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This paper proposes a modified strong field approximation model for evaluating nondipole effects on the ionization of
an atom in an intense laser field. The photoelectron longitudinal momentum distributions (PLMD) of a hydrogen-like atom
exposed to a mid-infrared laser field is calculated. The theoretical results indicate an obvious asymmetry in the PLMD, and
an offset of the PLMD peak appears in the opposite direction of the beam propagation due to nondipole effects. The peak
offsets of the PLMD increased with the laser intensity, imposed by the initial state of the hydrogen-like atom.
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1. Introduction

The photoionization of atoms or molecules in an electro-
magnetic field is the foundation for many physical phenomena.
A considerable amount of attention has been given to above
threshold ionization (ATI),[!21 double ionization (DI),-!
and high-order harmonic generation (HHG).[%7! The so-called
strong field approximation (SFA) or Keldysh—Faisal-Reiss
(KFR) theory!®1% provides an insightful method for investi-
gating ionization. The electric dipole approximation employed
in SFA assumes that any spatial dependence of the field and
the homogeneous magnetic field component can be neglected
when the radiation wavelength is much larger than the size of
the atom, and dipole transitions are not forbidden by selec-
tion rules. This approximation usually holds well for the most
commonly used near-infrared laser sources and intensities.!]
The dipole approximation can be expected to break down to-
wards short wavelengths, where the wavelength is compara-
ble to the target size. However, recent theoretical works have
shown that nondipole effects can manifest themselves even for
small-frequency infrared (IR) laser fields.[!!~13!

The photoelectron momentum is a worthwhile and mean-
ingful issue for researching and understanding the nature of
photoelectrons in a strong laser field in association with other
critical phenomena.!!*!31 The PLMD refers to the distribu-
tions that are parallel to the pulse propagation direction and
has gradually been recognized for its importance because it
provides direct information about the ionization process. In
the past few decades, the PLMD was initially believed to ex-

DOI: 10.1088/1674-1056/27/1/013203

hibit a Gaussian-like structure.[*>16-18] However, recent stud-

12.19-26] Arigsian et

ies have presented different viewpoints. !
al.'" and Smeenk et al.*°! experimentally measured the mo-
mentum spectra of photoelectron ionized by circularly polar-
ized pulses. A small positive shift of the centre of the PLMD
from p, = 0 was observed when argon and neon atoms are ion-
ized by circularly polarized lasers at wavelengths of 800 and
1400 nm with an intensity of 104-10" W/cm?.[!221 Ludwig
et al. measured the PLMD for the ionization of noble gases
with few-cycle mid-IR linearly polarized pulses at a moderate
intensity range of 2 x 1013-8 x 10'3 W/cm?.[??l An asymmet-
ric PLMD was observed, and the peak of the PLMD was found
to shift in the opposite direction of the beam propagation.
Tao et al. investigated the PLMD by using a semi-classical
model to include the magnetic Lorentz force by considering
the rescattering process.>>?°! An anti-intuitive negative shift
of the PLMD peak was obtained, which agreed with the ex-
perimental results.??) Analysis revealed that the experimental
results presented above can be interpreted through the break-
down of the dipole approximation at low light intensities (i.e.,
I =10" W/cm?), where the electron energies are far from the

el 113271 and the laser wavelength A is longer

relativistic regim
than the characteristic atomic size 2ag = 0.106 nm. These un-
usual experimental phenomena motivated us to consider how
the nondipole effects affect the photoelectron momentum dis-
tribution.

In this work, to obtain the leading-order nondipole cor-
rections of the PLMD, an approximate form is derived in the

SFA framework to calculate the PLMD while considering the
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nondipole effects. In the model, the hydrogen-like atom is ex-
posed in a mid-IR laser field, the polarization of the pulses is
in the x direction, and the laser propagated along the z direc-
tion. The atom-field interaction is described in the velocity
gauge,[?1028] which retained a spatial variable in the vector
potential A (r,t). The vector potential A (r,t) is expected to
depend on space and time in the interaction Hamiltonian. The
nondipole effect has a significant influence on the photoelec-
tron spectra and is adopted to explain the characteristic asym-
metry. The atomic units m =% = e =a = 1 are used throughout
this paper unless specially indicated otherwise. The paper is
organized as follows. Section 2 introduces the model for cal-
culating the PLMD in the SFA framework while considering
the leading-order nondipole corrections. Section 3 presents
the numerical results and discussion. Section 4 concludes the

paper.

2. Theory

This paper proposes a theoretical model for calculating
the PLMD with the lowest-order nondipole correction, where
the nondipole effects are introduced to modify the SFA. When
a hydrogen-like atom is exposed in a linearly polarized laser
field, the interaction between the photoelectron and laser can
be described by the interaction Hamiltonian Hj = # + %.
The components of the laser vector potential are A(r,r) =
aecos (ot — k - r) for considering the breakdown of the elec-
tric dipole approximation. By expanding the vector potential
around r = 0 up to the linear order, the first and second terms
in the expanded expression can be obtained

A(r,t) =aecos(wt) +aesin(wt) - k-r. (1)

In the Coulomb gauge [p, A] =0, k- A = 0, and the Hamilto-

nian is given by

A= A+ A}
el

502 cos?(ot)

a
= —g-pcos(wt) +
c
+%¢ sin(wr)k-r+ @ sin2wr)k (2)
— . . "" —_— . ”"
=P 2c?
where o is the frequency of the laser field, € is the unit polar-
ization vector, and a is the amplitude of the potential vector.
ﬁIO is a Hamiltonian involving the dipole approximation and
can be expressed as!”!

-0 D€

2 02
wt
H; = —acos(wt)—&-w.
c

2c2

€)
A} is the modification related to the nondipole effects

2
Al = p—ga(k r)sin(0r) + — a

. 32 sinot) (k-r). (4)

Based on the SFA,! the interaction Hamiltonian is introduced
into the expression of the transition amplitude

(S— 1 =—1/dt v, i D). 5)

The initial state &; is the bound state of the hydrogen-like
atom, including the ground and excited states. The final state

‘I’f:( 1)3/Zexp{1p r—l—t—/ dtH( )}

is a long-wavelength approximation of the Gordon—Volkov so-
lution in the Coulomb gauge.!®?>"! By inserting the initial and
final states as well as the Hamiltonian into Eq. (5), the transi-
tion amplitude can be divided into two parts

S5 =S 4 st (6)

The first term describes the transition amplitude. It is obtained
by using a method similar to that described by Reiss!”!

ZJ (&, — ( +EB>

p2
><5<2Eina)+zw>, 7

(s— 1Y = 27

where (ﬁi(()) (p) = W [d3rexp{—ip-r}¢:(r). Here, ¢;(r)
is the initial bound state of the electron in an atom, and
Ju(§,—%) is a general Bessel function.”) The intensity-
dependent amplitude §; and intensity parameter z are defined

as
_as . p
pr— 8
& o (8a)
2
a
=g (8b)

The second term of Eq. (6) contributes to the transition am-
plitude associated with the nondipole effects, which causes
the asymmetry of the PLMD considered here. Similar to the

method derived by Reiss,”! it can be written as

(S— 1) D= ZJ,, CI, /dt i sin(r)+2zsin(2wt )|

2
X exp {i <p2 +Ep +Up—na)> t} . ©)]

By employing the expression sinx = % (eix — e ) and the

property of the § function, the integration is performed over ¢
5 (p)r{ g (40 —alD)
~2 (A<2> —AH))}, (10)

727[1)3/2 [dr3 (k-r)exp {— L

(), and A® can be expressed as

; AESE (Z—Ei—&-Up—(n—l)w),

(s—1M =

where (ﬁim (p) =
A A A

r}q)i(r) and
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ny=no+1, (11a)

ACD = wn§ I (z;,,fg)a (ZE1+UP(H+1)(D),
o noi=no—1, (11b)

A® — prnt A (Czr%) 5 <§:1E1+Up(n2)a)),
- ny =ng+2, (11¢)

A = a)n;n: I (g,,-%)a (Z—Ei—&-Up—(n-i-Z)a)),
o n_p,=mng—2. (11d)

Here,n>ng=[z0 —Ej] /o+1= [Up+Eg] /o+1, and []
represents the integer for the quantity in the bracket. Eg = —E;

int

is the binding energy of the electron and U, = ﬁ =z is the

ponderomotive energy. The ionization rate per unit time can
be written as

~ lim (0) [
wftlgg? S=1)" +(S=1)5"| . (12)
The total transition probability is
w=w" 4wl (13)
where

50| (n-20?

< Y | (g,,fg)‘za <szin(u+zw) (14)

= 2m

w,(o) = 4rn°

is the contribution of the total transition probability with the
dipole approximation. Then, the contribution caused by the
correction of the nondipole approximation is given by

w = 22202 (16 () 6" (n) =16 () -6 ()
X {(CI—ZZ)(no—Z) Jno (Cza—é)lz

»?
x & (—Ei—noa)—i—zw) —2z(n1—2)

J AP
2m nl (CI’_E)‘

P
><6<—Ei—n]a)+zw)}. (15)
2m

The terms proportional to k> have been neglected. In order
to clearly analyze the experimental phenomena, *?! the PLMD
can be written in cylindrical coordinates

dw,
L= [wpLdp.de. (16)
Pz

where p| = /p? — pZ represents the momentum component
on the polarization plane, and ¢ is the azimuthal angle be-
tween the direction of the polarization vector and the momen-
tum projection on the polarization plane. At this coordinate,
the propagation direction of the electromagnetic field corre-
sponds to the z axis, and the direction of the polarization vector
is along the x axis.

For the ground state of the hydrogen-like atom, the
PLMD (i.e. the distribution of the momentum in the propa-
gation direction of the laser) can be written as

aw, _ /dq){ y 327%,/2(nw — Ep — z0) — p?

dp, (Z2+2(now — Ep —zm))*

n>ng

(e (5m)
128w%kp;+/2(now — Eg — z0) — p?
[(Z)2 +2(npw — Eg — z0))°
X (Z)°(& —22) (no — 2) | (Cl, —g) '

128w%kp,+/2(n1 @ — Eg — z0) — p?
[(2)2 + 2(111 w—Eg— Z(D)]S

A (Cz,—g)\}, an

where Z is the nuclear charge. Here, Z = 1 for the hydrogen-
like atom. For the excited state with (n,l,m) = (2,1,1) and
(n,l,m) = (2,1,—1), the PLMD results are as follows:

= Jaol2(5) £ (a5 (5 o)

n>ng
)3/2

X

x (Z)°2z(ny —2)

(2(no+E; — z0) — p?

[(2/2)2 12(nw+E: —zw)} °

+o’ <1zk (2)7 (2 (now + E; — z0) —P§)3/2pz>
2 [(Z/z)zﬂ(nowm—zm)r

X (& —2z) (no —z) |Jn, (&7_%)‘2
_w2<12k (2)7 (2(n1w+Ei—zw)_pg)3/2pz>

2 [(2/2)2+2(n1w+Ei—za))]7

A (Cl,—g)\z}. ()

For the case where the initial state is (n,l,m) = (2,1,0), the

x2z(ny —z2)

numerical calculation shows that the transition probability is
very small. This agrees well with the phenomenon observed
by Barth and Smirnova.?%-33] A reasonable explanation is that
the destructive interference largely suppresses the ionization
of the p orbital when the initial state is (n,l,m) = (2,1,0).
Therefore, we mainly focused on the ground and excited states
with (n,l,m) = (2,1,1) and (n,I,m) = (2,1, —1), respectively,
in this work.

3. Numerical results and discussion

We used the modified SFA model to evaluate the PLMD
of a released electron from a hydrogen-like atom exposed in
a mid-IR laser field. The initial states of the atom considered
here are the ground and first excited states. The wavelength
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and intensity of the laser field are selected to be similar to
those used in the experiment.>?! For the initial ground state of
the hydrogen-like atom, the laser wavelength is 3.4 um with
an intensity of 6.0 x 10'3> W/cm?. The calculated results are
shown in Fig. 1. Clearly, the momentum distribution is dra-
matically affected by the correction of the nondipole effect,
and the peak of the PLMD is clearly shifted from p, =0, im-
plying an obvious asymmetry (see Fig. 1(a)). The peak of the
PLMD shifts in the opposite direction of the laser propagation.
When the PLMD is produced by a shorter-wavelength laser, a
similar shift in the direction for the peak of the momentum dis-
tribution is obtained. However, the offset is not evident in the
case of the PLMD produced by a shorter-wavelength laser for
the ground state, as shown in Fig. 1(b), and is clearly shown in
Fig. 4.

7.173251 (a)
7.17320 -
7.17315 -

j— gc%%ected SFA

7.17310 A
7.17305 A
7.17300 A
7.17295 4
7.17290 -
7.17285

Yield/107°

—0.0010 —0.0005 0
p./a.u.

0.0005 0.0010

4.499900
4.499895 1 (P)
4.499890 1
4.499885 1
4.499880 1
4.499875 1
4.499870
4.499865 1
4.499860 1
4.499855

FA
— corrected SFA

Yield/1078

—0.0010—-0.0005 O 0.0005 0.0010

p./a.u.

Fig. 1. (color online) (a) The PLMD for the ground state of a hydrogen-
like atom produced by a linearly polarized laser at an intensity of
6.0 x 103 W/cm? and wavelength of 3.4 um. The red line represents
the spectra by SFA without the calculated correction of the nondipole
effect, and the blue line shows the spectra with the correction of the
nondipole approximation. (b) The PLMD for the ground state of
hydrogen-like atoms in the linearly polarized laser at an intensity of
6.0 x 10'> W/cm? and wavelength of 800 nm. The red line represents
the spectra by SFA without correction of the calculated nondipole effect,
and the blue line shows the spectra with the correction of the nondipole
approximation.

Figure 2 illustrates the calculated PLMD for the excited
state of (n,l,m) = (2,1,1) with the same laser field param-
eters. As indicated in Fig. 2(a), when the laser wavelength
is 3.4 pum, the PLMD shows clear asymmetry compared to

the ground state. The PLMD produced by the laser with a
wavelength of 800 nm also reveals asymmetry, as shown in
Fig. 2(b). By comparing Figs. 2(a) and 2(b), it can be seen
that the shorter laser wavelength does not reduce the offset
of the PLMD peak for the excited state, compared with the
longer-wavelength laser that is divergent from the condition
for the ground state. Our calculated results indicate that the
excited state with (n,l,m) = (2,1,—1) exhibits the same dis-
tribution as the excited state with (n,/,m) = (2,1,1) when the
same laser field is employed.

According to Serebryannikov and Zheltikov’s recent
work,3*! ultrafast photoionization can occur through quantum
pathways that cannot be categorized as multiphoton ioniza-
tion or ground-state tunneling in an intense laser field. In this
regime, tunneling from electronic excited states dominates the
ground-state tunnelling, drastically enhancing photoionization
and modifying its dynamics. It is meaningful to investigate the
ionization rate and PLMD of the excited state.

7.16858 1 —

] (a) —_— (S:g;"%ected SFA
7.16854 1
7.16850

7.16846

1d/1075

7.16842

1€

Y

7.16838
7.16834 4
7.16830 1

—0.0010—0.0005 0 0.0005 0.0010
p./a.u.
2.02385
2.023841 (P)
2.02383
2.02382-
2.02381 -
2.02380
2.02379 1
2.02378

2.02377 4

FA
—— corrected SFA

Yield/107%

—0.0010—0.0005 O
p,/a.u.

0.0005 0.0010

Fig. 2. (color online) (a) The PLMD for the excited state of a hydrogen-
like atom with (n,l,m) = (2,1,1) produced by a linearly polarized laser
at an intensity of 6.0 x 10'> W/cm? and wavelength of 3.4 um. The
red line represents the spectra without the calculated correction of the
nondipole effect by SFA, and the blue line shows the PLMD with the
correction of the nondipole approximation. (b) PLMD for the excited
state of hydrogen-like atoms with (n,/,m) = (2,1, 1) produced by a lin-
early polarized laser at an intensity of 6.0 x 10'> W/cm? and wavelength
of 800 nm. The red line indicates the spectra without the calculated
correction of the nondipole effect by SFA, and the blue line shows the
PLDM with the correction of the nondipole approximation.

The peak shift of PLMD versus the laser intensity is
shown in Fig. 3. The peak shift is more obvious when the laser
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wavelength is 3.4 pm than the laser wavelength of 800 nm for
the ground state. Moreover, the peak offset increased with
the laser intensity. Conversely, it is found that the peak offset
varies when the laser wavelength is 800 nm revealed by the
blue dotted line in Fig. 3 for the excited state. Therefore, the
initial state of the atom is a key factor for PLMD.

0.00005 -+ - 800 nm excited state

0 k= - -+ 3400 nm excited state
< — 800 nm ground state

— 3400 nm ground state

—0.00005 -
—0.00010 4
—0.00015 -
—0.00020 -
—0.00025 -
—0.00030 -
—0.00035 -
—0.00040
—0.00045 -

—0.00050 T
0 0.02

Peak offset/a.u.

0.04 0.06 0.08

Intensity /PW-cm 2

Fig. 3. (color online) The peak offsets along the laser propagation direc-
tion as an approximately linear function primarily depends on the laser
intensity and frequency for different initial states as shown in Fig. 3.
An increasingly negative tendency is clearly revealed. The red and blue
solid lines represent the peak offsets when the lasers adopted to produce
photoelectrons with wavelengths of 3.4 um and 800 nm are used for the
ground state, respectively. The tendency is different when the excited
state is considered, as the red and blue dotted lines clearly show. The
red dotted line illustrates the peak offset when the laser wavelength is
3.4 um. It is noteworthy that an obvious peak shift is observed for the
excited state when the 800 nm laser is considered.

A normalized asymmetry A(p;) is cited to describe the
tendency of the offsets>®! in PLMD, defined as

f(pz) _f(_pz)
F(p)+f(=p2)

The offset is directly visualized in PLMD and is represented

A(p:) = 19)

by f(p;). From Fig. 4 it is concluded that the offset is more
apparent when A = 3.4 pm, than for the A = 800 nm ground
state. Observing the asymmetry coefficient A(p;) is a simple
method to analyze the PLMD. The slope of the A(p,) can be
used to analyze the asymmetry in PLMD. Under no condi-
tions, when considering the correction of the dipole approxi-
mation, A (p;) = 0.

According to Fig. 5, the asymmetry structure is pro-
duced when the laser intensity is large enough, demonstrat-
ing that shorter pulses are capable of causing the asymmetry
in PLMD.[?9 Based on Fig. 3 the asymmetry is exceedingly
apparent for the excited state. Figure 5 shows the PLMD of
the excited state (n,l,m) = (2,1, 1) produced by a linearly po-
larized laser with a wavelength of 800 nm and intensity of
0.70 x 10'® W/cm?. This indicates that the dipole approxi-
mation breaks down in such an intense laser field according to

the long wavelength limit fjjj = 8c? . [11:13.27]

1.5

—— 3400 nm

—_
o

o
IS

—-0.5

—1.0

Asymmetry cofficient A/107°
=

—-0.5 0 0.5 1.0
p,/1073 a.u.

|
‘)—‘
ot
=}

Fig. 4. (color online) The asymmetry coefficient A corresponding to the
ionization caused by the laser with a wavelength of 3.4 um and at an
intensity of 6.0 x 1013 W/em? (red line), and a wavelength of 800 nm
and at an intensity of 6.0 x 103 W/em? (blue line). The more manifest
offset is indicated through the asymmetry coefficient A when the laser
with a wavelength of 3.4 um is adopted for ground state.

5.52 ] — SFA

] — corrected SFA
5.48 ]
5.44 ]
5.40 ]

5.36

Yield/10~*

5.32
5.28

5.24

—0.04 —-0.02 0 0.02 0.04
p./a.u.

Fig. 5. (color online) The PLMD for the excited state (n,l,m) = (2,1,1)
produced by a linearly polarized laser at a wavelength of 800 nm and
intensity of 0.70 x 10'®© W/cm?. The red line represents the spectra
without the calculated correction of the nondipole effects by SFA, and
the blue line shows the photoelectron momentum spectra with the cor-
rection of the nondipole approximation.

4. Remarks and conclusions

To investigate the nondipole effect on the photoioniza-
tion of an atom, a modified SFA model has been developed.
Only the leading-order nondipole corrections are introduced
into the interaction Hamiltonian in the SFA framework. The
initial and final states are similar to those used in SFA the-
ory including the bound state of an atom and the Gordon—
Volkov plane wave. The PLMD of a hydrogen-like atom ex-
posed to a mid-IR laser is calculated with the modified SFA
theory. Our numerical results reveal asymmetry in the PLMD,
and an offset of the PLMD peak appears in the opposite di-
rection of the beam propagation. The asymmetric structure of
the PLMD is more obvious when the excited state is the initial
state of the atom than the ground state for short-wavelength
pulses. The modified SFA model is a useful method to ob-
tain a better understanding of the relevant experiments, such
as the main characteristics of the experiment reported by Lud-
wig et al.:??! (i) the symmetry of the PLMD is destroyed, and
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an offset of the peak of the PLMD appears; (ii) the magnitude
of the offset of the PLMD peak increases with the wavelength

of the laser for the ground state, agreeing well with Reiss’s

[11,12

prediction; 1 (iii) for the same wavelength, a higher inten-

sity of the laser field promotes a more obvious offset of the
PLMD peak for the ground state; and (iv) the initial state of
the hydrogen-like atom is a crucial element to decide the peak
shift in PLMD. More obvious asymmetry is found for the ex-
cited states compared to the ground state. The nondipole ef-
fects are convincingly found to play an important role in the
excited states of an atom, providing a hint for further investi-
gation in future theoretical and experimental works.
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