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We investigate the quantum speed limit time (QSLT) of a two-level atom under quantum-jump-based feedback control
or homodyne-based feedback control. Our results show that the two different feedback control schemes have different
influences on the evolutionary speed. By adjusting the feedback parameters, the quantum-jump-based feedback control can
induce speedup of the atomic evolution from an excited state, but the homodyne-based feedback control cannot change the
evolutionary speed. Additionally, the QSLT for the whole dynamical process is explored. Under the quantum-jump-based
feedback control, the QSLT displays oscillatory behaviors, which implies multiple speed-up and speed-down processes
during the evolution. While, the homodyne-based feedback control can accelerate the speed-up process and improve the

uniform speed in the uniform evolution process.

Keywords: quantum speed limit time, quantum feedback control, speedup
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1. Introduction

Quantum speed limit time (QSLT), defined as the mini-
mum evolution time for a quantum system evolving from an
initial state to a target state, plays a vital role in many fields
such as quantum communication,!'! quantum computation, ?!
quantum state transfer,’] quantum metrology,*>! and quan-
tum optimal control protocols.!®” QSLT, which originates
from the Heisenberg uncertainty relation for energy and time,
is a key factor in characterizing the maximal speed of evo-
lution of quantum systems. For closed systems with uni-
tary evolution, the Mandelstam—Tamm type bound®! and the
Margolus—Levitin type bound!®! have been proposed, which
are respectively based on the variance of energy of the ini-
tial state and the mean energy with respect to the ground
state. Since every practical quantum system inevitably inter-
acts with its surrounding environments, it is necessary to in-
vestigate the QSLT for open quantum systems. Based on dif-
ferent distance measures, there are many bounds on the evo-
lution time for open quantum systems. By employing a geo-
metric approach, a unified bound on the evolution time includ-
ing both Mandelstam—Tamm and Margolus—Levitin types was
formulated!'”! for open quantum systems from a pure initial
state to a target state. Later, a generic bound on the evolution
time of open quantum systems was provided by using relative
purity,' ' which is applicable to both mixed and pure initial
states. Since the appearance of definitions for QSLT in open
quantum systems, the QSLT of quantum systems interacting

with various environments has been widely investigated.[!>~14]
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Recently, in order to obtain a faster speed of evolution, a lot
of efforts have been made to short the QSLT. It has been sug-
gested that memory environments can speed up quantum evo-
lution and the mechanism of the acceleration in open quantum
systems is related not only to the non-Markovianity but also to
the population of excited states.!!>] Meanwhile, in Ref. [16],
the authors proposed a method of accelerating the speed of
evolution for an open system by external classical driving.
Additionally, quantum speedup under dynamical decoupling

[17] and an atomic quantum speedup in a photonic-band-

pulses
gap reservoirl '8! have been carefully investigated.

On the other hand, as a typical method to steer the
dynamics of quantum systems by feeding back the mea-
surement results to the systems, Markovian quantum feed-
back control introduced by Wiseman and Milburn!'®?°1 has
been widely applied. According to different measurement
schemes, the Markovian quantum feedback control is catego-
rized as quantum-jump-based and homodyne-based feedback
controls. In Ref. [21], the effects of the two kinds of differ-
ent Markovain feedback control schemes on protecting en-
tangled states against decoherence have been compared, and
the results showed that the prior outperforms the latter. Re-
cently, quantum-jump-based feedback control and classical
driving have been combined to generate the three-atom sin-
glet state, 22231 W state, and GHZ state.[?*25] We also ob-
tained steady and optimal entropy squeezing by using the
quantum-jump-based feedback control and classical driving in
Ref. [26]. Besides, the homodyne-based feedback control has
been applied to produce steady entanglement!?’! and manipu-
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late quantum discord of a two-atom system. 8] However, how
to control the evolutionary speed of open quantum systems by
quantum feedback control has never been reported. In this pa-
per, we mainly use either the quantum-jump-based feedback
control or the homodyne-based feedback control to manipu-
late the QSLT of an open two-level system and compare their
effects on speeding up the evolution of the system.

This paper is structured as follows. In Section 2, we in-
troduce the physical model and respectively describe the dy-
namics of the system under two different feedback control
schemes by master equations. The definitions of the QSLT
for pure and mixed initial states are reviewed in Section 3.
We devote Section 4 to exploring the evolution of the QSLT
under quantum-jump-based feedback control or homodyne-
based feedback control and comparing their effects on con-
trolling the evolutionary speed by adjusting the feedback pa-
rameters. Finally, we provide a conclusion in Section 5.

2. The physical model

The system consists of a two-level atom coupled reso-
nantly to a single cavity mode with coupling strength g. The
cavity mode a is damped with decay rate k, and the atom with
excited state |1) and ground state |0) can spontanously decay
with rates Jp. A quantum feedback control conditioned on the
measurement of the leaky cavity is applied to the atom. In the
absence of feedback control, the master equation describing
the system in the interaction picture is of the form

8 ilH,pl+kDldp+wDlolo, ()

where
H = g(cya+o0o_d), )
Dlclp = epc’ — %(cTcp +pcle). 3)

Here H is the Hamiltonian of the system in the interaction pic-
ture; superoperators D[a] and D[o_] describe the cavity and
atomic decays; a is the cavity-mode annihilation operator, and
o_ = |0)(1] is the lowering operator of the atom.

In the limit that the decay rate k of the cavity is very large,
the cavity mode can be adiabatically eliminated,/”®! and we
obtain an effective damping rate relevant to the atom—cavity
interaction strength and the cavity damping rate, y = 4g°/x.
Then, under the assumption that the effective decay rate is
much larger than the atomic spontaneous emission rate, the
following master equation is obtained:

dp

1
< = Y|o-Po+—5(orop+poio). “)

Here we will consider the Markovian feedback control in
which the feedback Hamiltonian is proportional to the mea-
surement signal. According to different measurement strate-
gies, we discuss two different feedback control schemes,

quantum-jump-based feedback control and homodyne-based
feedback control. In the quantum-jump-based feedback con-
trol, the measurement stage is a direct photodetection of the
output field, and the control is only triggered after a detection
click, i.e., a quantum jump occurs. While in the homodyne-
based feedback control, the detector registers a continuous
photocurrent, and the feedback Hamiltonian is constantly ap-
plied to the atom.

The dynamics of the atom under the quantum-jump-based

feedback control can be described by the master equation>"]
dp |
=Y Uo_po. U —§(G+Gfp +poio-)|, (5

where U = exp(—iF dt) represents the finite amount of evo-
Iution imposed by the control Hamiltonian F on the system.
Once a quantum jump event 6_p 0 occurs, the unitary oper-
ator U is applied, resulting in Uc_po, U".

Differently, the master equation including the homodyne-

based feedback control reads!?!33!
d 1

where A = /Yo, and F is the feedback Hamiltonian.

In this paper, we will choose the feedback Hamiltonian
F = Aoy for the two types of feedback controls. Then, in the
quantum-jump-based feedback control, the unitary operator is
U = exp(—iAoy), where 61 = 1 is set for simplicity.

3. Definitions of quantum speed limit time

In this section, we will briefly review the definitions of
the QSLT for an open quantum system. A unified bound
for the minimal evolution time between an initial pure state
Po = |¢o)(¢o| and its target state py,, governed by the master
equation p; = L, p;, was derived by Deffner and Lutz.!'%! With
the aid of the von Neumann trace inequality and the Cauchy—
Schwarz inequality, the QSLT is obtained as follows:

Tp 2> TQsL = max { /\1,[1])’ Al%D’ A;E} sin2[B(po,pTD)], (7)
where AL = 15! [P ||Lp:||pds, and ||A|, = (6] + -+
fo74 )1/ P denotes the Schatten p norm, oy,...,0, are the sin-
gular values of A. When p = 1, ||A]|; corresponds to the trace
norm ||Allx = Y,;0;. When p =2, ||A||]» corresponds to the
Hilbert-Schmidt norm, which is defined by [|A||ps = /¥, 07

When p = o, ||A||- corresponds to the operator norm, which is

given by the largest singular value ||A||cc = Opax- Owing to the
relationship [|A||op < [|Al|ns < ||A]|¢r> the ML-type bound based
on the operator norm (p = o) provides the sharpest bound on

the QSLT. B(po, pr,) = arccos v/ (@o|pr, |Po) is the Bures an-

gle between the initial and the target states of the quantum

system.
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However, for the initial mixed states, the definition of
QSLT in Eq. (7) fails. Fortunately, Zhang et al.!''! proposed
a time lower bound for any mixed initial state p; based on the
relative purity, which is defined as

1 1
Tp 2 TQSL = max{ ) }
Z?:l OiPi ?:1 0-52

x| f(t+1) — 1]tr(p?), (8)

where X = 75! [F*™ X dt, o; and p; are the singular values of
L;p; and the mixed initial state pr, respectively. f(T+1p) =
tr(pePrs1y )/ tr(p?) denotes the relative purity between the ini-
tial state and the final state with the driving time 7p. For a pure
initial state pz—o = |@o) (o, expression (8) can recover to the
unified lower bound given in Eq. (7).

4. Quantum speed limit under different quan-
tum feedback control

By solving the master equations (5) and (6) respectively,
the density matrix elements of the atom under the quantum-
jump-based feedback control at time ¢ read

pii(r) = e "R py(0),

pi2(t) = ef%w[Plz(O)
—eFi(1— e 7272 tan(22)py (0)],

p21(t) = pia(t),

pr(t) = 1—e " Rpy, (0), ©)

and the density matrix elements under the homodyne-based
feedback control are written as

A2+ e 227 [y (0) + A2(p11(0) — p22(0))]

pu(t) =

1

Y+2A2
e 2 i /y(1 — e247) + A&7 Re[py2(0)] + A Im[py2(0)]}

)

pi2(t) =
pai(t) = pir(1),

(y+A2) + e 22 22(p2(0) — pi1(0) — 7p11(0))]

}L bl

pn(t) =

y+2A2

: (10)

We first examine the QSLT under the quantum-jump-based feedback control of the atom with the pure initial state |@o) = |1).

By using Eqgs. (7) and (9), the QSLT can be written as

1—p(m)
oPo(t)dt/tm’

TQSL =
with

(1)

Y

= \/0054)» +2cosh (;ytcole) —2cos(2A) sinh (;ytcos%,) — 1\/7/20052156,02 2Aexp | — %W(Z-ﬁ-cosZk) /V2, (12)

where p(tp) = p11(7p) represents the population of the atomic
excited state at time Tp.

In Fig. 1, we plot the QSLT (the black solid curve) un-
der the quantum-jump-based feedback control as a function
of the feedback parameter A. It is known from Eq. (9) that
the quantum-jump-based feedback control can influence the
dynamics of the atom on a 7 cycle, so we set A € [0,7] in
Fig. 1. We can find that when there is no feedback control,
e.g., A =0 or 7, the QSLT is equal to the actual driving time
Tp = 1. While as the feedback parameter increases, the QSLT
first decreases and then gradually increases, which implies that
the evolution of the atom experiences a process from acceler-
ation to deceleration by adjusting the feedback parameter. Be-
sides, we can find that the critical point is A = /2, where the
dynamical map reduces to a phase-damping channel, and the

QSLT becomes zero. This result is consistent with the conse-
quences in Refs. [11] and [34].

From Eq. (11), one can see that the QSLT is related to the
population of the excited state. In order to explore the internal
mechanism on the speed of evolution, we also depict the ex-
cited state population p(7p) (the red dashed curve) as a func-
tion of the feedback parameter in Fig. 1. It is obvious that the
excited state population has a negative relation with the QSLT.
At the beginning, the population of the excited state increases
as the feedback parameter increases, until it reaches the max-
imum which corresponds to the critical point in QSLT from
acceleration to deceleration. Then the excited state population

decreases, which causes the deceleration of the evolution.
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Fig. 1. (color online) The QSLT (black solid curve) and excited state
population p(7y,) (red dashed curve) under the quantum-jump-based
feedback control as a function of the feedback parameter A for the pure
initial state |1). Other parameters are Yy =1 and 7p = 1.

For comparison, we also study the behavior of the QSLT
under the homodyne-based feedback control when the atom
is initially in the excited state. By numerical calculation, it
is found that the QSLT is always equal to the actual driving
time 7p for any feedback parameter, which indicates that the
homodyne-based feedback control cannot induce acceleration
or deceleration of the atomic evolution. Thus, we conclude
that the evolution of the atom from the excited state can be ac-
celerated by appropriately adjusting the quantum-jump-based
feedback parameter, whereas the homodyne-based feedback
control has no effect on the speed of the atomic evolution.
That is to say, the quantum-jump-based feedback control out-
performs the homodyne-based feedback control in inducing
speedup of the atomic evolution from the excited state.

In the following, we explore effects of the two different
feedback control schemes on the QSLT in the whole dynami-
cal process. We also start from the excited state | 1) and discuss
the QSLT from an arbitrary time-evolution state p; to another
Pr+1,- By making use of Eq. (8), the QSLT for mixed ini-
tial states can be calculated. Figures 2(a) and 2(b) present the
variation of the QSLT respectively under quantum-jump-based
feedback control and homodyne-based feedback control with
respect to the initial time parameter 7 for different choices of
feedback parameters. It is observed that the QSLT without
feedback control initially reduces to a minimum and then in-
creases to a maximum (the green solid curves in Figs. 2(a) and
2(b)), which implies that the evolution of the whole dynamical
process first exhibits a speed-up and then shows a speed-down.
From Fig. 1(a), we can see that under the quantum-jump-based
feedback control, the evolution of the QSLT for the whole dy-

namical process becomes more complicated, where the QSLT
displays multiple decreases and increases when the feedback
parameter is chosen to be 7/4 or w/3. When A = /4 (the
blue dotted curve), the QSLT infinitely approaches zero af-
ter a period of oscillations. However, when A = 7/3 (the
red dashed curve) is set, it finally reaches a constant value
0.5, which indicates a uniform evolution process after oscilla-
tions. The effect of the homodyne-based feedback control on

the QSLT is revealed in Fig. 2(b), where we choose the same
feedback parameters as those in Fig. 1(a). One can observe
that the homodyne-based feedback control does not change
the evolutionary trend of the QSLT, but with the increase of
the feedback parameter, the decay rate of the QSLT increases,
which indicates a larger acceleration in the speed-up process.
Another feature we find is that the final speed of the uniform
evolution process after acceleration and deceleration relies on
the feedback parameter. The larger the feedback parameter is,
the smaller value the QSLT finally remains at, which corre-
sponds to the faster uniform speed.

1.0

0.8}

0.6

TQSL

0.4F
0.2

0 M PN

1.0

0.6 ¢

TQSL

0.4 v

02 W\

Fig. 2. (color online) The QSLT (a) under quantum-jump-based feed-
back control and (b) under homodyne-based feedback control as a func-
tion of the initial time parameter 7 with different feedback parameters
A =0 (green solid curve), A = m/4 (blue dotted curve), and A = /3
(red dashed curve). Other parameters are chosen as Y =1 and 7p = 1.

Overall, for the whole dynamical process, the quantum-
jump-based feedback control and the homodyne-based feed-
back control have different influences on the speed of evolu-
tion. The quantum-jump-based feedback control can change
the evolution from the single speed-up and speed-down pro-
cess to the multiple speed-up and speed-down process. How-
ever, the homodyne-based feedback control cannot change the
whole tendency of evolution, but can induce a larger accelera-
tion in the speed-up process and improve the uniform speed in
the uniform evolution process.

5. Conclusion

In summary, we have studied the QSLT of a two-
level atom under quantum-jump-based feedback control or
homodyne-based feedback control. When the system evolves
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from the excited state, the quantum-jump-based feedback con-

trol can induce speedup of systemic evolution by choosing

appropriate feedback parameters, while the homodyne-based

feedback control has no effect on the speed of systemic evo-

lution. For the whole dynamical process, the quantum-jump-

based feedback control causes multiple speed-up and speed-

down processes, while the homodyne-based feedback control

results in a larger acceleration in the speed-up process and im-

proves the uniform speed in the uniform evolution process.
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