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We apply the transitionless driving on the local adiabatic quantum search algorithm to speed up the adiabatic process.
By studying quantum dynamics of the adiabatic search algorithm with the equivalent two-level system, we derive the transi-
tionless driving Hamiltonian for the local adiabatic quantum search algorithm. We found that when adding a transitionless
quantum driving term Hp () on the local adiabatic quantum search algorithm, the success rate is 1 exactly with arbitrary
evolution time by solving the time-dependent Schrodinger equation in eigen-picture. Moreover, we show the reason for
the drastic decrease of the evolution time is that the driving Hamiltonian increases the lowest eigenvalues to a maximum of

0 (VN).
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1. Introduction

The task of the search problem is locating the marked
item out of N unsorted items. In the classical algorithm, on av-
erage O (N) steps are required, while Grover proposed a quan-
tum search algorithm which can find the marked item in a time
of O(v/N),!!'! giving rise to a quadratic speed up. Moreover,
it has been proved that there is no quantum algorithm in the
circuit model which can perform an unstructured search faster
since Grover’s algorithm saturates the lower bound found by
Bennett ef al.l?l On the other hand, a new alternative type of
quantum computation, an adiabatic quantum algorithm, was
proposed by Farhi ef al.’] The adiabatic model is computa-
tionally equivalent to the quantum circuit model,'*! therefore,
it is attracting more and more attention. >8] Naturally, the adi-
abatic version of the Grover algorithm, called the adiabatic
quantum search algorithm, was proposed.[®! At first, it needs
a complexity of order N, which is no better than the classi-
cal algorithm. Afterwards, Roland improved it by adjusting
the evolution rate of the Hamiltonian so as to fulfill the adi-
abatic condition locally.!'") The improved algorithm, called
local adiabatic quantum search algorithm, decreases the scal-
ing of the complexity to O(v/N), which is consistent with the
Grover algorithm.

However, the adiabatic quantum algorithm requires that
its dynamics evolves slowly enough to stay on its instan-
taneous ground state. To overcome the slowness, a tech-
nique, named “shortcut to adiabaticity”[!"1?! and designing
non-adiabatic protocols to speed up the quantum adiabatic
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process, has been developed and attracted a great deal of

13.14] Demirplack and Rice!'>10! and Berry!!”! pro-
p y p

attention. !
posed that adding a suitable “transitionless quantum driving”
term Hp (¢) to an original time-dependent Hamiltonian H (r)
can suppress the transitions between instantaneous eiegnbases
of H (¢). This is an important technique of shortcut to adia-
baticity. Oh et al.!'8 applied it on a global adiabatic quantum
search algorithm to study the non-adiabatic transition proba-
bility and showed that a constant driving Hamiltonian could
reduce the non-adiabatic transition probability. In this paper,
we focused on the complexity and utilized the transitionless
quantum driving on the local adiabatic quantum search algo-
rithm to speed up the search. We found that when adding a
transitionless quantum driving term Hp (¢) on the local adi-
abatic quantum search algorithm, the success rate can be 1
exactly with arbitrary evolution time by solving the time-
dependent Schrodinger equation. We also analyzed the reason
for the drastic improvement.

The paper is organized as follows. In Section 2, we intro-
duce the local adiabatic quantum search algorithm. The tran-
sitionless quantum driving is used in Section 3, and then, we
analyze the success rate and the complexity in Section 4 and
draw the conclusion of this work in the last section.

2. Local adiabatic quantum search algorithm

In the Grover algorithm, the objective is to find the
marked item in an unsorted database. More formally, suppose
that there is a function f : {0,1}" + {0,1} with the promise
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that f(m) =1 and f (x) = 0,Vx # m, then the goal is to find
the unknown index m by calling the function f. This is an
oracle problem, in which the algorithm can make queries to
an oracle that recognizes the marked items. In an adiabatic
quantum search algorithm, we use a set of orthonormal basis
[1),]2),...,|N) to denote the N unsorted items and use |m) to
denote the marked item. The oracle is defined in terms of the
problem Hamiltonian as

Hy = 1= |m) {m], (1)

thus, the target state |m) is the ground state of H;. The initial
state can be prepared in an equal superposition of all could-be
solutions as

1 & )
“"°>‘ﬁ,§">’ )

and the initial state is the ground state of the following initial
Hamiltonian:

Ho=1—|¢o) (o] (3)

The adiabatic quantum search algorithm is built from the time-
dependent Hamiltonian

H (s(1)) = (1 —s(1))Ho +s(¢) Hy, @

where s (¢) is a monotonic function with s (0) =0 and s (T') =
1. Here, T is the total run time. Suppose that the system be-
gins with the ground state of Hy and evolves slowly enough
according to H (s(¢)), the quantum adiabatic theorem!'! en-
sures that the system will evolve into the ground state of Hj,
and we can find the marked item by measuring the final state.

As mentioned above, s () is a function that can be op-
timized. Generally, we choose a linear function s(z) =¢/T,
which is called global adiabatic. In the local adiabatic quan-
tum search algorithm, 101 we do not use the linear function, but
adapt the evolution rate ds/dr to the local adiabatic condition.
The corresponding s (¢) satisfies

tan ((2¢1/T — 1) arctan /N — 1) ++/N — 1

s(t) = Wi . )

The local adiabatic quantum search algorithm decreases the

scaling of the complexity to O(\/]V), consistent with the
Grover’s algorithm, but the local adiabatic quantum search al-
gorithm still requires that its dynamics evolves slowly enough
to stay on its instantaneous ground state. To overcome the
slowness, some techniques, which aim at designing non-
adiabatic protocols to speed up the quantum adiabatic process,
have been developed. Next, we introduce the transitionless
driving and apply it on the local adiabatic quantum search al-
gorithm.

3. Transitionless driving on the local adiabatic
quantum search algorithm

The main idea of transitionless driving is to suppress tran-
sitions by adding a counterdiabatic term to the original time-
dependent Hamiltonian. Here, we introduce its main step
briefly. Suppose a time-dependent Hamiltonian H (z) with N

eigenstates {|¢, (£))} as

H(t)9n (1)) = En (1) [0 (1)) - ©)
The dynamics of a system governed by H (¢) is described by
iho, [y (1)) =H (1) [y (). ©)

When the system is transformed to another picture (eigen-
picture), whose bare states are the instantaneous eigenstates
of H (t), the system is described by

ind; [y© (1)) = H® (1) [y* (1)), ®

and the transform equation is expressed as |y® (1)) = R|y (¢)).
Substituting this relationship to Egs. (7) and (8), we have

H®(t) =RH (t)R" — ihRR", )

where the overdot means time derivative. The first term
RH (t)R' is the diagonalization matrix of Hamiltonian H (1)
and the second term contains the nonadiabatic coupling. The
convenient way is adding a Hamiltonian Hj (1) = ihRRT, to
counteract the nonadiabatic coupling. Returning to the origi-
nal picture, we obtain

Hp (t) =R'HS (1)R = ihR'R, (10)

so when applying the transitionless driving on the local adi-
abatic quantum search algorithm, the main step is to find
the rotation matrix R. Actually, this step is analogous to
what Oh et al. did in the global adiabatic quantum search
algorithm.['8] We restrict the analysis to the space spanned by
|m) and |m ) = g’ém i/v/N—1 and represent H (s(t)) with
the orthonormal basis {|m),|m )} as

{ l—s (I=s)vV/N—-1
N N
H(s)= .11
() _(l—s N-—1 1_(l—s)(N—l) b
N N
The Hamiltonian in Eq. (11) can be written in a convenient
form as
I 1 (Z(s) X(s)
H(s)==-—— 12
)=3-3n <X(s) —Z(s)) (12)
where Z(s) = 2(1—s) + N(2s—1) and X(s) =

2(1—s)+/N — 1. The first item amounts to a common phase,
which can be dropped, so the Hamiltonian can be expressed as

ho (s) <cose(s> sin 6 (s) ) (13)

H(s) =— 2 \sinB(s) —cosB(s)
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where the mixing angle 0 is defined by tan 6 (s) = X (s) /Z(s)
and 1o (s) = v/Z2 4 X2 /N. Hereafter, we set i = 1. It is easy
to calculate the eigenvalues of H (s) that ey (s) = o (s) /2,
with the corresponding instantaneous eigenstates

0 . 0
COSE —SIHE
‘6_ (S)> = ) g ) |€+ (S)> = 9 . (14)
sin 2 Ccos )

The evolved state in the interaction picture can be written as
@ (s)) = a(s)|m)+b(s)my). (15)
We rewrite the evolved state in the eigen-picture as
[0 (5)) = a—(s) e~ (5)) + b+ (s) e+ (5)) - (16)

The relation between the eigen-picture and the interaction pic-
ture is expressed as

[Z; Ejﬂ =K {Z 8] ’ (17)

and thus, we obtain the rotation matrix

cosg sing

_ 2 2
= —sing cosg . e

2 2

It is easy to calculate the transitionless driving term

0

Hp (1) = ihR'R = Shoy. (19)
Here, 0 = arctan(X (s)/Z (s)), then
6 1 XZ-ZX  2J/N-1

- . Q0)

ds  14(x/2)? 22 Na?

As mentioned in Section 2, in the local adiabatic quantum
search algorithm,
_tan ((2¢/T —1)arctany/N — 1) ++/N —1

S([) - Zm ’ (21)

SO

ds arctany/N — 1

dar TYN—-1
X (1+tan2 ((Zt/T— 1)arctan\/1ﬁ)). 22)

Substituting tan ((2¢/7 — 1)arctan/N — 1) = /N — 1(2s—1)

into Eq. (22), we have

d tany/N — 1
¢ _ iV — 2 (1+(N—1)(2s—1)2)
dr TvN-1
_ arctan\/Nlewz’ 23)
T+/N—-1

and then
o — deﬁ _ _2arctan\/N—1

T odsdr T ’
thus, we obtain the transitionless driving term as
Hp (1) = ghay _ _harctanyN — 1 VN_lcy_
2 T
Usually, we need to add the driving Hamiltonian Hp (¢) on the
original H(¢). Note that, we have represented H (r) with H(s)
for convenience. Hence, in the next section, we add the driving

(24)

term
N—1
HD (S) = N(Dz 6y7 (25)

on H(s) to make the analysis more simple.

4. Efficiency analysis

As mentioned above, the evolved state can be written as
lo (s)) = a(s)|m)+b(s)|m,), where a(s) is the probability
amplitude of |m), so the probability p(s) = (@ (s) |m) = |a (s)|*
is the instantaneous fidelity and p(1) = |a(1)|* corresponding
to the success rate. The goal of the adiabatic search algorithm
is changing p(0) = 1/N toward p(1) = 1, utilizing the dy-
namics evolution controlled by a time-dependent Hamiltonian.
We can obtain the expression of a (s) by solving the following

time-dependent Schrodinger equation:

da(s)

ds | i a(s)

db(s) | = "l (s) [b(s)]‘ (26)
ds

However, it is difficult to solve Eq. (26) in the basis
{|m),|m.)}. On the other hand, we know the evolved state
can be expressed by |©° (s)) = a_ (s) le— (s)) + b+ (s) |es (5))
in the eigen-picture and

{Z+ 8] =K [Z Eiﬂ ! @7

so if we obtain a_ (s), we can obtain a (s) by using Eq. (27).
In the eigen-picture, the dynamics of the system is described
by the Schrodinger equation

i) |y (5)) = H () [v* (5)), 28)

where

0]
— 0
—RH(R =2 |, (29)
0 ——
2
and then the Schrdédinger equation in the eigen-picture be-
comes
da_ (s) ®
— 0
ds .2 a- (s)}
=—i . 30
db. (s) 0 _ [b+ (s) 50)
ds 2
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It is easy to obtain the solution of Eq. (30) as
a-(s)=a(0) el T b () by (@) b T,

where a_ (0) = 1 and b (0) = 0. Returning to the interaction
picture, we have

0 0 0 o 40
a(s) = cos 54~ (s) —sin §b+ (s) = coszefol BRI C)))

where e 07 ds is an overall phase, which can be ignored.
When s = 1, we have 8 =0 and cos(6/2) = 1, thus the success
rate p(1) = |a(1)|* = 1.

Above all, when adding the transitionless driving term
Hp (s) in Eq. (25) to the local adiabatic search algorithm, if
the system begins with the ground state of H (0), then the sys-
tem will still stay on the ground state of H (1) in the final time.
Namely, the success rate will be 1 with the arbitrary evolu-
tion time theoretically. We numerically solve the Schrodinger
equation controlled by H (s) 4 Hp (s). The results are shown

in Fig. 1.
1.0
0.8
0.6
=
=Y
0.4
0.2 —— with driving
——no driving
0
0 20 40 60 80 100

T

Fig. 1. (color online) Success rate as a function of evolution time 7" for
N =1000.

As shown in Fig. 1, when adding the transitionless driving
term on the local adiabatic search algorithm, the success rate
improved significantly. Moreover, the success rate approxi-
mately equals to 1 in a short evolution time, which is far less
than O(v/N). Tt sounds like an exciting conclusion, but we
mention that the Hamiltonian we added in the local adiabatic
search algorithm is

N-1

Ho(s) = =Nz

N-1 1—5)\ "
i ((2s—1)+s(Ns)) o, (32)

When s = 1/2, Hp (s) reaches a maximum of —/N — 1. It
means that the energy scaling of the system gets O(v/N) in a

short time. Namely, we need to utilize the energy in exchange
for the same scaling of less time. In fact, the role of Hp (s) is
to make the gap between the lowest two eigenvalues wider.

Figure 2 shows that the gap between the lowest two
instantaneous eigenvalues increases when the driving term
Hp (s) is added to H (s). More precisely, the eigenvalues of oy
are +1, so the eigenvalues of Hp (s) are +v/N — 1/(Nw?). If it
is much larger than the eigenvalues of H (s), then the eigenval-
ues of the system Hamiltonian are mainly decided by Hp(s).
It means that when applying the transitionless driving on the
local adiabatic search algorithm, the lowest two eigenvalues of
the system Hamiltonian are temporarily increased to a maxi-
mum of O (\m ), which can significantly reduce the evolution
time.[2%1 On the other hand, in the local adiabatic search algo-
rithm, the entire evolution time 7 is divided into infinitesimal
time intervals and the evolutions are adiabatic in each of those
intervals. Hence, the change of the lowest two eigenvalues
produces a drastic decrease in the evolution time.

§ O e
-2
—4
0 0.2 0.4 0.6 0.8 1.0

s

Fig. 2. (color online) Instantaneous eigenvalues Eo (s) of H (s) +
Hp (s) as a function of s for N = 50,7 = 10. The blue line correspond-
ing to Hp (s) = 0.

5. Summary

In conclusion, we applied the transitionless driving on
the local adiabatic quantum search algorithm to speed up
the adiabatic process. We studied quantum dynamics of the
adiabatic search algorithm with the equivalent two-level sys-
tem, and derived the transitionless driving Hamiltonian for
the local adiabatic quantum search algorithm. By solving the
time-dependent Schrodinger equation in the eigen-picture, we
found that when adding a transitionless quantum driving term
Hp (s) on the local adiabatic quantum search algorithm, the
success rate is 1 exactly with an arbitrary evolution time. The
result of the numerical simulation shows that the transitionless
driving can indeed lead to a drastic decrease of the evolution
time in the local adiabatic quantum search algorithm. How-
ever, the system we considered is highly idealized, the total
Hamiltonian is non-local in the sense that it needs all qubits
to be coupled simultaneously. Such a Hamiltonian is hard to
implement in a realistic physical system. We should there-
fore find simpler, more local, Hamiltonians that have the same
ground states and hence can be used as the basis of a realis-
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tic adiabatic quantum search algorithm. Moreover, the energy
strength /N — 1 /(Nw?) of the transitionless driving terms is
difficult to control accurately in practice. One can use an ap-

proximate driving Hamiltonian, which is easier to control, to

replace the exact time-dependent driving Hamiltonian.
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