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Plasma-screening effects on positronium (Ps) formation for positron–hydrogen collisions in a Debye plasma environ-
ment is further investigated using the screening approximation model with the inclusion of the modified structure of Ps.
More accurate Ps formation cross sections (n = 1,2) are obtained for various Debye lengths from the Ps formation thresh-
olds to 50 eV. The influence of considering modified bound-state wave functions and eigenenergies for the Ps is found to
result in the reduction of the Ps formation cross sections at low energies, whereas it cannot counteract the enhancement of
the Ps formation by the Debye screening.
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1. Introduction
Coulomb interaction screening in classical hot, dense

plasmas has been the subject of extensive study for several
decades.[1,2] This collective and many-particle effect can be
described by the Debye–Hückel potential,[1,2] which is char-
acterized by the Debye screening length D, in a pair correla-
tion approximation. A particular value of D corresponds to a
range of plasma conditions. Smaller values of D correspond
to stronger screening conditions. A recent review[3] on atomic
collisions in plasmas provided a comprehensive overview of
the recent studies in atomic physics in Debye plasmas, includ-
ing the work on atomic structure, photon collisions, electron
collisions, and heavy particle collisions in a wide range of
plasma screening conditions.

In recent years, collision processes involving positrons in
hot and dense plasmas have attracted growing interest not only
because of the conclusive proof of the existence of positrons
in the interstellar medium,[4] but also because of the wide ap-
plications in diverse fields of physics and astrophysics.[5–8]

A number of works[9–20] have been carried out to study the
positron–atom elastic, excitation, rearrangement processes,
and resonances in plasma-embedded positron–atom systems.
It has been noted that Debye screening profoundly affects the
dynamics of the collision processes.

Positronium (Ps) formation, which is a special rearrange-
ment process in positron–atom collision, has been found to
significantly affect the scattering process for low projectile en-
ergies in a vacuum.[21–30] As the screening effect increases in
Debye plasmas, the Ps-formation threshold decreases, which

results in a more important Ps process at low scattering ener-
gies. Moreover, the rate of Ps plays a decisive role in the rate
of annihilation and measurement of the spectrum and distribu-
tion of the annihilation radiation can provide us with fruitful
information to develop our understanding regarding the phys-
ical properties of the plasma medium.[10] It is worth investi-
gating the Ps formation process in Debye plasmas at low pro-
jectile energies and obtain a more accurate Ps formation cross
section.

Recently, we reported the screening approximation model
results[18] of positron scattering on the hydrogen atom in De-
bye plasmas, where interesting features were observed with
the reduction of Debye length D, such as the enhancement of
the Ps formation cross sections at low energies and the appear-
ance of the local minima in the total Ps formation cross sec-
tions (n = 1+2). The influence of the plasma environment on
the eigenenergies and wave functions of a hydrogen atom and
the Coulomb potentials was taken into account in that work,
while the variation of the bound states of Ps formation in De-
bye plasmas was omitted. It should be noted that screened
Coulomb potential also affects the structures of Ps states. As
the Debye length D decreases, the binding energy of the Ps
decreases and the wave function peaks decrease, broaden, and
become more diffuse. The importance of considering modified
bound-state wave functions and eigenenergies for the Ps was
pointed out by Sen et al.[10] when they studied Ps formation
in positron–helium collisions with a screened Coulomb inter-
action. In this work, we have taken account of the modified
structure of the Ps in order to obtain a more accurate Ps cross
section.
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In the screening approximation model, a complex polar-
ization potential has been derived to describe Ps formation in
positron–atom systems. The motion of the positronium cen-
ter of mass is represented by the plane wave, while the bound
state of Ps is chosen to be orthogonalized to the initial state
of a hydrogen atom, from which the electron is captured. The
Ps formation cross sections (n = 1,2) in positron–hydrogen
collisions for various Debye lengths from the Ps formation
thresholds to 50 eV are calculated using the screening approx-
imation model, taking account of the influence of the plasmas
screening on the Coulomb potentials and the structures of tar-
get states and Ps states.

2. Model and method
The Hamiltonian for the positron–hydrogen system in

Debye plasmas is given by

H = K1 +K2 +V1 +V2 +V12

= −1
2

∇
2
1−

1
2

∇
2
2−

exp
(
−r1D−1

)
r1

+
exp
(
−r2D−1

)
r2

−
exp
(
−r12D−1

)
r12

, (1)

where K1 and K2 stand for the kinetic energy operators of the
electron and the positron, V1 and V2 are the electron–nucleus
and positron–nucleus potential operators, V12 is the positron–
electron interaction potential operator, r1 and r2 are the coor-
dinates of electron and positron relative to the nucleus respec-
tively, and r12 is their relative distance. The Debye screening
length D is a function of electron density ne and electron tem-
perature Te, as

D = (kBTe/4π
2ne)

1/2, (2)

where kB is the Boltzmann constant.
A polarization potential W (Q)

Ps is set up to describe the
positronium formation. The form used for the matrix element
of W (Q)

Ps , which has been described in the work of Zhou et
al.[31] in detail, is given as

〈𝑘′i|W (Q)
Ps | j𝑘〉 = ∑

n∈Q
〈𝑘′i|V2 +V12|X (−)

n 〉

× 1
E(+)− 𝜖n−K2

Ps
〈X (−)

n |V2 +V12| j𝑘〉, (3)

where X (−)
n represents the time reverse of the exact state vec-

tor for a reaction starting in channel n. The notation n is a dis-
crete notation for the two-body positronium formation chan-
nels. 𝐾Ps is the momentum of the positronium center of mass.

The matrix element 〈X (−)
n |V2 +V12| j𝑘〉 ( j is the ground

state of hydrogen target) under Debye screening is written as

〈X (−)
n |V2 +V12| j𝑘〉 =

∫
dr1

∫
dr2ϕ

∗
µ(𝑟12)exp(−i𝐾Ps)

× 1
2
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[
−exp(−r12D−1)
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+
∫

d3r2
|φ(𝑟2)|2 exp(−r12D−1)

r12

]
×φ1s(𝑟2)exp(i𝑘2 ·𝑟2). (4)

The positron–electron interaction term is expanded as

exp
(
−r12D−1

)
r12

= −D−1
∞

∑
l=0

(2l +1)jl(iD−1r<)

×h(1)l (iD−1r>)Pl(cosθ), (5)

where r> = max(r1, r2),r< = min(r1,r2), and Pl , jl , and h(1)l

denote the Legendre polynomials, the spherical Bessel func-
tions, and the spherical Hankel functions of the first kind, re-
spectively.

The model used for the positronium formation is

∣∣∣X (−)
n

〉
=

(
1−∑

j

∣∣φ j
〉〈

φ j
∣∣)∣∣∣x(−)n

〉
. (6)

|X (−)
n 〉 satisfies the orthogonalization to the orbital φi, from

which the electron is captured, and∣∣∣x(−)n

〉
=
∣∣ϕµ𝐾Ps

〉
, (7)

where ϕµ is the bound state of the Ps. The plane wave repre-
sents the motion of positronium, since only short-range terms
in the positron–ion potential survive.

In the Debye plasma environment, the eigenenergies of
hydrogen target 𝜖n and target functions φ j are calculated by
using piecewise exact power series expansions of the radial
functions.[32] Highly correlated bound-state wave functions
and eigenenergies of the Ps are calculated by Sabyasachi
Kar.[33–35] In Table 1, we present the binding energies of Ps
for unscreened (D = ∞) and screened cases with D = 100, 50,
40, 30, and 25 a.u. Radial probability distribution function of
the 1s, 2s, and 2p states are presented in Figs. 1–3 for various
Debye lengths. The excited states are effected by the Debye
screening much more than the ground state.

Table 1. Energy levels of nl states for positronium formation under
different Debye lengths in Rydberg units.

D 1s 2s 2p

∞ −0.250 −0.0625 −0.0625

100 −0.240 −0.0531 −0.0530

50 −0.231 −0.0474 −0.0471

40 −0.226 −0.0409 −0.0404

30 −0.281 −0.0350 −0.0342

25 −0.212 −0.0307 −0.0296
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Fig. 1. Radial probability distribution function of the 1s positronium
formation under different Debye lengths.
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Fig. 2. Radial probability distribution function of the 2s positronium
formation under different Debye lengths.
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Fig. 3. Radial probability distribution function of the 2p positronium
formation under different Debye lengths.

A simple estimate of the total cross section of Ps forma-
tion is[36,37]

σPs =
2
k
(2π)3Im〈𝑘0|W (Q)

Ps |0𝑘〉 . (8)

3. Results and discussion
The Ps (n = 1), Ps (n = 2), and total Ps (n = 1+2) forma-

tion cross sections in positron–hydrogen collisions for various
Debye lengths, along with that for a free hydrogen atom, are
presented in Tables 2–4. These results are reasonably accurate,
because the quality of the present description for Ps formation
cross sections has been checked.[18]

Table 2. Positronium (n = 1) formation cross section (in units of πa2
0) as a

function of incident positron energy (in units of eV) in positron–hydrogen
collisions for various Debye lengths D. The notation a[b] stands for a×10b.

E D = ∞ D = 100 D = 50 D = 40 D = 30 D = 25

6.8 3.300[−3] 4.800[−3] 5.510[−3] 1.306[−2]

6.9 4.700[−2] 5.044[−2] 5.575[−2] 5.847[−2] 5.985[−2] 7.299[−2]

7 1.170[−1] 1.240[−1] 1.310[−1] 1.350[−1] 1.360[−1] 1.530[−1]

8 1.133 1.161 1.172 1.178 1.181 1.207

9 2.013 2.060 2.069 2.074 2.078 2.101

10 2.604 2.664 2.670 2.675 2.677 2.694

11 2.954 3.021 3.025 3.028 3.030 3.042

12 3.130 3.120 3.201 3.203 3.204 3.211

13 3.183 3.255 3.253 3.254 3.254 3.257

14 3.155 3.224 3.222 3,223 3.222 3.222

15 3.075 3.141 3.138 3.138 3.137 3.135

16 2.961 3.024 3.020 3.020 3.018 3.015

17 2.830 2.887 2.883 2.882 2.881 2.876

18 2.687 2.741 2.736 2.735 2.734 2.728

19 2.541 2.590 2.586 2.585 2.583 2.577

20 2.396 2.441 2.436 2.435 2.433 2.427

25 1.745 1.773 1.769 1.768 1.766 1.760

30 1.262 1.278 1.275 1.274 1.272 1.268

35 9.058[−1] 9.297[−1] 9.276[−1] 9.266[−1] 9.252[−1] 9.217[−1]

40 6.790[−1] 6.852[−1] 6.837[−1] 6.829[−1] 6.817[−1] 6.791[−1]

50 3.860[−1] 3.903[−1] 3.895[−1] 3.890[−1] 3.883[−1] 3.868[−1]

Table 3. Positronium (n = 2) formation cross section (in units of πa2
0) as a

function of incident positron energy (in units of eV) in positron–hydrogen
collisions for various Debye lengths D. The notation a[b] stands for a×10b.

E D = ∞ D = 100 D = 50 D = 40 D = 30 D = 25

11.8 5.560[−3] 3.511[−2]

11.9 1.129[−2] 2.575[−2] 3.501[−2] 4.567[−2] 5.782[−2]

12 3.940[−2] 4.481[−2] 5.175[−2] 5.638[−2] 6.403[−2] 7.368[−2]

13 1.250[−1] 1.361[−1] 1.412[−1] 1.446[−1] 1.506[−1] 1.580[−1]

14 1.620[−1] 1.775[−1] 1.844[−1] 1.887[−1] 1.963[−1] 2.048[−1]

15 1.812[−1] 2.042[−1] 2.130[−1] 2.182[−1] 2.272[−1] 2.369[−1]

16 1.980[−1] 2.225[−1] 2.329[−1] 2.389[−1] 2.490[−1] 2.595[−1]

17 2.080[−1] 2.350[−1] 2.465[−1] 2.531[−1] 2.640[−1] 2.750[−1]

18 2.150[−1] 2.431[−1] 2.553[−1] 2.622[−1] 2.735[−1] 2.847[−1]

19 2.160[−1] 2.475[−1] 2.602[−1] 2.671[−1] 2.787[−1] 2.897[−1]

20 2.170[−1] 2.490[−1] 2.618[−1] 2.687[−1] 2.802[−1] 2.909[−1]

25 1.970[−1] 2.283[−1] 2.393[−1] 2.450[−1] 2.543[−1] 2.623[−1]

30 1.630[−1] 1.884[−1] 1.966[−1] 2.007[−1] 2.072[−1] 2.126[−1]

35 1.361[−1] 1.486[−1] 1.543[−1] 1.572[−1] 1.616[−1] 1.652[−1]

40 1.010[−1] 1.150[−1] 1.190[−1] 1.210[−1] 1.240[−1] 1.263[−1]

50 6.000[−2] 6.866[−2] 7.061[−2] 7.154[−2] 7.296[−2] 7.399[−2]
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Table 4. Positronium (n = 1+2) formation cross section (in units of πa2
0) as

a function of incident positron energy (in units of eV) in positron–hydrogen
collisions for various Debye lengths D. The notation a[b] stands for a×10b.

E D = ∞ D = 100 D = 50 D = 40 D = 30 D = 25

6.8 3.300[−3] 4.800[−3] 5.510[−3] 1.306[−2]

6.9 4.700[−2] 5.044[−2] 5.575[−2] 5.847[−2] 5.985[−2] 7.299[−2]

7 1.170[−1] 1.240[−1] 1.310[−1] 1.350[−1] 1.360[−1] 1.530[−1]

8 1.133 1.161 1.172 1.178 1.181 1.207

9 2.013 2.060 2.069 2.074 2.078 2.101

10 2.604 2.664 2.670 2.675 2.677 2.694

11 2.954 3.022 3.025 3.028 3.030 3.042

12 3.169 3.245 3.252 3.259 3.268 3.284

13 3.308 3.390 3.394 3.398 3.405 3.415

14 3.316 3.402 3.407 3,411 3.418 3.427

15 3.258 3.345 3.351 3.356 3.364 3.372

16 3.159 3.247 3.253 3.259 3.268 3.274

17 3.036 3.123 3.130 3.135 3.145 3.151

18 2.900 2.984 2.992 2.997 3.007 3.013

19 2.758 2.838 2.846 2.852 2.861 2.867

20 2.612 2.690 2.698 2.704 2.713 2.718

25 1.942 2.001 2.008 2.013 2.020 2.022

30 1.424 1.467 1.472 1.475 1.480 1.480

35 9.058[−1] 1.078 1.082 1.084 1.087 1.087

40 7.800[−1] 8.003[−1] 8.027[−1] 8.038[−1] 8.057[−1] 8.054[−1]

50 4.460[−1] 4.590[−1] 4.601[−1] 4.605[−1] 4.612[−1] 4.608[−1]

From the tables, we notice that the peak of the positro-
nium formation is enhanced with the decreasing of Debye
length at low energies, which is consistent with the previous
result[18] that the effect of screening causes an enhancement
in the values of the Ps formation cross sections. However, the
increase is not substantial as the previous results in which the
modified structure of the Ps in Debye plasmas was not taken
into consideration. For example, as shown in Table 3, the value
of the Ps (n = 2) formation cross section for D = 50 a.u. at
12 eV is 0.05175 πa2

0, while in the previous calculations the
value is 0.12061 πa2

0.[18] It means that the influence of Debye
screening is reduced with the inclusion of the modified struc-
ture of the Ps.

In order to have a clear insight into the effect of the inclu-
sion of the modified structure of the Ps, a comparison is dis-
played between the previous results[18] and the present results,
namely OA and OB, respectively. The OA and OB results
of Ps (n = 1), Ps (n = 2), and total Ps (n = 1+ 2) formation
cross sections for Debye lengths D = 100, 50, and 25 a.u. are
displayed in Figs. 4(a)–4(i). As shown in Figs. 4(a)–4(i), the
Ps formation threshold energy increases once considering the
modified structure of the Ps in Debye plasmas, which occurs
as a result of the decreasing binding energy of the Ps. From
the comparison of the OA and OB results in Fig. 4, we observe
that the inclusion of the modified structure of Ps causes a shift

of the maximum position of the Ps formation cross section to
higher energies and a reduction in its value.

Moreover, the value of the Ps formation cross section de-
creases increasingly as the screening length decreases. That is,
values of the Ps formation cross sections are reduced by con-
sidering the modified structure of Ps by the screened Coulomb
potential, and this influence is enhanced with the increasing
screening effect. Thus, slight differences exist among the val-
ues of the Ps formation cross sections under different Debye
lengths at the same scattering energy, as can be seen in Ta-
bles 2 and 4. However, Ps formation cross sections in the
presence of the plasmas are still larger than that of the free
hydrogen atom case at low energies, which means that the in-
fluence of the inclusion of the modified structure of Ps cannot
counteract the enhancement of the Ps formation by the Debye
screening. The screened interaction, described by the Debye–
Hückel potential, always results in the enhancement of the Ps
formation cross sections at low energies.
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Fig. 4. A comparison of positronium formation cross sections under dif-
ferent Debye lengths between the previous calculations in Ref. [18] (dashed
lines) and the present calculations (solid lines) with the inclusion of the mod-
ified structure of the Ps. (a)–(c): Ps (n = 1) formation cross sections, (d)–(f):
Ps (n = 2) formation cross sections, and (g)–(i): Ps (n = 1+ 2) formation
cross sections.

In Figs. 5 and 6, we compare our results of Ps (n = 1)
formation cross sections for Debye lengths D = 50 and 100
with the corresponding results obtained by using different
theoretical approaches.[9,11] The previous results[18] are also
shown. From Fig. 5, the present results are in closer agree-
ment with the theoretical results of Sen et al.[9] than the previ-
ous results.[18] From Fig. 6, the agreement between the present
results and the results of Ghoshal et al.[11] is excellent above
20 eV. At lower impact energies, the previous results[18] are
closer to the results of Ghoshal et al.[11] It is probably at-
tributed to the present inclusion of the modified structure of
Ps.
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Fig. 5. (color online) A comparison of positronium (n = 1) formation
cross section (in units of πa2

0) among present results (solid lines), previous
results[18] (dot lines), and the results of Sen et al.[9] (dash lines) in positron–
hydrogen collisions for D = 100.
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Fig. 6. (color online) A comparison of positronium (n = 1) formation
cross section (in units of πa2

0) among present results (solid lines), previ-
ous results[18] (dot lines), and the results of Ghoshal et al.[11] (dash lines) in
positron–hydrogen collisions for D = 50.

4. Conclusion
A screening approximation model has been employed to

calculate the Ps formation cross sections (n= 1,2) in positron–
hydrogen collisions for various Debye lengths from the Ps for-
mation thresholds to 50 eV, taking account of the influence
of the plasmas screening on the Coulomb potentials and the
structures of target states and Ps states. The influence of con-
sidering modified bound-state wave functions and eigenen-
ergies for the Ps by the screened Coulomb potential on the
Ps formation process is investigated for the first time. Our
present investigation reveals that it reduces the values of the
Ps formation cross section at low energies and this influence is
enhanced as the screening effect increases, whereas it cannot
counteract the enhancement of the Ps formation by the Debye
screening. The screened Coulomb potential always increases
the values of the Ps formation cross sections at low energies.

With the inclusion of the modified structure of Ps, we obtain a
more accurate Ps formation cross section in this charge trans-
fer process. We hope that our present investigate will pro-
vide useful information to plasma physics, astrophysics, and
positron physics.
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