http://cpb.iphy.ac.cn
http://iopscience.iop.org/cpb

Chinese Physics B

Comparison of the sensitivities for atom interferometers in two different operation methods

Xiao-Chun Duan( £ /M%), De-Kai Mao(E f#3l), Xiao-Bing Deng( X} /) &%), Min-Kang Zhou( f f# ),
Cheng-Gang Shao(AF N1, Zhu Zhu(#1%%), Zhong-Kun Hu (i & 34)
Citation:Chin. Phys. B . 2018, 27(1): 013701. doi: 10.1088/1674-1056/27/1/013701

Journal homepage: http://cpb.iphy.ac.cn; http://iopscience.iop.org/cpb

What follows is a list of articles you may be interested in

Common-mode noise rejection using fringe-locking method in WEP test by simultaneous
dual-species atom interferometers

Xiao-Bing Deng( X} /) £%), Xiao-Chun Duan(Et /%), De-Kai Mao(E #8Jl), Min-Kang Zhou( Ji & ),
Cheng-Gang Shao(#k&N1l), Zhong-Kun Hu(#H i 3)
Chin. Phys. B . 2017, 26(4): 043702. doi: 10.1088/1674-1056/26/4/043702

Investigation of the thermal adaptability for a mobile cold atom gravimeter

Qi-Yu Wang(=F & 5%), Zhao-Ying Wang(EJkTE), Zhi-Jie Fu(f}E74), Qiang Lin(#R5%)
Chin. Phys. B . 2016, 25(12): 123701. doi: 10.1088/1674-1056/25/12/123701

Rapid extraction of the phase shift of the cold-atom interferometer via phase demodulation

Cheng Bing, Wang Zhao-Ying, Xu Ao-Peng, Wang Qi-Yu, Lin Qiang
Chin. Phys. B . 2015, 24(11): 113704. doi: 10.1088/1674-1056/24/11/113704

Precision measurement with atom interferometry

Wang Jin
Chin. Phys. B . 2015, 24(5): 053702. doi: 10.1088/1674-1056/24/5/053702


http://cpb.iphy.ac.cn/EN/abstract/abstract71239.shtml
http://cpb.iphy.ac.cn/
http://iopscience.iop.org/cpb
http://cpb.iphy.ac.cn/EN/abstract/abstract69640.shtml
http://cpb.iphy.ac.cn/EN/abstract/abstract69640.shtml
http://cpb.iphy.ac.cn/EN/abstract/abstract68733.shtml
http://cpb.iphy.ac.cn/EN/abstract/abstract65792.shtml
http://cpb.iphy.ac.cn/EN/abstract/abstract64166.shtml

Chin. Phys. B Vol. 27, No. 1 (2018) 013701

Comparison of the sensitivities for atom interferometers in two
different operation methods*

Xiao-Chun Duan(Et/&)!, De-Kai Mao(E#EHL)!, Xiao-Bing Deng(X3/N%)!, Min-Kang Zhou(J& )",
Cheng-Gang Shao(AFEHI)!, Zhu Zhu(#1%%)?, and Zhong-Kun Hu(# &)L T

1MOE Key Laboratory of Fundamental Physical Quantities Measurements, Hubei Key Laboratory of Gravitation and Quantum Physics,
School of Physics, Huazhong University of Science and Technology, Wuhan 430074, China

2Shanghzu' Institute of Satellite Engineering, Shanghai 201109, China

(Received 3 August 2017; revised manuscript received 20 September 2017; published online 17 November 2017)

We investigated the sensitivities of atom interferometers in the usual fringe-scanning method (FSM) versus the fringe-
locking method (FLM). The theoretical analysis shows that for typical noises in atom interferometers, the FSM will degrade
the sensitivity while the FLM does not. The sensitivity-improvement factor of the FLM over the FSM depends on the type
of noises, which is validated by numerical simulations. The detailed quantitative analysis on this fundamental issue is
presented, and our analysis is readily extendable to other kinds of noises as well as other fringe shapes in addition to a

cosine one.
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1. Introduction

Atom interferometers have important applications in fun-
damental physics, such as the measurement of fine struc-

ture constants,['™ the determination of gravitational constant

13-17] They are also

s, [25,26]

G,[%-121 and the test of general relativity.|

used in atom clocks, 18241

s, [27-36]

atom magnetic gradiometer
atom gravimeter etc. In these applications, the inter-
ference pattern is usually manifested as a cosine variation of
the transition probability, and the method to extract the phase
from the cosine fringe is crucial for the interferometer’s per-
formance. Usually, a full cosine fringe is obtained by scanning
a controllable phase, as shown in Fig. 1(a). The interested in-
formation is then acquired by a cosine fitting. Alternatively,
the fringe-locking method (FLM) can be adopted, 18:29-36-381
which ensures measurements are always performed at the mid-
fringe, as shown in Fig. 1(b). Then the interested phase can be
obtained from the modulating center ¢°.

There are several advantages offered by the FLM com-
pared with the usual fringe-scanning method (FSM). Firstly,
it is capable of increasing the sampling rate by about one or-
der of magnitude.*®! This is helpful in monitoring fast tem-
poral variable signals, which may find applications in future
space missions. Secondly, the measurement equation can be
linearized at mid-fringe, which allows a direct extraction of
the interested information. This linearization may also make
the interferometry-process related analysis simple.>”! Thirdly,
the data at the mid-fringe are more sensitive to phase variation
than those at other points throughout the full fringe. This im-
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plies a possible sensitivity improvement by the FLM over the
FSM in resolving the interferometry phase shift. In this pa-
per we focus on the third issue, since in many measurements
the sensitivity is most concerned with pursuing the precision
within a certain measurement time.
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Variation of the controllable phase

Fig. 1. (color online) Different methods to operate the interferome-
ter: (a) recording full fringes, and (b) performing measurements at mid-
fringe. In the fringe-scanning method, the phase is scanned step by step,
while in the fringe-locking method, the phase is modulated by +7m/2
with respect to an appropriate center denoted as ¢° here. The dashed
lines are here to guide the eyes.

At the mid-fringe, the slope is indeed maximal throughout
the full fringe, however the corresponding noise may also be
maximal. Thus it is supposed that the possible improvement
depends on detailed noises. Here the sensitivity-improvement
factor for the FLM over the FSM is investigated for three typ-
ical noises in atom interferometers, namely, fringe-site inde-
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pendent noise, atomic shot noise, and phase noise. The result
shows that the FLM indeed affords an improvement of the sen-
sitivity and the corresponding improvement factors are v/2,
m to v/2 (depending on the fringe visibility), and m
for the three kinds of noises, respectively. Furthermore, we
extend the analysis to coupled atom interferometers, and find
that an improvement with a factor greater than v/2 may be ex-
pected for the common fringe-site independent noises. This
is the first detailed quantitative analysis on this issue, which
helps to design the experimental setup, understand the mea-
surement result, and distinguish the dominant noise for the in-
terferometers.

2. Approaches illumination

In atom interferometers, the direct output signal is given
by the transition probability P between the two ground levels
of the atom, which is usually a cosine function of the inter-
ferometry phase shift, namely, P = A + Bcos(@ + ¢n,). In the
above expression, A is the fringe offset, B is the fringe ampli-
tude, @ stands for the controllable phase shift, and ¢, indi-
cates the phase shift induced by the interested physical quan-
tity to be measured. In the ideal case of many atom interfer-
ometers, both A and |B| equal to 1/2. In practice, the exact
value of A does not matter much in the acquisition of ¢p,, and
|B| is usually smaller than 1/2 due to various experimental im-
perfections. Thus for simplicity, in this work, the transition
probability is expressed as

P=(1-ncos(¢+¢n))/2, 1)

where 11 (0 < n < 1) is the fringe visibility.

In the FSM, ¢ is scanned step by step to acquire a full
fringe, as shown in Fig. 1(a). Then 1 and ¢y, can be obtained
by a cosine fitting based on the least-square residual (LSR)
method.?%! This technique finds the best estimation of 1 and
¢, that minimize the sum of the squared residuals, namely,

N o _ 2
minZ’<1 ncosz((p,Jr(Pm)pi) ; 2)

i=1

where ¢; denotes the value of ¢ in the i-th step during a full
fringe scan, p; stands for the corresponding measured transi-
tion probability in the presence of noises, and N denotes the
total step number for one full fringe. The precision of the ob-
tained @y, can be estimated from the propagation of errors as

O =
=

M=

(9p,Pm) G2 3)

where 0, denotes the variance of p; and the independence of
o), from each other has been assumed. The error propaga-
tion factor dy, @ depends on the way of extracting ¢, from
pi, which in a usual case changes along the fringe. For the

cosine fitting method, the calculation of dp, ¢, is presented in
Appendix A. 0, may also depend on the fringe site. Here
we take a simple case as an example to illustrate our analysis
approach. We consider that the dominated noise of the atom
interferometry is fringe-site independent, namely, 6, is con-
stant throughout the whole fringe. Thus the explicit expression
of the precision for ¢y, is

(O (N))?

N )
COS™Q;
4o I% ,‘E] o

2

5. (4)

N N N

{ y cosz(pi] X [ y sin2¢i] - [ Y cos¢;sin q),}
i=1 =1 i=1

where ¢; is the temporal substitution for ¢; + ¢y, for simpli-
fication, and the superscript FS is the abbreviation of fringe
scanning. In practical scanning, @ is uniformly scanned over
27. In order to obtain an analytic expression of Eq. (4), it is
further assumed that ¢ is scanned with such an infinitesimal
step that the summation can be approximated by an integral.
The corresponding result is

oes (N) =2v20p/nVN. 5)

For other kinds of noises, the precision of the obtained ¢, can
be similarly estimated as long as the detailed dependence of
0, on the fringe site is accounted for.

In the FLM, the appropriate value of ¢, denoted as ¢°, is
firstly found to make @° + @y, ~ 217 (n is an integer). Then
@ is modulated by 47 /2 with respect to @° so that the mea-
surement is always performed at the mid-fringe, alternately to
the right and to the left side of the central fringe, as shown in
Fig. 1(b). The corresponding transition probabilities for every
two adjacent measurements are expressed as

{ Py = (1—ncos(¢ + o —17/2))/2,

6
Poor = (1-ncos(@®+ g+ /2)/2, O

where the subscript / denotes the index of modulating cycles.
According to the linear approximation of Eq. (6) at the mid-
fringe, the correction of ¢° for the [ + 1 cycle can be expressed
as

8(¢°) = —(Py1 —Py)/7. @)

This real-time feedback ensures that the measurements are al-
ways performed at the mid-fringes, whether or not there is a
change of the interested quantity or an external disturbance.
For FLM, the fringe visibility 11 (generally, the fringe am-
plitude) must be known in advance to perform the feedback,
which is further assumed to be constant in the measurements.
It must also be noted that, in order to lock the fringe, the noises
should be suppressed to a level such that the recorded transi-
tion probabilities are not far from the mid-fringe. Once the
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correction is made to form a closed feedback loop, the equa-
tion @° + @y, = 2n7 is supposed to be tenable. Thus the knowl-
edge of @, can be obtained from the value of ¢°, and the fluc-
tuation of the recorded @° directly reflects the precision of @y,.
The variance of P at the mid-fringe is denoted as o3¢ here.
According to Eq. (7), for FLM, the precision of ¢, for a sin-
V2o /n.

For N /2 modulating cycles with total N shots measurements

gle modulating cycle can be expressed as O, =

(N is even), the precision of ¢, can be expressed as
O (N) = 20" /0 VN, (8)

where the superscript FL is the abbreviation of fringe locking.

For other types of noise, with the corresponding depen-
dence of o), on the fringe site accounted for, G, can also be
estimated from Eq. (3) for the FSM, or from Eq. (8) for the
FLM, and then the two can be compared.

3. In case of different noises

We consider three typical noises in atom interferometers
to investigate their influence on the sensitivity. The exten-
sion to other noises is straightforward. The first one is the
fringe-site independent noise as already analyzed in the pre-
vious section. This type of noise induces a fluctuation of
the fringe offset; it may originate, for example, from the cir-

(401 or the fluctuation of

cuit noise in the detection system,
the background atoms number. The second one is the atom
shot noise,/*!! by which the induced variance is expressed as
0p = /P(1 — P) /Ny (Ny stands for the atoms number). This
noise originates from the projection of the superposition state,
and it is the ultimate precision limitation of atom interferom-
eters using an incoherent atomic source. The third one is the
phase noise, which happens in the interfering process, for ex-
ample, the vibration noise, the Raman phase noise, et al.

For the fringe-site independent noise with a variance
of Goff
influences in the two modes are expressed as G};: (N) =
2v26"/nV/N and og(N) = 205 /nv/N. It clearly shows

that for identical N (namely, the same measurement time), the

, according to Egs. (5) and (8), the corresponding

FLM allows us to gain an improvement factor of /2 on re-
solving @, over the FSM. The theoretical result for the FSM is
confirmed by a numerical simulation, while that for the FLM is
straightforward according to Eq. (8). In the simulation here, ¢
is uniformly scanned over 27 by 200 steps to form a fringe. It
is expected that the approximation of substituting the summa-
tion by integral holds well in Eq. (4) with such a small step. p;
is thus calculated from Eq. (1) using pointed 1 and ¢, for each
¢;. To account for the fringe-site independent noise, we add to
pi; numbers which are randomly drawn in a Gaussian distribu-

off

tion with constant standard deviation 6p". The precision of the

obtained @, from 200 shots measurements (namely, N = 200

for one full fringe) is estimated by the Allan deviation of 200

fitting results. The result is shown in Fig. 2, which is reported

by the normalized precision vNog." ~“(N)/opf.

- - -theoretical line for the FSM
theoretical line for the FLM
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Fig. 2. (color online) Normalized precision for fringe-site inde-
pendent noise. The theoretical result for the normalized precision

VNop ™ (N) /o9 is 24/2/7 in the FSM, and 2/7 in the FLM. For

the simulation here, Gﬁff =1.12x 1073, and ®m = 1 rad. The simu-
lation for the FLM is not presented, since the result is straightforward
according to Eq. (8).

For the atom shot noise with a variance of Gy, Op =
\/ P(1—P)/Ny = \/ P(1 bh"t, with a definition of
;,h"t = 1/y/Ny. In the FLM, it simply reduces to opid =
031°t /2. In the FSM, the precision can be obtained by Eq. (3),
and it is

(Fpyom) > (pi(1 = pi)o™®>. (9

Mz

(Opm(N))* =

i=1

Approximating the summation by integral, the result is

ES o ﬁo.shot
Ogn (N) = . N
the improvement using the FLM is /2 —n?2/2. It will gain

a biggest improvement of /2 when 71 approaches 0, and a

— %nz. Thus for the atom shot noise,

smallest improvement of \/m when 7 approaches 1. The
numerical simulation further confirms this analysis, as shown
in Fig. 3. For this simulation, the calculated p; using Eq. (1) is
added by a Gaussian distribution noise (with a constant stan-
dard deviation 3" multiplied by \/p;(1 — p;), and the result
is shown with unit /N G(l;i FL( N) / oghot,

n2sin®(@ + @) (p/4 where
In the FLM,
it simply reduces to opid = = N 0y/2, which corresponds to
055 (N)=0y/VN. In the FSM, the precision can be estimated

@
by Eq. (3) similarly for the atom shot noise, and the result is

For the phase noises, 65 =
0y denotes the variance of the phase noises.

6(1;: (N) =+/30,/+/2N. This result differs from the supposed
6(1;2 (N)=0p/ V/N, which is a consequence of the non-linear

process for the cosine fitting. Thus for the phase noise, an
improvement of a factor \/% is obtained using the FLM,
which is independent of the fringe visibility. This result is
also confirmed by a numerical simulation, as shown in Fig. 4.
For this simulation, p; is calculated based on Eq. (1) with ¢,
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added by a Gaussian distribution noise with standard deviation
. The result is shown in the unit of /N Opr “(N)/p. We
have noticed that in Ref. [42], the authors found that the sim-
ulated sensitivity for atom gradiometers is about 1.25 lower
than the expected one after the common-mode rejects the vi-
bration noise, which has not been explained. We note that the
theoretical exact value should be m, and this sensitivity
degradation is caused by the FSM in the presence of phase

noises.
16
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= % theoretical line for the FLM
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Fig. 3. (color online) Normalized precision for atom shot noise. The
theoretical result for the normalized precision /N G(};E‘FL(N) Jophet is

v/2—n2/2/n in the FSM, and 1/7 in the FLM. For the simulation
here, Ny = 10% (corresponding to G},h"‘ =1.12x1073), and @y, = 1 rad.

1.40

— — - theoretical line for the FSM
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Fig. 4. (color online) Normalized precision for phase noise. The
theoretical result for the normalized precision \/IT/G;?FL(N) /0y is

4/3/2 in the FSM, and 1 in the FLM. For the simulation here, Op =
1.12 x 1073 rad, and @m = 1 rad.

The analysis above shows that for the three kinds of
noises, the FLM allows an improvement of the sensitivity in
resolving the interferometry phase shift. It is thus advanta-
geous to choose FLM over FSM in precision measurements.
However, in experiments where the fringe visibility is the in-
terested quantity,*>44! the FSM should be adopted, since in
the FLM the information of the real-time fringe amplitude is
lost. In practice, the fringe amplitude must be known in ad-
vance by scanning the whole fringe. The fringe amplitude may

drift in a long time. This drift problem can be resolved by oc-
casionally switching back to the fringe-scanning mode to get
a renewed fringe amplitude.

4. Coupled atom interferometers

In many applications, for example, in the determination of
the gravitational constant G (see Ref. [12] for example), two
interferometers are integrated to perform the desired measure-
ments. It is expected to also be advantageous to explore the
FLM in these applications. For two atom interferometers op-
erated in differential modes, the dual fringes locking method
has been adopted to ensure that the two interferometers are si-
multaneously operated at their respective mid-fringe.[*> This
is realized by the feedback control of two independent con-
trollable phases. For coupled atom interferometers, there is
usually a common phase (denoted as @), for example, the Ra-
man lasers phase in atom gravity gradiometers. It is conve-
nient to dither the two atom interferometers synchronously by
modulating this common phase. On the other hand, the other
controllable phase (denoted as @q4) shall behave differently for
the two interferometers. In the simplest case when ¢4 only af-
fects one of the two interferometers, for example, fringe I, ¢,
is thus controlled to lock one fringe II, while ¢y is controlled
to lock fringe 1. Similar to the single interferometer, the appro-
priate values of ¢, and @4 (denoted as @2 and (pg , respectively)

LI 5, LT

are firstly found to make ¢ 7 at the same time (both
n! and n'! are integers, and @' = @. + @4 + oL (0" = @. + ¢l
is the total phase shift for the respective interferometer). Then
@ is modulated by +7/2. The corresponding transition prob-
abilities for the two atom interferometers for every two con-

secutive shots can be expressed as
11T
Py = (1—=n""eos(p"! —m/2))/2,

(10)
P = (1— M cos(9MM 4 /2)) /2,

where (pIII;H denotes the phase shift induced by the interested
quantity of the respective interferometer, and n"!' denotes the
corresponding fringe visibility. According to the linear ap-
proximation of Eq. (10) at the mid-fringe, the correction for
feedback can be expressed as

8(9?) = —(Py,, — Pyp)/n",
5((/)((1)) = _(P211+l _lez)/nl + (PEH _PZI})/TIIL

Once the corrections are made to form a closed feedback
LI _ o, LI

1)

loop, the equation ¢ 7 is supposed to be tenable,
from which the differential phase shift A@ = ¢l — !l =
@Y +2(n' — n'")7 can be deduced. Thus the value of the dif-
ferential phase shift between the coupled atom interferometers
can be obtained from the recorded value of (pg. Equation (11)
also implies that the common variation of the two interferom-
eters is compensated by the correction of (pg, while (pg is ad-
justed to compensate the differential variation.
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For independent noises between the two interferometers,
the improvement of the sensitivity in resolving the differential
phase shift by the FLM over that by the FSM is the same as
that in the single interferometer for the three kinds of noise.
For common phase noise, in the FSM, it can be suppressed
by combining the two fringes to perform ellipse fitting!*®! or
Bayesian estimation.#7#8] In the FLM, the differential phase
shift is also immune to the common phase noise, which is
straightforward according to the correction of (pg in Eq. (11).

For common fringe-site independent noise, the precision
of the differential phase shift in the two approaches can be es-

timated by
oFS (V) = 2V20p |1 L] _ 2cos(A®)
AP \/N 1 2 11 2 nlnll )
(mH” (") (12)
20911 1
FL _ 46p
GAdb(N)_i\/N ﬁ_ﬁ

The deduction of the precision for the FSM is detailed in Ap-
pendix A, while that for the FLM is straightforward according
to Eq. (11). It is obvious that the suppression of the common
offset noise in the FSM is dependent on both the fringe visibil-
ity and A®. When A® equals to 2n7 (n is an integer), the best
suppression is achieved for the FSM. Even in that special sit-
uation, the suppression of the common offset noise using the
FLM is still v/2 better than that using the FSM. This conclu-
sion is further confirmed by a numerical simulation, which is
shown in Fig. 5. Actually, an improvement of about 3 times for
the sensitivity has been demonstrated using the dual-fringe-
locking method in our previous work.[*3 It is worth noting
that in the special case where ! = n'l, the differential phase
would not be influenced by this common noise using the FLM.
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Differential phase/rad
Fig. 5. (color online) Normalized precision for common fringe-
site independent noise in coupled interferometers. The theo-
retical result for the normalized precision \/NO{;FL(N)/GS“
is 2\/2/(n1)2+2/(nn)274cos(A<15)/nInH in the FSM, and
|2/n'—2/n"| in the FLM. In this simulation, o = 1.12 x 1073,
n'=0.4,n" = 0.6, and @, =0 rad.

We also note that the FLM is capable of making some
noises become common for the two interferometers, since in

the fringe-locking mode, the two interferometers become com-
pletely synchronous. For example, the fluctuation induced
by the relative intensity variation of the two detection beams
in the normalized detection is p = P(1 — P)d4 /@, where o
denotes the intensity ratio of the two detection beams (e.g.,
Ref. [40]). While the fluctuation of the intensity ratio may
be common for coupled atom interferometers, the transition
probabilities of the two interferometers are usually different
and vary when scanning ¢@.. However, in the FLM, the inter-
ferometers are operated at their respective mid-fringe, and thus
the transition probabilities are nearly fixed, which both equal
to Og /4 in the ideal case. Then in the FLM, the suppression
of this noise is similar to that of the common offset noise.

We note that the FLM may find important applications
in space-borne gravity gradiometers by atom interferometry,
which are supposed to be core sensors in future satellite grav-
ity measurement. On one hand, the promise of improving the
sensitivity allows for a more precision observation of Earth’s
gravity field. On the other hand, compared with the FSM,
the FLM allows a faster sampling rate, which is expected to
help improve the space resolution (since the satellite orbits the
Earth at a quite fast speed, typically 7.8 km/s).

5. Discussion and conclusion

Both in the analysis and simulation, the step in scanning
a full fringe in the FSM is assumed to be so small that the
summation can be approximated by the integral. In practical
measurements, it is typical to scan tens of steps to obtain a
full fringe. The simulation with 40 steps for sweeping a fringe
over 27 is also performed. The result is well compatible with
that using 200 steps. In addition to the cosine shape, the side
locking strategy can also be applied to other nonlinear shapes.
For example, in Ref. [49], a Gaussian shape is obtained by
scanning the amplitude modulation frequency, and the Bloch
frequency is extracted by the Gaussian fitting. By locking the
measurements at the two sides of the Gaussian shape, an or-
der of magnitude improvement of the sensitivity is achieved
in their work. This work may provide hints for the theoretical
investigation on the locking strategy in these shapes.

In conclusion, we have compared the corresponding sen-
sitivities between the FSM and the FLM when suffering dif-
ferent noises in atom interferometers. In a single interfer-
ometer, the influences of three typical noises using the two
methods are analyzed, and it is straightforward to extend to
other noises. According to the analysis, the FSM will dam-
age the sensitivity while the FLM allows an improvement of
the sensitivity, which comes at the price of losing the informa-
tion of the real-time fringe amplitude. In coupled interferome-
ters, the FLM forces the two interferometers to be completely
synchronous, and thus both the common phase noises and the
common fringe-site independent noises can be suppressed.
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Appendix A

The deduction of the precision of ¢y, using cosine fitting
based on the LSR method is present here. For a single fringe,
the goal fitting function is p; = (1 — 1 cos(Q; + @n))/2. Ac-
cording to Eq. (2), the algebraic value of 1) and @y, is deduced
from the following equations:

an(_g (( —nCOS(‘Pi+(Pm))/2—Pi)2> =0,
i=1 (Al)

P < % (1 =mcos(@i+m))/2— p,-)2> =0.

i=1

From the perfect differential of Eq. (A1) the partial differential

dp, Pm can be obtained by eliminating the differential related to

1. With the second order variation of P neglected, the result is
I Pm _ _MuFp — Mok,

Ipi MMy —MpMsy’

(A2)

where F' is the partial derivatives matrix, and M is the
variance-covariance matrix. The elements of the N x 2 matrix
F in the first and the second columns are Fj = dpP |p—g, =
—cos(@;+ Pm)/2 and Fp = 0, P |g—g, = N8in(¢i + ¢m)/2,
respectively. The M is defined as M = FTF. When as-
suming that ¢ is uniformly scanned over 27 with such an in-
finitesimal step that the summation can be approximated by an
integral, equation (A2) is reduced to

Ip; Pm = 4sin(@; + @m) /NN. (A3)

For coupled interferometers, the precision of deducing AP =
@L — @l can be calculated by

Noroad N\ , N ael  ael\’?
Cig = <> o} <m—m> ok, (Ad)
AP ,; Ipi Ipi Ipi b

fa~TS)
Il

14

where only the common variation of p; for the coupled inter-
ferometers is considered. Substituting d 1(p,£’1H calculated from
Eq. (A2) for each fringe into Eq. (A4), the precision of AP can
be further calculated. For the common offset noise, the vari-
ation of each p; is independent and the variance is the same.
Then the precision of A® using FSM can be calculated from
Eq. (A4) in the approximation of substituting the summation
by integral, and the result is exactly Eq. (12).
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