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We investigate optical superregular breathers in the femtosecond regime under dispersion management in an inho-
mogeneous fiber governed by the nonautonomous higher-order nonlinear Schrodinger equation (NLSE). Exact solutions
describing the dynamics of superregular breathers are obtained. Furthermore, we discuss the propagation behaviors of
controllable superregular breathers, including stabilization and recurrence in an exponential dispersion fiber and a peri-
odic distributed fiber system. Particularly, the nonlinear dynamics of superregular modes evolved from an identical initial

small-amplitude modulation is analyzed in detail.

Keywords: nonlinear wave, superregular breather, controllable dynamics, modulation instability
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1. Introduction

Localized wave structures on a plane-wave background
have become a subject of intense research in nonlinear physics,
since their nonlinear dynamics is strongly associated with the
ubiquitous modulation instability (MI).!'=71 In particular, a
new type of breather mode, superregular (SR) breather, has
been recently proposed by Zakharov and Gelash.[3! In fact, the
SR breather is one type of higher-order breather mode, which
is formed by the interaction of pairs of quasi-Akhmediev
breathers with specific phase shift parameters. Physically,
the SR breather describes a nontrivial quasi-annihilation of
breather collisions and a nonlinear stage of MI from a small
amplitude localized modulation, 1% which is absent in the
classical soliton interaction theory.!'!"1?] Specifically, the MI
scenario of SR breathers is different from the known higher-
order MI formed by multiple Akhmediev breathers that re-
quires an initial periodic modulation in the whole space.!!?]
Interestingly, the SR breather has been verified experimentally
in the picosecond regime of an ideal optical fiber!!"! based
on the autonomous standard nonlinear Schrodinger equation
(NLSE). However, in view of the complexity of practical non-
linear systems, it is important to study the characteristics of
SR breathers in a real optical fiber system.

For long distance transmission, a real optical fiber pos-
sesses several disadvantages such as fiber loss and pe-
riodic lumped amplification.'* Nevertheless, these two
disadvantages can be rectified by employing dispersion
management.!'*15] Indeed, the study of pulse propagation un-
der dispersion management has been paid a great deal of
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1 On the other hand, ultrashort pulses in the
femtosecond regime are tempting and desirable to improve the
capacity of high-bit-rate transmission systems. It is demon-
strated that the phenomenon of optical localized waves in the
femtosecond regime is significantly more complicated than

that in the picosecond regime,[!°-33]

since the higher-order
terms, such as the third-order dispersion, self-steepening, and
the delayed nonlinear response effect must be taken into ac-
count. Therefore, it is important to study optical localized
waves in the femtosecond regime under dispersion manage-
ment.

Recently, the inhomogeneous fibers have aroused exten-
sive attention to reflect the inhomogeneities of media, nonuni-
formities of boundaries, and external forces.[?*4% Further-
more, different types of femtosecond localized waves in the
nonautonomous higher-order NLSE have been investigated,

g, [41-44 s, 145

including soliton: I rogue waves,*! breathers,“! and so

on.#7#8] In particular, the bright solitons in an exponential
dispersion fiber and a periodic distributed fiber system have

[491 Tt is reported that manage-

been observed experimentally.
ment opens a venue into experimental manipulation of local-
ized waves, which needs more exploration. However, to the
best of our knowledge, optical SR breathers in the femtosec-
ond regime under dispersion management have not been re-
ported so far.

In this paper, we investigate the characteristics of optical
femtosecond SR breathers in an optical fiber by the nonau-
tonomous higher-order NLSE. Our presentation will be struc-

tured as follows. In Section 2, we present the theoretical model
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and the SR breather solution by using the Darboux transfor-
mation and similarity transformation. In Section 3, we first
exhibit the characteristics of three types of SR modes. Then
we discuss the exponential dispersion management SR modes
in an exponential dispersion fiber and the periodical dispersion
management SR modes in a periodic distributed fiber system.
Section 4 gives our conclusion.

2. The model and exact solution

The dynamics of SR breathers in the femtosecond regime
for an optical fiber under dispersion management is described
by the nonautonomous higher-order NLSE[41-48]

iE,+ D1 (2)Ey +R(2)|E|’E +iD3(2) Eru
+ioG)([EPE) +if(RE(E), =ilC(RE, (1)

where z and ¢ represent the propagation distance and retarded
time, respectively. E(z,7) is the slowly varying envelope field.
D>(z), D3(z), and R(z) denote the group-velocity dispersion
(GVD), the third-order dispersion, and the nonlinearity, re-
spectively. (z) and f(z) are related to the self-steepening
and the delayed nonlinear response effect. I'(z) is the gain or
loss parameter.

By means of the Darboux transformation and similarity

[45,50]

transformation, we can obtain the exact SR breather so-

lution of Eq. (1). Its exact expression can be written as

(ip1 —p)E1 +(ip1 +p)E2 i

E=AEy |1 —4pp 751 P75 )
where

E1 =001+ 01, E2= @2+ 2620,

E3 = 01102 — Q21012 — P12¢21 + @201,

B4 = (@11 +022)(¢11 + 022),

¢;; =cosh(®, Fiy) —cos(Pr F a),

@;j = cosh(® Fiy)—cos(P| £ ),

¢j3—j = Eicosh(® Ficr) Ficos(Pr F ),

@j3—j = *icosh(®; tia)Ficos(P; F ),
with

0; =2nj(T — VerjZ) + Ij,
quZZThj(T—VphjZ)—ej,
_ Nij o Nrj
Varj = vijtvaj—=, Vphj=vij—Vva2j—,
Nk j ij
vij=q+p;—B(2a> —3¢* +4p*> —69p; —4p?),

q 1
voj=—6Bgsip | 1—— ], g5 = ——x(1+8p;B),
2j ﬁqup< qu> qsj 6ﬁ( Pjﬁ)
P2=—P1; M1 = N2 =Nr, Nit = —Ni2 = N,

= g(R— 1/R)cosc, ;= g(R+1/R)SiHOC>
p1 = g(R—l/R)sina, p= g(R+1/R)cosa,

v =arctan[i(1 —R)/(1+R)],

k z
T:k|:p (—3p>/ D3dZ+t:| + 7o,
B 0
K3 rz z
Z:—/ D3dz+Zo,AAoexp</ Fdz),
B Jo 0

k Z
d=p Kzg—zlﬁ)/o D3dz+t} 1@,

It should be noted that solution 2 is based on the system con-
strained parameters given as

D3(z) : Da(z2) : R(2)  f(2) : a0(2)

_ 1.(3 k>. 6k2Bp7k3
~ P28 BAdewn (25T d2)
—6k2 6k2

: : . 3
AZexp(2 [;Tdz) " Adexp(2 [fI"dz) ©

The above expressions depend on the background ampli-
tude a, frequency ¢, the phase parameters 6;, (;, and the real
parameters f3, p, k, and Ag. Here R (> 1) and « are the ra-
dius and angle of the polar coordinates, which are introduced
by the Jukowsky transform of the spectral parameter. Vg,
and V,p; represent the group velocity and phase velocity of
the waves propagating on the plane wave background, respec-
tively. Parameters 6; and u; (j = 1,2) are phase shift param-
eters. More specifically, u; determines the collision location
in the z—¢ plane. Thus, without loss of generality, we can set
U12 = 0, implying that the collision emerges at (z,7) = (0,0).
Here the remaining parameters determine the degree of com-
plexity of the wave profile around (z,7) = (0,0).

Firstly, we exhibit the effect that 6; will bring about
on the complexity of the wave profile around (z,¢) = (0,0)
without the management (corresponding to D3(z) = D3 and
I'(z) = 0). In this case, equation (1) becomes the autonomous
Hirota equation. Figure 1 shows some particular arrangements
of one-pair quasi-Akhmediev breathers with the following val-
ues of phase shifts: 6, =0, &, and /2 (Ui = 0 for all
cases).

Figure 1(a) depicts the synchronous interaction struc-
ture obtained for 61, = 0. It is shown that one-pair quasi-
Akhmediev breathers collide with each other and lead to a
high amplitude peak structure at the origin (z,¢) = (0,0).[5!-53
A similar synchronized collision of Akhmediev breathers has
been reported in Ref. [54] by controlling the phase and veloc-
ity differences between the breathers.

Another particular interaction is obtained for 81, = 7
(see Fig. 1(b)). The collision point is just near another max-
imum of either breather solution. Each breather then appears
seemingly without much influence of the collision process.!!%]

When 6;, = 7/2, we can see a novel quasi-annihilation
phenomenon of two quasi-Akhmediev breathers, which is
called the standard SR modes. Figure 1(c) describes the quasi-
annihilation of breathers collision at the line z = 0. It also
can be regarded as an initially small localized perturbation
that generates a pair of quasi-Akhmediev breathers propagat-
ing with very fast group velocities in opposite directions.
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Fig. 1. (color online) Special cases of the one-pair breathers solution (R = 1.2, & = 7/5) compared to the single breather solution. One-pair breathers
solution with the following phase shifts: (a) 8> =0, (b) 6y » = 7, and (c) 8; 2 = 7/2 (superregular case). i » = 0 for all cases. Other parameters are a = 1,

q=—1.56754,=0.2,k=1/2,Ap=1,and p=1/2.

Besides these special cases, it should be noted that equa-
tion (2) only describes the ordinary interaction of a pair of
quasi-Akhmediev breathers.

3. Dynamics of the nonautonomous superregu-
lar modes

3.1. Three types of superregular modes

In this part, we discuss the basic characteristics of SR
modes. We find that the characteristics of SR modes are influ-
enced by Vg and Vppj, which are closely related to the back-
ground frequency ¢. Particularly, ¢ is an adjustable and im-

Voo Vi

-2 9519: 952 0.5
q

portant experiment parameter. Thus, we shall reveal the char-
acteristics of SR modes by the properties of Vg and V,p,; with
q in the following. The corresponding results are shown in
Fig. 2.

Figure 2(a) shows the evolution characteristics of Vy; and
Vpni with g. Specifically, the unique properties of SR modes
have been found, which are reflected on the intersections at
q = gr and g; (include g1, gs2). These results are absent in
the standard NLSE. Here we will pay our attention to g = g¢
and ¢y;. We omit the results in the case of g = ¢y, since the
structure is similar to the one in the case of g = g5; with the

same initial physical parameters.

Fig. 2. (color online) (a) Evolution of Vg2 and Vpp1» with ¢. The intersections at ¢ = ¢sj,gr reflect the nontrivial properties of the SR modes. (b) The
half-transition SR mode when Vg1 = V1 and Vyra # Vpn (thus g = g1). (c) The full-suppression SR mode when Vg1 = V2 (thus g = gy ). Other parameters

areR=12,a=m/3,=02k=1/2,Ap=1,and p=1/2.

Compared with the standard SR breather formed by a pair
of quasi-Akhmediev breathers, a half-transition mode[33:50]
is shown in Fig. 2(b). The latter describes a mix of a
quasi-Akhmediev breather and a quasi-periodic wave when
Vert = Vpni and Vera i Vo2 (thus ¢ =gs1 = —B(1+ 8pjﬁ)/6)-
Namely, a quasi-Akhmediev breather and a quasi-periodic
wave collide and form a small-amplitude wave structure
Then this

small-amplitude perturbation is amplified exponentially and

around (z,¢) = (0,0) (i.e., quasi-annihilation).

eventually becomes a mix of quasi-Akhmediev breather

and quasi-periodic waves. Whereas figure 2(c) shows the

full-suppression mode when Vg1 = Vo (thus g = gr =
—1/6B).155%1 Surprisingly, the full-suppression mode de-
scribes a crucial non-amplifying nonlinear dynamics of local-
ized small perturbations along z. Interestingly, both of these
two localized small perturbations at z = 0 are exactly the same
as the one of the standard SR breather. Note that the stan-
dard SR breather exists when Vg1 # Vgro and Vg j # Vi (thus
q # qr,qsj). We note that similar half-transition SR structures
and full-suppression structures have been demonstrated in re-

cent studies.’3571
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3.2. Exponential dispersion management superregular
modes

We present several cases to illustrate the characteristics
of nonautonomous SR breathers under the dispersion manage-
ment. As shown above, D3(z) is the third-order dispersion
coefficient, and I'(z) is the gain or loss parameter. Without
loss of generality, in this work, we choose Iy = 0, it just de-
notes a constant background net gain or loss. We consider an
exponential dispersion decreasing fiber system with 4142471

D;3(z) = Dypexp(—o2), I'(z) = I, 4)

where D3p and o are the parameters related to the third-order
dispersion.

The previous subsection illustrates the essential charac-
teristics of SR modes in the non-management case. In this
part, the dynamical processes of SR modes under the expo-
nential dispersion management are investigated, as shown in
Fig. 3. It exhibits that the localized small perturbations on the
plane wave background evolve to stable quasi-periodic waves.
In order to demonstrate the dynamical processes of the expo-
nential dispersion management SR modes more clearly, we de-
pict them from z = 0.

(b) 60

t
5
—2z=2>50 d
220 (d)
~ ~
1 1
0 0
—80 0 60 —80

t

60
t
3
© —=m G
—2z=0
~
1
0
0 60 —80 0 60
t t

Fig. 3. (color online) (a) Exponential dispersion management of the standard SR breather (¢ = 1.5¢51). (b) Exponential dispersion management of the
half-transition SR mode (¢ = gs1). (c) Exponential dispersion management of the full-suppression SR mode (¢ = gr). Panels (d)—(f) are the profiles of the
modes in panels (a)—(c) at z = 0 and z = 50, respectively. Other parameters are R=1.2, ¢« =7/3,0=1/10,=0.2,k=1/2,Ap=1,and p =1/2.

In the case of Vg1 # Vg2 and Vg j # Vppj, which im-
ply q # qr,qsj, where g = 1.5¢51, the localized small pertur-
bation evolves to one-pair quasi-Akhmediev breathers firstly
and eventually becomes one-pair quasi-periodic waves along
the propagating direction z, as shown in Fig. 3(a). It should
be noted that this result is different from the localized small
perturbation evolving to a pair of quasi-Akhmediev breathers
propagating with fast group velocities in opposite directions in
the non-management case. Specifically, comparing the peak
intensities of z = 0 and z = 50, the small localized perturba-
tion (red circles) increases to two high amplitude multi-peaks
(black circles) (see Fig. 3(d)), namely, this small localized per-
turbation on the plane wave background displays the feature of
ML

When Vg1 = Vpni and Vo # Vi (thus g = gg1), the lo-
calized small perturbation just immediately evolves to a quasi-
periodic wave along the propagating direction z (see Fig. 3(b)).
This result is distinctly different from the localized small per-
turbation evolving to a quasi-Akhmediev breather and a quasi-
periodic wave in Fig. 2(b). The corresponding profiles at z =0
and z = 50 are shown in Fig. 3(e). As we all know, the clas-

sical SR breather scenario of MI exhibits a complex evolu-
tion of multiple quasi-Akhmediev breathers, which evolves
from a localized small perturbation at the position of breather
interaction.-1% In contrast, the exponential dispersion man-
agement SR modes can be seen as a stabilization of the classi-
cal SR modes, which describe the stabilization of the nonlinear
stage of the MI.

When Vi = Vg2, thus g = g, we can see the expo-
nential dispersion management full-suppression SR mode.
Namely, the growth of the initial perturbation amplitude van-
ishes (Fig. 3(c)). The small localized perturbation evolves to a
small amplitude quasi-periodic wave with a small phase shift
(Fig. 3(1)).
from the regime where the MI is suppressed completely when
q = qr-

It can be inferred that this phenomenon arises

3.3. Periodical
modes

dispersion management superregular

In real experiments, periodic management of parame-
ters of nonlinear systems has been shown to be an effective
technique for generating several types of breathers. >8] Gener-
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ally, the periodic management of parameters depends on the
trigonometric functions which are physically relevant. The re-
search on this case is more conducive to the characteristics of
nonlinear waves because they provide alternating regions of
positive and negative dispersion and nonlinearity.>% In this
section, we analyze the periodical dispersion management SR

modes in the periodic distributed fiber system with[43-44]
D3(z) = D3pcos (kz), I'(z) =1Io, )

where D3 and x are the parameters related to the third-order
dispersion management.

—50

When Vg1 # Virz and Virj # Vpnj, which imply g # gy, g5,
in the periodic distributed system, the standard SR breather re-
curs periodically with the period 27/« (see Fig. 4(a)). Espe-
cially, in contrast to the non-management standard SR breather
propagating to =oo, here the periodical dispersion manage-
ment standard SR breather is localized in a certain scope in
the z-axis direction. It looks like one-pair quasi-Akhmediev
breathers propagating with periodic oscillation along z. Inter-
estingly, the one-pair quasi-Akhmediev breathers go through
the amplification and quasi-annihilation process in each half-
period.

50

Fig. 4. (color online) (a) Periodical dispersion management of the standard SR breather (¢ = 1.5¢5;). (b) periodical dispersion management of the half-
transition SR mode (¢ = ¢s1). (c) periodical dispersion management of the full-suppression SR mode (¢ = gr). Other parameters are R = 1.2, a = 7/3,

k=1/10,=02,k=1/2,Ap=1and p=1/2.

When Vg1 = Voni and Vg # Vpnp (thus g = g51), the
half-transition SR breather recurs periodically with the pe-
riod 27/, as shown in Fig. 4(b). Compared to the non-
management case, the structure of the periodical dispersion
management half-transition SR breather is totally changed. It
is clear that a multi-peak structure goes through the amplifica-
tion and quasi-annihilation process from a small perturbation
in each direction at z = nm /K (n is an integral number). Specif-
ically, compare Figs. 4(a) and 4(b), the growth rate of the per-
turbation decreases gradually as ¢ — gs;. As a result, these
periodic motions of SR modes from an initially small local-
ized perturbation possess more complex growth-evolution pro-
cesses than the standard one, which exhibits only one growth-
evolution cycle.

On the other hand, when V1 = Vo (thus g = gf), we can
obtain the periodical dispersion management full-suppression
SR mode (see Fig. 4(c)). In this case, the small perturbation
cannot be amplified, but propagates with small oscillations
along z. It also can be inferred that this phenomenon arises
from the MI being suppressed completely when g = g¢. It is
consistent with the result in the exponential dispersion man-
agement case. Namely, the suppression of MI is related with
the background frequency and cannot be changed by the dis-
persion management.

Very recently, the nonlinear Talbot effect of the rogue
waves of the NLSE[®! and the nonlinear Talbot-like prop-

erty of the Kuznetsov—Ma breathers of the variable-coefficient
derivative NLSE®!] have been focused on widely. Interest-
ingly, the periodical dispersion management half-transition SR
mode shown in Fig. 4(b) has many characteristics that are the
same as the nonlinear Talbot effect.[®*-62! In Fig. 4(b), the lo-
calized nonlinear Talbot-like property, where the periodic inci-
dent wave exactly reappears at certain distances, can be clearly

seen.

Figure 5(a) shows the intensities of the localized wave
in Fig. 4(b) at z = 10, 104 zr/2, 10+ z7. Here zr = 27/Kx
is the Talbot effect length. We find that, if the initial state is
at the non-zero place (z = 10), the localized structure recurs
after the full Talbot effect length but has a phase shift after
half Talbot effect length. Interestingly, the quasi-annihilation
phenomenon around z = 0 shows a special characteristic. As
shown in Fig. 5(b), we find that the localized structures at zt
and zr/2 are the same as the one at the initial place z = 0.
This probably means that the phase shift has been suppressed
by the quasi-annihilation phenomenon. Hereby, we demon-
strate the localized nonlinear Talbot-like property from the
half-transition SR mode based on the nonautonomous higher-
order NLSE.
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Fig. 5. (color online) (a) Profiles of Fig. 4(b) at z = 10, 10+ 27 /ko, and
10+ 7 /ko; (b) profiles of Fig. 4(b) at z =0, 21 /ko, and 7 /kp.

4. Conclusion

We have presented the exact solutions describing the
dynamics of superregular breathers for the nonautonomous
higher-order NLSE. For a real optical fiber system, the nonau-
tonomous model provides us with a more realistic model than
its constant coefficient counterpart. The exact superregular
breathers solutions of the nonautonomous higher-order NLSE
can be obtained via a transformation connected with the au-
tonomous Hirota equation. Based on the procedure, we find
that the dispersion management superregular modes exhibit
stabilization and recurrence in an exponential dispersion fiber
and a periodic distributed fiber system. Particularly, the non-
linear dynamics of superregular modes evolved from an identi-
cal initial small-amplitude modulation is analyzed in detailed.
Our results could provide certain theoretical assistance to the
experimental control and manipulation of superregular modes
dynamics in an inhomogeneous fiber.
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