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We consider a passive and active hybrid interferometer for phase estimation, which can reach the sub-shot-noise
limit in phase sensitivity with only the cheapest coherent sources. This scheme is formed by adding an optical parametric
amplifier before a Mach–Zehnder interferometer. It is shown that our hybrid protocol can obtain a better quantum Cramer–
Rao bound than the pure active (e.g., SU(1,1)) interferometer, and this precision can be reached by implementing the parity
measurements. Furthermore, we also draw a detailed comparison between our scheme and the scheme suggested by Caves
[Phys. Rev. D 23 1693 (1981)], and it is found that the optimal phase sensitivity gain obtained in our scheme is always
larger than that in Caves’ scheme.
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1. Introduction
Interferometers, as an extremely useful and flexible

precise measuring tool, play a key role in the field of
quantum metrology.[1–21] There are mainly two classes of
interferometers:[2,3] passive (e.g., Mach–Zehnder interferom-
eter (MZI)) and active (e.g., SU(1,1)) ones. The ultimate goal
of both setups is to obtain the sub-shot-noise limit for phase
estimation. The sensitivity of these setups crucially depends
on the input states as well as the detection scheme.

It is well known that, for the MZI to beat the shot-noise
limit (SNL), i.e., 1/

√
N with N the total photon number,

nonclassicality of the input states, such as the single mode
squeezed vacuum states[1,22,23] and the two-mode squeezed
vacuum states,[2,24,25] is necessary. In contrast to the MZI, the
potential advantage of the SU(1,1) interferometer is that even
for bright classical coherent sources of the input states, the
SNL can also be surpassed.[4,5] In Refs. [4] and [5], the au-
thors have shown that when inputting coherent states into this
interferometer the SNL can be beaten through a photon inten-
sity measurement. However, in general, the photon intensity
measurement is not optimal, so the best phase estimation pre-
cision given by the quantum Cramer–Rao bound (CRB),[26–29]

that is ∆φmin = 1/
√

F with F the quantum Fisher information
(QFI), is usually hard to be reached in this case.

Recently, parity detection[24,25,30–36] has been considered
to be a very useful measurement method in MZI with practi-

cally many input states, which can achieve the CRB for phase

sensitivity. References [24] and [25] have shown that the ex-

treme sensitivity of parity detection is equivalent to measure

all the phase-bearing terms, including the off-diagonal terms,

in the density matrix of the two-mode light field before the

second beam splitter.[24] However, this detection method can-

not be used on the SU(1,1) interferometer directly when the

beam splitters in MZI are replaced by the nonlinear optical

elements. To the best of our knowledge, the optimal measure-

ment scheme for the SU(1,1) interferometer remains absent.

In this work, we combine the advantages of passive and

active interferometers by adding an optical parametric ampli-

fier (OPA) before an MZI. We show that our protocol can ob-

tain a better CRB than the pure active interferometer; and this

precision can be achieved by a parity measurement. Compar-

ing with other quantum metrology schemes utilizing the parity

detection, the main advantage of our scheme is that it has the

potential to reach the phase uncertainties far below the SNL,

and only needs the cheapest coherent sources. To demonstrate

the advantage of our scheme, we also compare the optimal

phase sensitivity gains (OPSG) with respect to the SNL be-

tween these two schemes. It is found that the gain obtained in

our scheme is always higher than that obtained in Ref. [1] in

the whole range of r.
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2. Phase estimation in a hybrid interferometer
We consider a passive and active hybrid interferometer,

which is formed by an OPA, two 50:50 beam splitters, and
two phase shifters, as shown in Fig. 1(a). This setup re-
quires a strong pump beam in addition to two coherent light
beams labeled by |α0〉 and |β0〉. The OPA performs the unitary
transformation S(r) = exp[r(a†b†− ab)], where r is the two-
mode squeezing parameter, which is relevant to the strength
of the nonlinearity and the intensity of the pump beam. The
beam splitter is described by B= exp

[
i π

4 (a
†b+ab†)

]
; and the

phase-shift unitary operator is U = exp[i(ϕaa†a+ϕbb†b)] =
exp(iNdφd/2)exp(iNsφs/2), where we have introduced the
difference and sum phase shifts φd =ϕa−ϕb and φs =ϕa+ϕb,
which can be precisely estimated by the setups in Figs.1(a)
and 1(b), respectively. The corresponding difference and sum
number operators are given by Nd = a†a− b†b and Ns =

a†a+b†b, respectively.
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Fig. 1. (color online) (a) Schematic diagram of the passive and active
hybrid interferometry, which is formed by adding an OPA before an
MZI. This setup is sensitive to the differential phase shift φd = ϕa−ϕb,
and the information is extracted by a parity detection on one of the sec-
ond beam splitter’s outputs. (b) Schematic drawing of an ideal SU(1,1)
interferometer. The beam splitters of the MZI have been replaced by
OPAs. There is a π phase shift between the two OPAs. Different from
the setup in panel (a), the SU(1,1) interferometer is sensitive to the sum
phase shift φs = ϕa +ϕb and the total photon intensity measurement is
taken on the second OPA’s outputs.

Assuming there is no loss in the configuration, then
for the setup shown in Fig. 1(a), we can obtain the QFI
F = Nc cosh(4r) + 2|α0β0|sinh(4r) + sinh2(2r), where Nc =

|α0|2 + |β0|2 is the total amount of coherent light with α0 =

|α0|e iθ1 and β0 = |β0|e iθ2 . To obtain the optimal QFI, here we
consider the phase-matching condition and choose the phases
θ1 = θ2 = 0. Therefore, the best phase sensitivity given by the
CRB, i.e., ∆φdmin = 1/

√
F , for our scheme is

∆φdmin=
1√

Nc cosh(4r)+2|α0β0|sinh(4r)+ sinh2(2r)
, (1)

which is far below the SNL, i.e., ∆φdSNL = 1/
√

NT. Here
NT = Nc cosh(2r)+ns is the total photon number inside the in-

terferometer, where the first term corresponds to contributions
from the stimulated parametric process, and the second term
results from the spontaneous process with ns = 2sinh2 r. In
the limit of |α0| = |β0| → 0, equation (1) reduces to the case
of two-mode squeezed vacuum states[2,24,25] and the CRB is
∆φmin =

√
1/(ns +2)ns, which realizes the Heisenberg limit.

Following the same procedure, we can also obtain the
phase sensitivity of the pure SU(1,1) interferometer (Fig. 1(b))
for the same input states. When setting θ1 = θ2 = 0, the CRB
turns out to be

∆φsmin=
1√

Nc sinh2(2r)+2|α0β0|sinh(4r)+ sinh2(2r)
. (2)

Comparing Eq. (1) with Eq. (2), we can easily find that the
quantum CRB obtained in our hybrid interferometer is bet-
ter than that obtained in the pure SU(1,1) interferometer, since
cosh(4r)> sinh2(2r). Moreover, as we know that the CRB can
very well quantify the potential advantage of a certain scheme
in quantum metrology, but not every detection method is able
to achieve this advantage. For example, the precision given
in Eq. (2) cannot be realized through the current measurement
scheme, such as photon intensity detection and parity detec-
tion. In Refs. [4] and [5], the authors obtained the phase sen-
sitivity ∆φs = 1/[sinh(2r)

√
Nc] in some certain cases by de-

tecting the total photon intensity on the second OPA’s outputs
of the SU(1,1) interferometry. It is clear to see that this preci-
sion does not reach the CRB. Moreover, we can check that for
the SU(1,1) interferometry, the parity detection scheme is even
worse than the photon intensity detection when |α0|, |β0|> 0.

3. Achieve the quantum CRB by parity detec-
tion
Next, we will demonstrate that, in our hybrid scheme

(Fig. 1(a)), the sensitivity in Eq. (1) can be obtained by just
implementing the parity detection, which was first introduced
into optical interferometry by Gerry,[31] and has been applied
to precise phase estimation. When specifying a as the mode to
measure, the signal of the parity detection is 〈Πa〉= 〈(−1)a†a〉.

In our scheme, the expectation value of the parity opera-
tor 〈Πa〉 in mode a can be obtained as

〈Πa〉= exp(−2Nc +Λ)/

√
1+ sinh2(2r)cos2 φd, (3)

where

Λ = 2X2/cosh(2r)+ sinφd sinh(2r)

X = (|β0|coshr−|α0|sinhr)cos(φd/2)

+(|β0|sinhr−|α0|coshr)sin(φd/2).

Note that, in Eq. (3) the parity signal 〈Πa〉 does not depend on
the sum phase shift φs = ϕa +ϕb.
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The phase sensitivity ∆φd of an interferometer is char-
acterized by using the error propagation formula ∆φd =

∆Πa/ |∂ 〈Πa〉/∂φ |, where ∆Πa =

√
〈Π 2

a 〉−〈Πa〉2. When
|α0|2 = |β0|2 = Nc/2, the explicit form of the optimal phase
sensitivity with parity detection reads

∆φdmin = 1/
√

Nc e4r + sinh2(2r) (4)

in the limit φd → −π/2. Notably, equation (4) saturates
the quantum CRB given in Eq. (1) since 2|α0β0|sinh(4r) =
Nc sinh(4r) in this case. This implies that the parity detection
is the optimal measurement scheme for our hybrid interferom-
eter.
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Fig. 2. (color online) (a) The parity signal 〈Πa〉 and (b) the phase sensi-
tivity ∆φd as a function of differential phase φd = ϕa−ϕb when r takes
different values, where |α0|2 = |β0|2 = Nc/2 = 10.

In Fig. 2, we plot the parity signal 〈Πa〉 and the phase sen-
sitivity ∆φd as a function of differential phase φd = ϕa−ϕb.
There is a central peak at φd → −π/2 for the parity signal,
and the width of the peak becomes narrower and narrower
when increasing the value of r (see Fig. 2(a)). This leads to
an increased magnitude of slope (i.e., increased |∂ 〈Πa〉/∂φ |)
around φd → −π/2, and hence the phase sensitivity is im-
proved. From Fig. 2(b), we can clearly see that the best phase
sensitivity given by CRB is found at φd→−π/2; and for fixed
photon number Nc, when increasing r the phase uncertainty
decreases gradually. This point can be seen from Eq. (4).

We now use the numerical techniques to investigate the
optimal phase sensitivity ∆φdmin in the case of |α0| 6= |β0|,
namely, k = |α0|2/Nc, by setting Nc = 500. From Fig. 3, we
find that the optimal sensitivity is reached around k = 0.5, but
it is also shown that, if r > 1.5 the values of the phase sensi-
tivity hardly have changes when Nc = 500. In other words, it
is insensitive to the value of k. Hence, we can safely say that

as long as r is not too small, for a fixed total amount of coher-
ent light Nc, the phase sensitivity given in Eq. (4) can still be
acquired.

 . .


.

.

r/

r/.

r/

D
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m
in
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Fig. 3. (color online) The quantum CRB ∆φdmin as a function of the
fraction k ≡ |α0|2/Nc when r takes different values. Here the total co-
herent photon number is Nc = 500.

It is worthwhile noting that in the high power regime
(i.e., for large Nc or large r), under our consideration, the
accurate number-resolving may be a difficult task. However,
there are some proposals[25,30] which can implement the par-
ity detection while they do not need to have photon number
counting. These efforts confirm that the high-intensity in-
put states scheme can be constructed with current technol-
ogy, and then reach the sub-SNL of phase sensitivity. Be-
low, we shall compare our method with another high-intensity
quantum-enhanced method presented by Caves.

4. Comparison with Caves’ scheme
The scheme presented by Caves employs a high-intensity

coherent state and a low-intensity squeezed vacuum state
as the input states of an MZI,[1] and the quantum CRB

turns out to be[22,35] ∆φ ′dmin = 1/
√

Nc e2r + sinh2 r. Such a
phase sensitivity can be realized either by implementing par-
ity detection[25] or using Bayesian parameter estimation.[22]

Now, we will demonstrate the advantages of our scheme when
comparing with Caves’ scheme. First, we consider an in-
teresting case of Nc � sinh2 r, from Eq. (4) we immediately
have ∆φdmin ' e−2r/

√
Nc, while for Caves’ scheme we have

∆φ ′dmin ' e−r/
√

Nc. This means that our scheme is exponen-
tially better than Caves’. However, this is not to say that our
scheme is directly more efficient, since the total photon num-
bers are different between these two schemes. To make a fair
comparison, below we introduce the OPSG with respect to the
SNL, which is defined as[12]

gmin ≡ −10log10(∆φmin/∆φSNL). (5)

For our scheme, we have

gmin =−5log10
[
(Nc e4r + sinh2 2r)/(Nc cosh(2r)+2sinh2 r)

]
.
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Whereas for Caves’ scheme, the OPSG is given by

g′min =−5log10
[
(Nc + sinh2 r)/(Nc e2r + sinh2 r)

]
,

since the total photon number in this scheme is N′T = Nc +

sinh2 r. If gmin > g′min, it indicates that our scheme is more
efficient than Caves’.
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Fig. 4. (color online) A comparison of the optimal phase sensitivity
gains between our scheme gmin and Caves’ scheme g′min as a function
of squeezing parameter r for various coherent photon numbers Nc. Note
that in our scheme the values of OPSG are independent of Nc.

In Fig. 4, we compare the OPSG between our scheme
(gmin) and Caves’ scheme (g′min) as a function of squeezing
parameter r for various coherent photon numbers Nc. As can
be seen, the phase sensitivity gains increase when increasing
the squeezing parameter r, and we always have gmin > g′min in
the whole range of r. For our scheme, when r = 1 it is possi-
ble to overcome the SNL by 5.8 dB, while reaching 14.6 dB
when r = 3 (this two-mode squeezed parameter is available
in current experience[37]); and these results are independent
of the coherent photon numbers Nc. In contrast to these, for
Caves’ scheme we have g′min ' 4.2 dB with r = 1, and for
larger r there are bifurcations when increasing coherent pho-
ton numbers Nc. It can be seen that the larger Nc is, the
better OPSG can be obtained. For example, when r = 3 we
have g′min ' 10.5 dB with Nc = 50, while g′min ' 13 dB with
Nc = 1000.

5. Conclusion
In summary, we have investigated a hybrid scheme for

optical interferometry, which assembles the advantages of
both passive and active interferometers. This scheme can
reach a scaling far below the SNL for phase estimation with
bright sources. Comparing with the pure active interferome-
ter schemes with coherent light input, our protocol can obtain

a better QCR, and precisely this can be achieved when a par-
ity measurement is utilized. Furthermore, we have compared
our scheme with Caves’ scheme; it is found that our scheme is
not only more sensitive, but also more efficient when the same
total photon number is input.
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