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To study soliton excitations in a polariton condensate with defects, we use the Gross–Pitaevskii equation and its
hydrodynamic form. An extra term is added to take into account the non-equilibrium nature of the polariton condensate
and the presence of defects. The reductive perturbation method transforms these hydrodynamic equations into a modified
Korteweg–de Vries equation in the long wavelength limit. We linearize this equation and study the soliton linear excitations.
We give an analytic expression of traveling excitations using the variation of constants method. In the more general form,
we show numerically that the excitations are oscillations, i.e., the amplitude and the width of the dark soliton oscillate
simultaneously but in an opposite way.
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1. Introduction
The polariton condensation (Bose–Einstein condensate of

polaritons) in a microcavity[1,2] is presently one of the most ac-
tive research topics. The non-equilibrium nature of these sys-
tems (caused by the finite lifetime of polaritons) attracts the
interest of physicists and provides them with a better insight
into some fundamental problems, like the superfluidity,[3,4]

the formation of vortices,[5] the vortex–antivortex pair,[6] the
BKT transition,[7] the BEC-BCS crossover,[8] and the forma-
tion of dark and bright solitons.[9–11] Solitons are localized
waves which propagate in a medium without deformation or
attenuation.[12] These waves result from the competition be-
tween the dispersion and the nonlinearity. Their study is still
a very active research topic. For example in optics, bright
and dark solitons are examined under perturbations in the
nonlinear Schrödinger equation framework.[13–16] It becomes
even more interesting with the occurrence of Bose–Einstein
condensates (atomic condensate).[17,18] These systems give a
large variety of sets which allow more in-depth studies of
solitons[19–23] and now with the polariton condensates, even
dissipative solitons are studied.[24,25] This work focuses on the
theoretical investigation of linear excitations of solitons in po-
lariton condensates with defects.

This paper is divided into four parts. In Section 2, we
present the model which describes a polariton condensate. In
Section 3, we give some solutions which correspond to spe-
cific physical situations. In Section 3, we derive a modified
Korteweg–de Vries equation to investigate the influence of the
finite lifetime of polaritons and the presence of defects on the
soliton excitations. We solve this equation both analytically
and numerically when the finite lifetime of polaritons and the
presence of defects are considered as perturbations.

2. The model

We consider a polariton condensate flow. It is polaritons
cooled down to a temperature of the order ∼ 10 K.[26] We re-
call that a polariton condensate is a non-equilibrium system,
i.e., a continuous pumping from an external reservoir is vi-
tal to its existence. This flow propagates in an environment
with defects (for simplicity we consider that the flow interacts
with only one defect which is modeled by an external potential
V ). We ignore all the polarization effects and choose a con-
figuration where the condensate is a one-dimensional system.
We describe the Bose–Einstein condensate using the Gross–
Pitaevskii equation (GP equation).[27,28] A modified form of
the GP equation was proposed in Refs. [29] and [30] to take
into account the specificity of the polariton condensate. Its
dimensionless form is given by[31]

iΨt =−
1
2

Ψxx +VΨ + |Ψ |2Ψ + iη(1−|Ψ |2)Ψ , (1)

where Ψ(x, t) is the condensate wave function, − 1
2Ψxx de-

scribes the kinetic energy of the system, V (x) is the exter-
nal potential, and |Ψ |2Ψ is a term resulting from the polariton
self-interaction, iηΨ represents the global gain and loss of the
condensate, i.e., it expresses the gain of polaritons from the
reservoir and their loss due to their finite lifetime. −iη |Ψ |2Ψ
is a term describing the saturation of the gain. The term
iη(1− |Ψ |2)Ψ is added in a phenomenological way to con-
sider the non-equilibrium character of the polariton conden-
sate.

We apply the Madelung transformation[32]

Ψ(x, t) =
√

ρ(x, t)e i
∫

u(x,t)dx (2)
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to Eq. (1) and obtain a hydrodynamic system for the density
ρ(x, t) and the phase velocity u(x, t):

ρt +(ρu)x = 2η(1−ρ)ρ,

ut +uux +ρx +

(
(ρx)

2

8ρ2 −
ρxx

4ρ

)
x
=−Vx,

(3)

where ρ(x, t) = |Ψ(x, t)|2 is the condensate density.
The system (3) is an alternative formulation of the GP

equation (1). Solving the nonlinear partial differential equa-
tions (3) will allow us to study the flow dynamics.

3. Hydraulic approximation and linear case
In some cases, we can solve the system (3) in a simple

way. For instance, we use the hydraulic approximation when
the flow is stationary and the space-variation of the density is
very slow. We then ignore the dispersion term[33] and simplify
the system (3) as {

(ρu)x = 2η(1−ρ)ρ,

uux +ρx =−Vx.
(4)

In this case, the flow density follows the differential equation

[ρ
√
(M2 +2(1−ρ−V ))]x = 2η(1−ρ)ρ, (5)

where M is the Mach number. This approximation describes
well the physical system considered above.[34] It is analyti-
cally solvable if the external potential V is constant.[31]
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Fig. 1. (color online) Density variation of a colliding polariton conden-
sate flow with a Gaussian external potential (V = V0 exp(−x2/σ2)) in
the hydraulic approximation. Equation (5) is solved numerically when
the mach number M = 0.5, the damping η = 0.1, the potential width
σ = 4, and the potential intensity V0 = 0.1. The density varies essen-
tially in the region where the external potential is important (x∼ 0).

System (3) can also be simplified in the case of linear
waves; we take the damping η and the external potential V
equal to zero and then linearize the system (3) with respect to
u and ρ ′ = ρ −ρ0, where ρ0 is a steady state density (we set
the system in a density ρ0 when V = η = 0) and ρ ′� ρ0. We
obtain 

ρ ′t +ρ0ux = 0,

ut +ρ ′x−
1

4ρ0
ρ ′xxx = 0.

(6)

We look for solutions in the form of plane waves (∼ exp[i(kx−
ωt)]) and the system (6) leads to the dispersion relation

ω
2(k) = vs

2k2 +
k4

4
, (7)

where vs =±
√

ρ0 is the dimensionless sound velocity accord-
ing to the steady state density ρ0.[35] In the long wavelength
limit (k� vs), the dispersion relation becomes

ω(k) = vsk+
k3

8vs
. (8)

This relation corresponds to the following linear partial differ-
ential equation:

ρ
′
t + vsρ

′
x−

1
8vs

ρ
′
xxx = 0, (9)

which describes the evolution of the linear waves in the long
wavelength case. We suppose here the changes of ρ ′ so small
that we can ignore all the nonlinear effects.

To permit soliton study, the equation must contain disper-
sion and nonlinearity terms. These terms must be of the same
order of magnitude.

4. Weakly nonlinear case: effect of the damping
and the defects
To investigate the soliton excitations in a polariton con-

densate with defects, we consider the external potential V (x)
and the damping η as perturbations (they cause a small change
in the steady state density ρ0). In fact, it is demonstrated[31]

that long wavelength waves can propagate in polariton con-
densates only for low damping η . We choose then a small
enough η to ensure that all waves propagate in this system.
This choice allows also the use of the reductive perturbation
method,[36,37] which permits us to simplify the hydrodynamic
equations and to investigate the effect of the damping on the
waves behavior. V (x) is seen like an unwanted defect in the
system produced by the experimental conditions. It can also
be created by a laser beam for a fundamental study.

We ignore the dispersion terms and rewrite the system (3)
as follows:{

ρ ′t +(ρ ′u)x +ρ0ux = 2η(ρ0−ρ2
0 −2ρ0ρ ′+ρ ′−ρ ′2),

ut +uux +ρ ′x =−Vx.
(10)

We use the stretched variables

X = ε
1/2(x− vt), T = ε

3/2t; (11)

and set V and η as follows:

V = ε
2V̂ , η = ε

5/2
η̂ , (12)

010307-2
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where ε is the perturbation parameter. We obtain the system
ερ
′
T − vρ

′
X +(ρ ′u)X +ρ0uX

= ε
22η̂(ρ0−ρ

2
0 −2ρ0ρ

′+ρ
′−ρ

′2),

εuT − vuX +uuX +ρ
′
X =−ε

2V̂X .

(13)

We expand ρ ′ and u in the form

ρ
′ = ερ

(1)+ ε
2
ρ
(2)+ · · · , u = εu(1)+ ε

2u(2)+ · · · . (14)

This procedure is the reductive perturbation method. It is used
to simplify a large class of complicated systems.[36] At the first
order of perturbation, we have{

−vρ
(1)
X +ρ0u(1)X = 0,

−vu(1)X +ρ
(1)
X = 0.

(15)

The system (15) gives the relations

u(1)X =
v

ρ0
ρ
(1)
X (16)

and v = vs. At the second order of perturbation, we find{
ρ
(1)
T − vρ

(2)
X +(ρ(1)u(1))X +ρ0u(2)X = 2η̂(1−ρ0)ρ0,

u(1)T − vu(2)X +u(1)u(1)X +ρ
(2)
X =−V̂X .

(17)

By using the relation (16), system (17) becomes

ρ
′
T +

3vs

2ρ0
ρ
′
ρ
′
X = fX (X), (18)

where fX (X) = η̂(1−ρ0)ρ0−
ρ0

2vs
V̂X (X) is a function which

depends on the external potential derivative and the damping.
η̂ , ρ0, vs are constants and ρ ′ ≡ ρ(1). Equation (18) describes
a dispersionless polariton condensate with defects in the weak
nonlinearity limit. When fX (X) is zero, equation (18) reduces
to the inviscid Burgers equation.[38] It governs gas dynam-
ics. It is a nonlinear equation with non-continuous solutions,
which implies the occurrence of shock waves.

We consider now the case of a non-negligible dispersion.
We rewrite system (3) with respect to ρ ′ and obtain

ρ ′t +(ρ ′u)x +ρ0ux = 2η(ρ0−ρ2
0 −2ρ0ρ ′+ρ ′−ρ ′2),

ut +uux +ρ ′x−
1

4ρ0
ρ ′xxx +

1
2ρ2

0
ρ ′xρ ′xx−

1
4ρ3

0
(ρ ′x)

3 =−Vx.
(19)

Using the reductive perturbation technique, we obtain

ερ
′
T − vρ

′
X +(ρ ′u)X +ρ0uX

= ε
22η̂(ρ0−ρ

2
0 −2ρ0ρ

′+ρ
′−ρ

′2),

εuT − vuX +uuX +ρ
′
X − ε

1
4ρ0

ρ
′
XXX

+ ε
1

2ρ2
0

ρ
′
X ρ
′
XX − ε

1
4ρ3

0
(ρ ′X )

3 =−ε
2V̂X .

(20)

At the first order of perturbation, nothing changes from the
previous case (Eqs. (15) and (16)). At the second order of per-
turbation, we find ρ

(1)
T − vρ

(2)
X +(ρ(1)u(1))X +ρ0u(2)X = 2η̂(1−ρ0)ρ0,

u(1)T − vu(2)X +u(1)u(1)X +ρ
(2)
X −

1
4ρ0

ρ
(1)
XXX =−V̂X .

(21)

By using the relation (16), this system reduces to

ρ
′
T +

3vs

2ρ0
ρ
′
ρ
′
X −

1
8vs

ρ
′
XXX = fX (X). (22)

This equation describes a polariton condensate in the long
wavelength and weak nonlinearity limits. When fX (X) equals
to zero, it is the Korteweg–de Vries equation (KdV) which
was first proposed to describe the wave propagation in shallow
water.[12,39,40] By using the inverse scattering technique,[41] it
was demonstrated that the KdV equation can have soliton so-
lutions. The presence of damping and defects in Eq. (22) will
perturb the soliton dynamics.

We consider in this work a uniform damping all along the
polariton condensate; in other words, the density gain and loss
are constant. This approximation is valid for weak damping.
As the defect is localized in space, the external potential acts
only in a limited area.

To study the effect of damping and the presence of de-
fects on solitons, we look for a solution as a sum of a soliton
function ρs (when fX (X) is zero) and a response function r

ρ
′(X ,T ) = ρ

s(X ,T )+ r(X ,T ), (23)

with r� ρs. r takes into account the effect of the damping
and the external potential and then allows us to study the mod-
ifications on the initial solution ρs. We insert this ansatz into
Eq. (22) and obtain

rT +
3vs

2ρ0
(ρsr)X −

1
8vs

rXXX = fX (X). (24)

r is the correction to the soliton function; it obeys a linear par-
tial differential equation. In the actual form, equation (24) is
not easy to solve.

Note that ρs is the solution of

ρ
s
T +

3vs

2ρ0
ρ

s
ρ

s
X −

1
8vs

ρ
s
XXX = 0. (25)

In fact, the soliton is a traveling wave solution. We look for a
traveling excitation (ρs and r are of the form ρs(X + vsT ) and
r(X +vsT ); we take ξ = (X +vsT )). One can demonstrate that
equation (24) can be written as

vsr+
3vs

2ρ0
(ρsr)− 1

8vs
rξ ξ = f (ξ ), (26)

and equation (25) becomes∫ dρs√
−c1 +8v2

s (ρ
s)2 +4(ρs)3

= ξ − c2. (27)
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To solve the linear differential equation (26), we use the vari-
ation of constants method.[42] The solution is given by

r = A(ξ )
∂ρs

∂c1
+B(ξ )

∂ρs

∂c2
, (28)

where A(ξ ) and B(ξ ) satisfy the conditions

Aξ (ξ )
∂ρs

∂c1
+Bξ (ξ )

∂ρs

∂c2
= 0,

Aξ (ξ )

(
∂ρs

∂c1

)
ξ

+Bξ (ξ )

(
∂ρs

∂c2

)
ξ

= 8vs f (ξ ). (29)

One can show using Eq. (27) that

∂ρs

∂c2
=−ρ

s
ξ
=−

√
−c1 +8v2

s (ρ
s)2 +4(ρs)3, (30)(

∂ρs

∂c1

)
ξ

=
∂

∂c1
ρ

s
ξ
=

(
8v2

s (ρ
s)+6(ρs)2

)
(∂ρs/∂c1)−1/2√

−c1 +8v2
s (ρ

s)2 +4(ρs)3
.

(31)

In the case of c1 = 0 , the solution of Eq. (27) is the well known
dark soliton. Its expression is given by

ρ
s =−2v2

s sech2 (
ξ
′) , (32)

with ξ ′ =
√

2vs(ξ − c2). The use of dark solitons as solutions
of the KdV equation is acceptable since several theoretical and
experimental works have shown that dark solitons exist in po-
lariton condensates,[9,43,44] even in one dimension.[10]

In this case, equations (30) and (31) give

∂ρs

∂c2
= −4

√
2v3

s sech(ξ ′)2 tanh(ξ ′), (33)(
∂ρs

∂c1

)
ξ

=
√

2vs[3sech2(ξ ′)−2]coth(ξ ′)
∂ρs

∂c1

+
1

8
√

2v3
s

cosh2(ξ ′)coth(ξ ′), (34)

after integration, we find

∂ρs

∂c1
=

1
16v4

s
sech2(ξ ′) tanh(ξ ′)

×
[
sinh3(ξ ′)cosh(ξ ′)− coth(ξ ′)+3ξ

′] . (35)

By using the conditions (29), Aξ (ξ ) and Bξ (ξ ) are expressed
as

Aξ (ξ ) = 4vs f (ξ )
∂ρs

∂c2
(36)

= −16
√

2v4
s f (ξ )sech2(ξ ′) tanh(ξ ′), (37)

Bξ (ξ ) = −4vs f (ξ )
∂ρs

∂c1
(38)

=
1

4v3
s

f (ξ )sech2(ξ ′) tanh(ξ ′)

×
[
−sinh3(ξ ′)cosh(ξ ′)+ coth(ξ ′)−3(ξ ′)

]
. (39)

The global solution of Eq. (22) is given by

ρ
′ = ρ

s +A(ξ )
∂ρs

∂c1
+B(ξ )

∂ρs

∂c2

= −2v2
s sech2(ξ ′)− 1

vs
sech(ξ ′)2 tanh(ξ ′)

×
{[

sinh3(ξ ′)cosh(ξ ′)− coth(ξ ′)+3ξ
′]

×
∫

f
(
ξ
′)sech2(ξ ′) tanh(ξ ′)dξ

′

+
∫

f
(
ξ
′)sech2(ξ ′) tanh(ξ ′)

×
[
−sinh3(ξ ′)cosh(ξ ′)+ coth(ξ ′)−3ξ

′] dξ
′
}
. (40)

The solution (40) is valid when fξ (ξ ) is small enough
to permit a direct soliton perturbation method (Eqs. (24) and
(25)); both the solution and its response function are in the
form of traveling waves. This method works for any perturba-
tion fξ (ξ ). The right choice of fξ (ξ ) can give an analytical
solution for Eq. (22).

In the case where the damping is constant, and there is no
defect [ fX (X) = η̂(1−ρ0)ρ0], the solution (40) becomes

ρ
′ = −2v2

s sech2(ξ ′)− η̂(1−ρ0)ρ0

16vs
sech(ξ ′)2 tanh(ξ ′)

×
{

12ξ
′2−2cosh(2ξ

′)+ cosh(4ξ
′)+48log[cosh(ξ ′)]

+8ξ
′ [coth(ξ ′)− sinh(2ξ

′)−3tanh(ξ ′)
]
−5
}
. (41)

The solution (41) shows that the damping deforms slightly the
dark soliton in an asymmetrical way. We recall that this study
is limited to small η̂ .

In the case of a general r(X ,T ), we solve Eq. (24) nu-
merically. We consider the response function as negligible at
great distance, where there is no damping or external potential.
We use the Crank–Nicolson scheme on Eq. (24). The Newton
iteration method is used to solve the set of linear equations ob-
tained. We compute the Jacobian once and its LU decomposi-
tion will be used repeatedly to solve the set of linear equations.

In the numerical calculations, the potential (defect) is ex-
pressed as V̂ =V0 exp

(
−x2/σ2

)
, where V0 is its intensity and

σ its width. ρ0 is the steady state density, which is related to
the flux velocity vs: vs =

√
ρ0. η̂ is the damping intensity. We

have taken m = h̄ = 1; the time unit tp and the distance unit lp
are then tp = 0.24 ps and lp = 0.53 µm.

We notice that the response function always oscillates
around an equilibrium value (see Figs. 2 and 3). These oscil-
lations exist even if there are no defects. We have also noticed
that the oscillation period and intensity depend on the veloc-
ity of the flow (the period is shorter and the intensity is lower
for higher velocity). We notice also that the density variation
induced by the modification of the damping is more important
than the one caused by the external potential intensity; this is

010307-4
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more obvious when the velocity of the flow is important (the
slow soliton interacts much longer with the defect and then its
density changes more considerably). It means that the damp-
ing produces more change in the soliton density than does the
external potential intensity. We have noticed also that for a
narrow obstacle, the response function is confined around the
soliton position (an effective potential is then created by the
soliton (Fig. 3)). On the other hand, for a wide obstacle, the
response function is confined around the defect position (see
Fig. 4).
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Fig. 2. (color online) Evolution of the dark soliton ρ ′ = ρs + r when
η̂ = 0.0001, V0 = 10, σ = 0.25, and ρ0 = 0.5. The dark soliton os-
cillates around an equilibrium position X = −vsT . r is not affected by
the external potential V̂ , then only the damping η̂ perturbs the soliton.
We notice that the amplitude and the width of the dark soliton oscillate
simultaneously but in an opposite way (when the amplitude decreases,
the width increases).
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Fig. 3. (color online) Evolution of the dark soliton response function
r when η̂ = 0.001, V0 = 0.1, σ = 0.25, and ρ0 = 1.2. r starts to os-
cillate around the defect position X = 0. This oscillation is confined in
the X = −vsT direction. The oscillation amplitude depends on η̂ , V0,
and vs (vs is related to the steady state density ρ0). Its period depends
only on vs. A modification of the external potential intensity V0 causes
a weak variation of r.

The oscillation of the dark soliton response functions sug-
gests that these waves are stable. These oscillations exist even
if there are no defects,i.e, they are caused by the continuous

gain and loss of polaritons. The polariton self-interaction na-
ture is now responsible for their stability. The repulsion be-
tween the polaritons promotes the creation of dark solitons in
nonlinear systems and consequently helps also their stability.
These results are consistent with those obtained by the soliton
perturbations theory,[18,45] where it was found that dark soli-
tons oscillate after interaction with an obstacle and maintain
their shape and velocity. It was also demonstrated that dark
solitons are stable in the case of a saturated gain.[15]
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Fig. 4. (color online) Evolution of the dark soliton response function
r when η̂ = 0.001, V0 = 0.1, σ = 5, and ρ0 = 0.8. We notice that r
oscillates around the X =−vsT direction and it is also modified around
the defect position X = 0. We see the competition between the external
potential and the effective potential created by the soliton. For a wide
enough obstacle, r will be modified only around the defect position.

5. Conclusion
We have described a polariton condensate using the

Gross–Pitaevskii equation with some modifications to take
into account the limited polariton lifetime and the presence of
defects. We gave the shape of the polariton condensate flow in
the hydraulic approximation. We transformed the GP equation
into a modified KdV equation in the long wavelength limit us-
ing the reductive perturbation method. The resulting equation
can have solitons as solutions when the damping and the ex-
ternal potential are zero. We have chosen a set in which the
damping and the defects are small enough to be treated as per-
turbations; and we have written the solution of the system as a
sum of a soliton and a response function.

In the case of traveling excitations, a full analytical so-
lution is given using the variation of constants method. The
result (Eq. (40)) is valid for any external perturbation fξ (ξ ).
We calculated the solution for a constant fξ (ξ ) and noticed an
asymmetric deformation of the soliton.

For general excitations, we have noticed that the re-
sponse function always oscillates. So the external perturba-
tions (damping and defects) disturb the solitons: they make
dark solitons oscillate. We have found that the response func-
tion is more sensitive to the damping than to the external po-
tential intensity.
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Tejedor C, Marrucci L, Lemaı̂tre A, Bloch J and and Vina L 2011 Phys.
Rev. Lett. 107 036401

[7] Hadzibabic Z and Dalibard J 2011 Riv. Del Nuovo Cimento 34 389434
[8] Keeling J, Eastham P R, Szymanska M H and Littlewood P B 2005

Phys. Rev. B 72 115320
[9] Pigeon S, Carusotto I and Ciuti C 2011 Phys. Rev. B 83 144513

[10] Amo A, Pigeon S, Sanvitto D, Sala V, Hivet R, Carusotto I, Pisanello
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