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We present a fractional-order three-dimensional chaotic system, which can generate four-wing chaotic attractor. Dy-
namics of the fractional-order system is investigated by numerical simulations. To rigorously verify the chaos properties
of this system, the existence of horseshoe in the four-wing attractor is presented. Firstly, a Poincaré section is selected
properly, and a first-return Poincaré map is established. Then, a one-dimensional tensile horseshoe is discovered, which
verifies the chaos existence of the system in mathematical view. Finally, the fractional-order chaotic attractor is imple-
mented physically with a field-programmable gate array (FPGA) chip, which is useful in further engineering applications
of information encryption and secure communications.

Keywords: fractional-order chaotic system, Poincaré map, topological horseshoe, field-programmable gate
array (FPGA)
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1. Introduction

At the beginning of 1960s, Lorenz published an essay
in the study of atmospheric turbulence phenomenon,[1] which
opened the prelude to the study of chaos phenomenon. In the
following decades, more and more attention has been paid to
the research and application of chaos. Some chaotic attractors
have been proposed, such as Chua circuits,[2] Chen system,[3]

Qi system,[4] etc. In recent years, with the development of
fractional calculus, the fractional order chaotic system and
its synchronization and control have aroused extensive inter-
est and done in-depth researches,[5–10] for the fractional order
system is a more generalized system than the integer order sys-
tem.

So far, there is no strict definition of chaos, so it has be-
come a hot topic to prove the existence of chaos by different
methods. The chaotic dynamics can only be proved by using
numerical analysis methods, such as the Lyapunov exponents,
phase portraits, and Poincaré maps, this cannot be looked as
the evidence for chaotic dynamics. It is necessary to theo-
retically investigate the chaotic characteristics of the systems.
Combined with computer numerical method, the topological
horseshoe theory can be easily used to prove the existence of
chaotic attractors mathematically.[11–13]

Due to the high logic density, versatility and other fea-
tures, the field-programmable gate array (FPGA) chip has
been widely used in communication and signal processing.

Currently, the FPGA implementation for integer order chaotic
systems has obtained some achievements.[14,15] Because frac-
tional order dynamical systems can more objectively reveal
and describe the essential phenomena in nature than the sys-
tem of integer order dynamics,[16] the physical realization
of fractional order system has more important application
value.[17]

From two aspects of theory and physical realization, the
chaos existence of a fractional order system is studied compre-
hensively in this paper. First, we focus on verifying the chaotic
dynamics of a fractional-order system based on the topology
horseshoe theory, the chaotic existence of the fractional order
system is strictly proved mathematically. Furthermore, for the
convenience of chaotic engineering applications, a digital cir-
cuit is designed to realize the fractional-order system based
on the FPGA chip, which verifies the chaotic characteristics
physically, and provides a general method of realizing chaos
by FPGA.

In this paper, the fractional order four-wing system is in-
vestigated. The rest of the paper is arranged as follows. In
Section 2, the fractional order four-wing system is constructed,
and some phase portraits, Lyapunov exponent diagrams, and
bifurcation diagrams are given to show its complex dynamic
characteristics. Then, in Section 3, some topological horse-
shoe theory is reviewed firstly, and the existence of chaos is
rigorously verified based on the topological horseshoe theory.
In Section 4, the fractional order chaotic system is physically
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implemented by using FPGA chip, the experiment results are
consistent with the numerical simulations.

2. Fractional-order four-wing attractor
Dong et al. proposed an integer order four-wing chaotic

attractor,[18] whose chaotic properties were verified by using
the topological horseshoe and numerical calculations.[14] To
obtain a more generalized system, a corresponding fractional
order system is constructed as follows:

dα x
dtα

= ax−byz,

dβ y
dtβ

=−cy+ xz,

dγ z
dtγ

= kx−dz+ xy,

(1)

where a, b, c, d ∈ R, 0 < α , β , γ < 1, and parameters α , β ,
and γ are called fractional order.

The fractional derivative adopted in this study is the well-
known Riemann–Liouvile definition

dq f (t)
dtq =

1
Γ (n−a)

dn

dtn

∫ t

0

f (τ)
(t− τ)q−n+1 dτ. (2)

This is because the fractional differential calculation of
the system is difficult to calculate in the time domain and there
is direct relationship of Laplace transform. In this paper, the
frequency-domain approximation method will be used to an-
alyze the fractional-order four-wing system, which has also
been adopted in some other papers.[19–24]

In this study, all the initial values of system (1) are set to
be zero, and the Laplace transform of the Riemann–Liouvile
definition is

L
{

dq f (t)
dtq

}
= sqL{ f (t)}. (3)

The Laplace transformation of the system (1) is
sα𝑋(s) = a𝑋(s)−b𝑈(s),
sβ𝑌 (s) =−c𝑌 (s)+𝑉 (s),
sγ𝑍(s) = k𝑋(s)−d𝑍(s)+𝑊 (s).

(4)

𝑈(s) =𝐿[u(t)] =𝐿[y(t)z(t)],

𝑉 (s) =𝐿[v(t)] =𝐿[x(t)z(t)],

𝑊 (s) =𝐿[w(t)] =𝐿[x(t)y(t)].

Based on the Porter frequency domain approximation
method,[25] the approximation of the transfer function 1/sq in
the frequency domain is

1
s0.9 =

2.2675(s+1.292)(s+215.4)
(s+0.01292)(s+2.154)(s+359.4)

. (5)

In this study, the fractional orders are set to be the same
value which means α = β = γ . With (a) constants b = 1,

c = 10, d = 4, k = 1, α = β = γ = 0.9, and varying a, (b) con-
stants a = 4, c = 10, d = 4, k = 1, α = β = γ = 0.9, and vary-
ing b, (c) constants a= 4, b= 1, d = 4, k = 1, α = β = γ = 0.9,
and varying c, (d) constants a = 4, b = 1, c = 10, k = 1,
α = β = γ = 0.9, and varying d, the four bifurcation diagrams
of the variable x in the fractional order are shown in Fig. 1,
which indicates that the chaos behavior exits in the fractional-
order system when any of system parameters varies.
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Fig. 1. (color online) Bifurcation diagrams for the 2.7 order fractional
four-wing system, with (a) varying a, (b) varying b, (c) varying c, and
(d) varying d.

Phase portraits can explicitly show the chaotic attractors.
The phase portraits of this fractional order system are shown
in Fig. 2. As can be seen from Fig. 2, the fractional-order
system displays a four-wing chaotic attractor when selecting
parameters are a = 4, b = 1, c = 10, d = 4, k = 1.

The Lyapunov exponent spectrum is given in Fig. 3 which
can show its complex chaotic dynamics.
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Fig. 2. (color online) Phase portraits of the 2.7 order fractional four-wing chaotic attractor (a) projection on x–y plane; (b) projection
on x–z plane; (c) projection on y–z plane.
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Fig. 3. (color online) Lyapunov exponent diagram (varying d).

3. Topological horseshoe analysis and verifica-
tion

3.1. Review of topological horseshoe theory

The topological horseshoe theory can trace back to the
well-known Smale horseshoe map proposed by Smale,[26] and
it was expanded by Kennedy et al.,[27] Kennedy and York.[28]

On the basis of the above researches, Yang et al.,[29] Yang and
Li[30,31] proposed the topological hoof theory, which provides
a computer aided method for theoretically proving whether a
system is chaotic.[29–31]

Firstly some aspects of symbolic dynamics are recalled.
Let S = {0,1, . . . ,N}, N ≥ 2 be the set of non-negative
successive integers. Let Σ be the collection of all bi-
infinite sequences with their elements of S, i.e., each ele-
ment s of Σ implies s = {. . . ,s−n, . . . ,s−1,s0,s1, . . . ,sn, . . .},
si ∈ S. Now consider another sequence s̄ ∈ Σ , s̄ =

{. . . , s̄−n, . . . , s̄−1, s̄0, s̄1, . . . , s̄n, . . .}, s̄i ∈ S, the distance be-
tween s and s̄ is defined as

d(s, s̄) =
∞

∑
−∞

1
2i
|si− s̄i|

1+ |si− s̄i|
. (6)

With the distance defined as expression (6), Σ is a metric
space, and there is a well-known theorem.

Lemma 1[29,32] The space Σ is (i) compact; (ii) totally
disconnected; (iii) perfect.

A set having the three properties in the above theorem is
generally referred to as a Contor set, which frequently appears
in the characterization of complex structures of an invariant set

in a chaotic dynamical system. Furthermore, consider a map
of Σ into itself, σ : Σ → Σ , given by

σ(si) = si +1. (7)

which is referred to as the m-shift map, and thus there is the
following fact.

Lemma 2[33,34] (a) σ(Σ) = Σ and σ is continuous; (b)
the shift map σ as a dynamical system defined on Σ has the
following properties:

i) σ has a countable infinity of periodic orbits consisting
of orbits of all periods;

ii) σ has an uncountable infinity of nonperiodic orbits;
iii) σ has a dense orbit.
Thus, the dynamics generated by the shift map σ displays

sensitive dependence on initial conditions on a closed invariant
set, and therefore is chaotic.

Let X be a metric space, then Q will be a compact
subset of X , and f : Q → X will be a map satisfying that
Q1,Q2, . . . ,Qm are m mutually disjoint compact subsets of Q,
and f |Qi is continuous for each Qi.

Definition 1 Let Γ be a compact subset of Q, if Γi =

Γ ∩Qi (i = 1,2, . . . ,m) is nonempty and compact, then Γ

is called a connection with Q1,Q2, . . . ,Qm. F is said to be
an f -connected family, if F is a family of connections with
Q1,Q2, . . . ,Qm satisfying the following property: Γ ∈ F ⇒
f (Γi) ∈ F .

Lemma 3[30,35] Suppose that there exists an f -connected
family with Q1,Q2, . . . ,Qm. Then there exists a compact in-
variant set k ⊂ Q, such that f |Qi is semi-conjugate to m-shift.

Lemma 4[31,36] There are two dynamical systems, i.e.,
compact metric spaces (X , f ) and (Y,g). If (X , f ) is semi-
conjugate to (Y,g), then the topological entropy of f is not less
than that of g, that is, ent( f ) ≥ ent(g). If g is an m-shift map,
then ent( f ) ≥ ent(g) = lnm. When m > 1, it can be proved
that the dynamical system is chaotic.

3.2. Horseshoe in the fractional-order four-wing system

To mathematically prove the existence of chaos by using
topological horseshoe theory, an appropriate Poincaré section
is constructed on plane Π =

{
(x,y,z) ∈ R3 : x = 0

}
firstly. As
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shown in Fig. 4, the four wings of the attractor are patches
of dense points, and the most representative four-wing orbit
behavior of the chaotic attractor is revealed.
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Fig. 4. (color online) Poincaré section of the attractor.

To construct a Poincaré map, a cross section X is selected
on the plane Π, which intersects the one wing of attractor or-
bits. As shown in Fig. 5, X = |MNPQ| with its four vertices
M = [0,0,0], N = [0,0,30], P = [0,25,30], Q = [0,25,0].
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Fig. 5. (color online) Three-dimensional phase portraits and the se-
lected cross section X = |MNPQ|.
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Fig. 6. (color online) Images |A′B′C′D′| of the quadrangle |ABCD|, par-
tially enlarged view in the inset.

Second, we need to seek a set U and its two mutu-
ally disjoint compact subsets in the cross section X , and de-
fine the corresponding first return Poincaré map ω : P →
Γ such that the image ω(P) intersects with the set P.
After many tests and numerical calculations, the quadran-
gle P = |ABCD| is selected to have four vertices A =

[0,6.05,12.66], B = [0,7.027,13.895], C = [0,9.05,13.925],
D = [0,7.859,12.635]. As shown in Fig. 6, the image of
|ABCD| is like a very thin hook that wholly acrosses the quad-
rangle regions of |ABCD|.

The two mutually disjoint compact subsets are also found
as shown in Fig. 7. Subset |AGHD| has four vertices:

A = [0,6.05,12.66] , G = [0,6.655,13.424] ,

H = [0,8.566,13.401] , D = [0,7.859,12.635] ,

and subsect |EBCF | has four vertices:

E = [0,6.664,13.432] , B = [0,7.027,13.895] ,

C = [0,9.05,13.925] , F = [0,8.578,13.412] .
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Fig. 7. (color online) Two mutually disjointed subsets |AGHD| and
|EBCF |.

Then, for the first return, the Poincaré map ω : P→ Γ ,
|E ′B′C′F ′| = ω(|EBCF |), the image |E ′B′C′F ′| is a very thin
hook-like strip with BC mapped to B′C′ and EF mapped to
E ′F ′. Furthermore, by enlarging the local region in Fig. 8, we
can find that E ′B′ and C′F ′ are wholly situated across the set
|ABCD|.
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Fig. 8. (color online) Image |E ′B′C′F ′| of the quadrangle |EBCF |, par-
tially enlarged view is shown in inset.

The image of |A′G′H ′D′| = ω(|AGHD|) is shown in
Fig. 9, and AD and GH are mapped to A′D′ and G′H ′, respec-
tively. Similarly, A′G′ and H ′D′ are wholly situated across the
set |ABCD|.
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Fig. 9. (color online) Image |A′G′H ′D′| of the quadrangle |AGHD|.

Based on the above analysis, for each connection δ be-
tween the subset |AGHD| and the subset |EBCF | in set P,
the images ω(δ ∩ AGHD) and ω(δ ∩ |EBCF |) also wholly
cross the set P. That is, the images ω(δ ∩ AGHD) and
ω(δ ∩|EBCF |) are still connected between the subset |AGHD|
and the subset |EBCF | in set P. According to Theorem 3 and
Theorem 4, the map ω is semi-conjugate to the two-shift map,
which shows that the entropy of the fractional-order four-wing
system is ent( f ) ≥ log2 > 0. Thus, the presence of chaos in
system (1) is proven.

4. FPGA implementation
FPGA is one of the highest integration degrees of applica-

tion specific integrated circuit (ASIC), which solves the short-

comings of not only the custom circuit, but also the limited

number of the gate circuits of the original programmable de-

vice. It has been used widely in modern digital signal process-

ing due to its advantages, including internal programs running

in parallel, a large number of soft cores and short development

cycle.[37–39] As the chaotic signal can be used as an encrypted

signal for secret communication, to better apply chaos to the

communication area, the FPGA chip can be used to realize and

validate the fractional order chaotic system.

For the convenience of engineering application, a digital

chaotic circuit is designed and implemented by using an FPGA

chip in this section.

As the FPGA is a digital device, it is necessary to dis-

cretize the chaotic system. In this paper, the transfer function

is discretized by impulse invariance method[40]

H(S) =
1
S
⇒ H(Z) = 0.001

Z
Z−1

. (8)

The transfer function after discretization is as follows:

H(S) =
1

s0.9

= 0.001
0.1126Z3−0.1102Z2−0.1126Z +0.1102

Z3−2.964Z2 +2.929Z−0.9645
. (9)

Based on the Blockset in the DSP Builder library, the

model of Eq. (9) is built as shown below.

output

1

Gain 8Gain 7Gain 6

Gain 5

-K-

Gain 4Gain 3Gain 2

Gain 1

-K-

Delay 3

Delay 2z
1

Delay 1

add 1add

input

1

-K- -K- -K- -K- -K- -K-

z

1
z

⇁

⇁

⇁

⇁

⇁

⇁

⇁

⇁

1
z

Fig. 10. Structure block diagram of 1/s0.9 after being discretized.

Here Gain 1 = 0.001, Gain 2 = 0.9645, Gain 3 = −2.929,
Gain 4 = 2.2964, Gain 5 = 0.1126, Gain 6 = −0.1102,
Gain 7 = −0.1126, Gain 8 = 0.1102. Add is an adder with
four inputs, and Delay is a time delay device with a unit time
delay.

As shown in Fig. 11, the structure model of system (1) is

built by the DSP Builder Module.
After a successful simulation, the model file is converted

into VHDL codes and the codes are analyzed, simulated, and
compiled by using Quartus II. Finally the fractional-order
chaotic system is implemented in the Alter DE2-115 devel-
opment platform.
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Fig. 11. (color online) Model structure of the fractional order four-wing system.

To facilitate the observing of the chaos attractor, in the

experiment used is an AD9764 high-speed digital-analog con-

version chip of 14 bits to convert the output digital signals

of FPGA into analog signals. The clock frequencies of the

D/A chip and the FPGA chip are synchronized at 50 MHz.

Figure 12 shows the schematic of the experiment setup. The

chaotic attractors generated by the FPGA are illustrated in

Fig. 13.

The experimental results show that the chaotic attractors

generated by the FPGA are consistent with the numerical sim-

ulations. This method is more convenient to apply to other

chaotic system, providing further technical support for the ap-

plication of a fractional chaotic system to the information en-

cryption and secure communication.

Fig. 12. (color online) Experiment setup.

(a) (b) (c)

Fig. 13. (color online) Chaotic attractors generated by the FPGA, (a) projection on x–y plane, (b) projection on x–z plane, (c) projection on y–z plane.

5. Conclusions

In this paper, a fractional-order four-wing chaotic system
is investigated. The Lyapunov exponent diagrams and bifur-

cation diagrams are used to verify the chaotic dynamics of

the fractional-order system. Furthermore, based on the topol-

ogy horseshoe theory, a suitable Poincaré section is selected
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to obtain the corresponding Poincaré map, then, the horseshoe
embedded in the attractor is found, which indicates that the
system has positive topological entropy, and chaos is verified
rigorously. Finally, a digital circuit is designed to realize the
fractional-order system with the FPGA chip, and the chaotic
characteristics are verified physically. All these research re-
sults show that the dynamics of the fractional-order four-wing
system is complex. In the future we will apply this fractional
system to information encryption.
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