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Synthetic aperture radar (SAR) is an effective tool to analyze the features of the ocean. In this paper, the microcanon-
ical multifractal formalism is used to analyze SAR images to obtain meso-micro scale surface features. We use the Sobel
operator to calculate the gradient of each point in the image, then operate continuous variable scale wavelet transform on
this gradient matrix. The relationship between the wavelet coefficient and scale is built by linear regression. This relation-
ship decides the singular exponents of every point in the image which contain local and global features. The manifolds in
the ocean can be revealed by analyzing these exponents. The most singular manifold, which is related to the streamlines in
the SAR images, can be obtained with a suitable threshold of the singular exponents. Experiments verify that application
of the microcanonical multifractal formalism to SAR image analysis is effective for detecting the meso-micro scale surface

information.
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1. Introduction

Rich information is contained in the ocean surface. Ob-
servations and deep understanding of the ocean surface flow
system can provide great benefits to the study of the ocean
and the environment. The main challenge is how to obtain
global ocean information at rates of high frequency. Satellite
remote sensing technology makes this possible. At present,
the relatively mature sensors include scatterometer and syn-
thetic aperture radar (SAR). The resolution of scatterometer
data can reach 25 km, while SAR can reach 50 m. Moreover,
with its all-weather and all-time capabilities, SAR can be con-
sidered to be more suitable for studying the ocean surface than
the scatterometer.

In order to obtain and study information data sets for the
ocean surface, the turbulent processes usually need to be ob-
served and analyzed. For now, the main method of analyz-
ing the turbulent processes is statistical analysis, which needs
abundant data to build numerical models. The microcanoni-
cal multifractal formalism allows us to analyze the observa-
tions directly. This approach is a purely geometrical approach
which is able to describe and exploit the geography proper-
ties of the tracer variable. In this paper, the microcanonical
multifractal formalism is studied. Based on the analysis of
the characteristics of ocean SAR images, a method for singu-
larity analysis is presented and used to reveal the multifractal
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structure of ocean SAR images. The most singular manifold
method is used to analyze the maximum singularity stream-
function and to obtain the main streamlines in the ocean SAR
image.

2. General theory

In the 1970s, Mandelbrot firstly introduced the concept
of fractal to the natural science field. In simple terms, fractal
means that in a given system, there is some self-similarity be-
tween the whole and the part.!!! This self-similarity is found
widely in the natural world. By studying the application of
fractal thought, many mathematical difficulties can be solved
in the analysis of physical and economic phenomena.

Suppose that an n-dimensional space with volume 1 is di-
vided into n equal parts which are D-dimensional geometries
with the side length of . We can obtain

n? = 1. )
The dimension of the space can be obtained as
Inn
= 2)
nr

Mandelbrot calculated that the dimension of the British coast-
line is 1.25. Then the length of the coastline can be deter-
mined. So in practice, we can use the fractal dimension to
describe the complex geometries.?!
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Mathematically, multifractals are characterized by many
or infinitely many power-law relations.?! These relations are
built by exponents. To describe the complex systems, we need
a set of continuous exponents, which is a singular spectrum.
Every exponent, which is a singular exponent, reveals the sin-
gularity of every point in the system. This method is recog-
nized as multifractal.

There are two ways to analyze the multifractal system and
its energy property. The traditional method is the canonical
formalism (CF), which only deals with the statistical property.
The singular exponents are calculated by the box-counting
method!*! or its improved method.®! The other method is the
microcanonical formalism (LCF), which assigns a geometrical
property to every point in the system. Thus, we can analyze the
fractal structure, obtain its energy characteristics, and process
the accurate geometric classification on fractal manifolds. In
addition, by the application of uCF, it has been shown that the
multifractal signal can be reconstructed from the most singular
points.

Coherent vortices in a turbulent flow strongly interact and
fold small-scale filaments ejected from the vertex cores and
generate small-scale tracer gradients between eddies.!®! So the
spatial structure of a tracer inherits some properties of the un-
derlying flow, according to what has been theoretically and ex-
perimentally shown in some papers.!”! A new scheme for ex-
tracting the structural information from the ocean scalar vari-
able has arisen, that of singularity analysis in the microcanon-
ical multifractal formalism.

With more researching on the microcanonical multifrac-
tal formalism, its application range becomes wider. It can
be used in analysis of topography and geomorphology,!®!

(9,10

ecosystem, digital image processing,'”!°! power systems, the-

oretical physics,!'! urban traffic,['?! signal and information
processing,[!3! the processing of radar and sonar signals, ']

and so on.

3. Multifractal structure of SAR image
3.1. Singularity analysis

In singularity analysis, the key is assigning the local scale
exponent to every point in the image. The local singular expo-
nent A(x) of a given field s(x) at point x can be obtained, for
any scalar r small enough, from the following scaling:

The results from wind tunnels and other laboratory ex-
periments reveal that such scaling relations are generally

observed.[15:16

| The local singular exponent can reveal the
This method

econometric

continuity degree around a given point.

can be used in analyzing natural images,[!”]

time series, '8! meteorological images,!'”! bacterial genes, [*!

22.23] panofluids, 24 target

26]

speckle fields,[?! random signals,[
detection studies,!*! and oceanographic satellite images.|

However, in most practical cases, it does not hold, be-
cause the existence of long-range correlations can mask the
softest singular exponents.?”) To eliminate this effect, we can
use the wavelet transform to filter s(x) without destroying the
scale invariance properties. The counterpart to Eq. (3) is the
wavelet transformed result in the way

Tys(x,r) th(x), 4)

where Tys(x, r) is the wavelet projection of s over the wavelet
W at the point x and the scale , defined as

Tys(x,r) Eriz /:os(x)'fl <xrxo) dx. )

The wavelet ¥ used here must have some zero-crossings.

These points may reduce the resolution in the determination
of singular exponents. To solve this problem, we can process
the wavelet transform on the modulus of its gradient instead of
the signal itself, as

1 /= _
Ty |Vs] (x,r)Er—z/_NWs\(x)‘I’ (’“ rx())dx. ©)

In this relation, ¥ needs not to have zero-crossing. We can
choose positive wavelets to process the wavelet transform. If
the signal is multifractal, the relationship between the wavelet
coefficients and the singular exponents can be obtained as

Ty |Vs| (x,r) ~r"), ©)

where h(x) can be obtained by

h(x)zln[TW|Vs|(x,r)]. @)

Inr

In ocean SAR images, redundancy and high resolution
reduce the difference between the neighbor points. The tradi-
tional method of singularity analysis is unsuited for this anal-
ysis. To solve these problems, the singularity analysis method

1
= s+ ) = s(x)| ~r"0). (3)  is improved as shown in Fig. 1.
singularity
image iabl 1 5
|:g: Sobel dimension — vara el stca ¢ linear spectrum
wavele :>
operators reducing regression
transform

Fig. 1. Improved singularity analysis process.
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The difference between most neighbor points is so small
that simply calculating the gray level gradient cannot produce
enough features. So we use the Sobel operators instead of
the traditional gradient calculation to highlight the surface fea-
tures. This calculation is processed in the x and y directions
separately, which are shown as

—-10 +1 +1 +2 +1
Sobel,= | -2 0 42 | xS, Sobel,=| 0 0 0 |x*S,
—10 +1 -1 -2 -1

©)
where S is the gray-level matrix of the SAR image. Thus,
we obtain two matrixes, Sobel, and Sobel,. In other words,
there are two values, assumed to be s, and sy, on every point.
To perform wavelet transform on the matrix, there must be
one value on every point. Moreover, this value must contain
the so-called feature on the x direction and the y direction all
together. So we must reduce the dimension to get the gradient

Vs=1/(s:)” + (s,)%.

We use this Vs instead of the traditional gradient to high-
light the difference among the adjacent points. Every SAR

for every point as

(10)

image has a finite energy and fits the square integrable con-
dition. So we use Eq. (6), at every point x, with different
scales ry,r2,...,F,, and obtain relevant wavelet coefficients
as Ty |Vs| (x,r1), Ty |Vs|(x,r2),..., Ty |Vs| (x,r,). Ata fixed
scale, i(x) can be obtained by Eq. (8). At multiscale, h(x) can
be obtained by linear regression. Set b; = In[Ty, |Vs| (x,77)],
a; = Inr;, then we obtain

h ()C) :Z?=1 (ai—ﬁ)({ji;[]) _

Y (bi=b)

Equation (11) calculates the regression coefficient by the least-

Z?:] aibi—ndl_y
? b?—nb

Y

squares fitting. Indeed, according to the scale invariance prop-
erty in fractal analysis, this coefficient is just the singularity
exponent.

3.2. Result

Using the microcanonical multifractal formalism in an-
alyzing SAR ocean images can get properties and detect the
surface currents. Some researchers have studied its applica-
tion in analyzing scatterometer images.[® But the scatterom-
eter cannot provide ocean information at any time and in all
weather. Besides, the resolution of the scatterometer data
is too low to detect the meso-micro scale vortex. Normal-
ized radar cross section (NRCS) presents the electromagnetic
backscattering intensity obtained by SAR. The results of elec-
tromagnetic scattering from a fractal sea surface can be used in
the remote sensing of ocean variables, for example, retrievals
of wave spectra and marine winds, ship detection, oil slick
recognition, pollution analyses, and related problems.[28-30]

Some studies have shown that NRCS of the ocean surface has
a fractal structure.[*!=331 So NRCS is selected to be studied for
the ocean SAR images.

Figure 2 is the SST image in 22 May 2009 of part of the
Northeast American coast. There is a black area in the lower-
right corner, which is caused by clouds or other phenomena.
Analysis of this SST image by application of uCF leads to
Fig. 3. Thus we can see the main manifold in this area (ex-
cept the black area). Moreover, the manifold around the black
area is also deteriorated. When the SST image has large or
multiple black areas, we perhaps cannot see the manifold at
all. Because of the lower resolution of the SST image, we can
only see some large scale currents in Fig. 3. At the bottom
of Fig. 3, there are many dark lines which constitute simply
a mess. Some meso-micro scale vortex phenomena may be
located there, but we cannot clearly see the manifold.

MODPMN20091422009142.1.4 LP_S01
Sea Surface Temperatu
74°W __72°W___70°W ___68°W__66°W___64°W _ 6.
% gt

May 22-May 22, 2009 (1LP)

60°W 58°W

Celcius  17.2
sst (provisional) SOIN
SOIN_01 (MODIS-AQUA-PM) MetOc Trinty Halifax

Version 5.2 (APS v3.5.2) MARLANT DND Canada

Fig. 2. SST image.

Fig. 3. Singular exponents detected from the SST image.

To solve these problems, we use this method on the SAR
NRCS. Figures 4 and 5 show two areas in this region, which
are within the broken lines, imaged as NRCS by Radarset-2 at
the same time.
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SAR 20090522-221005
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Fig. 4. (a) SAR image obtained at 22:10:05, (b) location in SST image, (c) location in the singular exponents image (RADARSAT-2 data
and products from MacDonald, Dettwiler, and Associates Ltd. All Rights Reserved).

SAR 20090522-221049

MODPMN2009142200

24w 72w

Latitude/dB

38°N e 30

L L L
66°W 65°W 684°W 63°W

May 22-May 22,2000 (1LP)

Fig. 5. (a) SAR image obtained at 22:10:49, (b) location in SST image, (c) location in the singular exponents image (RADARSAT-2 data
and products from MacDonald, Dettwiler, and Associates Ltd. All Rights Reserved).

From the SAR images, we can see some vortexes, but in
the same area in the SST image and singular exponents image,
we cannot see these vortex features clearly. In the SAR image
obtained at 22:10:05, we can see an almost complete vortex lo-
cated near 30°N and 64.5°W. We can use the microcanonical
multifractal formalism in analyzing this SAR image if it has a
fractal structure indeed. In Fig. 6, we can see the relationship
between In[Ty, |Vs| (x,r;)] and Inr; at any point in the SAR im-
age. The values of In[Ty, |Vs| (x,r;)]/Inr; at every r; are similar
to the regression coefficient. This is a prevalent phenomenon
in the whole image, which fits the scale invariance property of
fractal. Then we use the microcanonical multifractal formal-
ism in analyzing this SAR image and obtain Fig. 7.

[y

In[Ty|VS|(z,r;)] /107

Inr;

Fig. 6. Regression curve of a point in the SAR image.

Figure 7 shows the manifold of this meso-micro scale
vortex clearly. The manifold indicates the streamlines in the
ocean. The SAR image has a higher resolution, so the echo
intensities of adjacent points have little difference to one an-
other, which will reduce the gradients. When we calculate the
local singular exponents of every point, the results are centered
around 0. This conclusion can be comfirmed by Fig. 8, which
is the probability density function (PDF) for the singular ex-
ponents obtained from the SAR image. To show the manifold
and analyze the streamline of the ocean, we disperse the re-
sults by nonlinear stretching, which allows us to see the man-
ifold clearly but breaks the streamlines at some points. This
breakage can be removed by some specific algorithms when

Fig. 7. Singular exponents.
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some specific features are needed, such as the vortex’s edge,
area size, and so on. From the latitude and longitude coor-
dinates, we can see that the maximum width of this vortex is
about 200 km. The ocean surface feature of this scale cannot
be detected by SST fields determined by scatterometer images,
so using the microcanonical multifractal formalism on SAR
images to analyze the meso-micro scale feature is reasonable
and efficient.

0.8

0.7f
0.6}
0.5¢

PDF

0.4f
0.3}
0.2f
0.1t

O 1 1 "
—0.010 —-0.005 O 0.005 0.001 0.015 0.020

Singular exponent

Fig. 8. PDF for the singular exponents.

4. Most singular manifold analysis
4.1. Maximum singularity streamfunction method

Once every point is assigned a singular exponent, it is
possible to decompose the signal into different patterns (the
fractal components) classified from the most singular (usu-
ally associated to transitions) to the less singular (associated
to smooth, continuous areas). This “multiple-fractal” charac-
ter shows up when the image is split in different singular com-
ponents Fj,. They are formed by the points sharing the same
singular exponent &

Fy = {h(x) = h}. (12)

The components Fj, can be predicted from the statistical

e.[2% In the multifractal structure, we

properties of the imag
are mainly interested in the most singular points, because they
have many dynamical and statistical properties. The most sin-

gular manifold (MSM) is denoted as F.., which is given by

Foo = {x:h(x) = ho}, (13)

where /. is the value of the most singular exponent, that is,
the minimum observed value of singularity. From a statistical
standpoint, the MSM is related with the vertex of the energy
cascade. So we can analyze the image by its MSM, which is
called the maximum singularity streamfunction method.

But in practice, this definition is too restrictive. Because
the whole image to be analyzed is composed of different areas.
They have different mutifractal parameters. So the /. of the
areas are not exactly the same. To solve this problem, we can
use a sufficiently small % instead of h... The coarser version
of MSM is obtained as

Fo={x:h(x)<ho}. (14)

MSM is the main result of studying the ocean surface by
SAR images. It relates to the vertex of the energy cascade in
turbulence. So a lot of information regarding the ocean can be
obtained by analyzing it, such as the stream functions, ocean
surface velocities, and so on. This method also can be used
to analyze the ocean surface salinity*®! and study the sur-
face ocean partial pressure of CO,, pCO,, and air—sea CO,
fluxes. 3"

4.2. Result

According to the above analysis, the choice of /g decides
the MSM that we get. Figure 9 shows different MSM obtained
by different hy.

Fig. 9. MSM obtained using different thresholds: (a) hg = —0.002, (b) hy = 0, (c) hy = 0.002, (d) hy = 0.005,

(e) hop =0.007, (f) ho = 0.01.
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In these images, we can see that too small /g results in
excessive filtering of some coherent streamlines. On the con-
trary, when /i increases, many points that have less singularity
are also reserved. In this case, we cannot capture as many pat-
terns as possible. Considering these two aspects, a reasonable
threshold is necessary to obtain the clear and complete set of
streamlines. Thus, we set the threshold as #, which can sepa-
rate the spectrum image into two parts: the foreground and the
background. Set the percentage of the points which are larger
than ¢ (according to the foreground) as wy, that of those which
are smaller than ¢ (according to the background) as wy. Set the
average of the foreground as ug, that of the background as u;.
Then we traverse ¢ from A(x)pin to i(X)max With step length of
0.0001 and find 7 to make the following value maximal:

g:W0W1(uo—u1)2. (15)
This g represents the class variance. By the method of maxi-
mum class variance, we can obtain the optimal effect of bina-
rization. Then we determine that the threshold is 0.0022. For
easier determination of observations and comparisons, we set
hy = 0.002. From Fig. 9, we can see that by this threshold,
the main streamline is retained. The meso-micro scale vortex
on the upper left corner in this area has a clear and complete
structure. Although the MSM should represent streamlines,
numerical limitations and data resolution may force some lines
to end within the flow or intersect between them. But the main
structure of the streamline is obtained. This information has
significant value in analyzing the ocean features.

5. Conclusion

In this paper, the microcanonical multifractal formalism
is used to analyze a SAR image to obtain meso-micro scale
ocean surface features. According to the characteristics of
the SAR image, calculation of the gray level gradients is re-
placed by the Sobel operator to distinguish the small differ-
ences between adjacent points. By the continuous variable
scale wavelet transform, the long-range correlations are fil-
tered and the accurate relationship between the wavelet coeffi-
cient and scale is built. According to the scale invariance prop-
erty, linear regression can be used to obtain the local singular
exponents. The image of the singular exponents can reveal
the ocean surface features. Using the maximum singularity
streamfunction method with a suitable threshold, which is ob-
tained by the method of maximum class variance, we can ob-
tain MSM and streamlines on the ocean surface. Experiments
verify that the application of the microcanonical multifractal
formalism in SAR image analyses is effective for detecting
the meso-micro scale surface information.
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