a suitable frequency is necessary for the ultrasound
treatment. Increasing the focal length of the annular focused
transducer also clearly leads to an increase in the maximum
temperature rise of skin, so it is necessary to improve the ef-
ficiency while preventing damage to the skin. This work can
provide guidance for the clinical treatment of liver cancer by
an annular focused transducer.
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