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The spin-one Duffin—Kemmer—Petiau (DKP) oscillator under a magnetic field in the presence of the minimal length
in the noncommutative coordinate space is studied by using the momentum space representation. The explicit form of
energy eigenvalues is found, and the eigenfunctions are obtained in terms of the Jacobi polynomials. It shows that for the
same azimuthal quantum number, the energy E increases monotonically with respect to the noncommutative parameter
and the minimal length parameter. Additionally, we also report some special cases aiming to discuss the effect of the
noncommutative coordinate space and the minimal length in the energy spectrum.
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1. Introduction

The Duffin-Kemmer—Petiau (DKP) equation!!'™* is a
first-order relativistic wave equation that describes spin-0 and
spin-1 particles in the description of the standard model.!>~"}
As typical examples, the equation has been studied in con-
nection with various aspects including a-nucleus elastic scat-
tering, meson-nuclear interaction,®° quantum chromody-
namics (QCD),1%1] five dimensional Galilean invariance,[!2!
Aharonov—Bohm potential,'>!%! and so on.

The noncommutative (NC) geometry has drawn much at-
tention in both quantum mechanics and field theory in the past
few years. At first, the coordinate noncommutativity was in-
troduced by Snyder!!! as a regularized mechanism aiming to
improve the infinite self-energy in quantum field theory. Af-
terwards, this concept was put forward by Connes!'®! in the
study of Yang—Mills theories. In recent years, various aspects
of both NC classical!!”l and quantum mechanics!'®! have been
extensively studied to explore the role of NC parameter in the
physical observables. Typical examples of such cases include
a particle confined by a quadratic potential in the general-
ized noncommutative plane, ') the noncommutative harmonic
oscillators,20-221 ¢lassical Newton mechanics in the noncom-
mutative space, [23.24] and the Aharonov—Bohm effect in a class
of noncommutative theories.>!

The minimal length uncertainty relation is another ap-
pealing case of the research, in connection with which vari-
ous topics have been studied.?-3"1 Motivated by the intense

interest in the study of the minimal length uncertainty relation

DOI: 10.1088/1674-1056/27/1/010301

combination with the noncommutative coordinate space com-
mutation relations in nonrelativistic wave equation and rela-
tivistic wave equation,31=33 we study the DKP oscillator for
spin-one particle under a magnetic field in the presence of a
minimal length in the noncommutative coordinate space in the

present work.

2. Spin-one DKP oscillator under an external
magnetic field in noncommutative space with
minimal length

We first review the DKP equation, which is a relativistic

wave equation for a free boson of mass m given by!!=]
(inBud" —me)p =0, 1=0,1,2,3, )

where m is the mass, 1) is the boson wave function, and 3, are

the DKP matrices which satisfy the algebra relation
BB " +8B"8 = g*' 8" +g"" 8", )

with g"V = diag(l,—1,—1,—1) being the metric tensor in
Minkowski space. For spin one particle, 3* matrices are

0o o -1 0
0 0 o 0T
O = ~ ~
B = -1 0 0 0 ’
o 0 0 o
0 0 0 VT
; 0 0 s 0OF .
/Bl = 0 _sz 0 ()T , 1= 1a2337 (3)
v 0 0 0
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with
00 0
0=(000), s'=if0o 0 —1],
01 0
001 0-10
=il ooo0o], $£=i[100],
-100 000
=(1 0 0), v’=(0 1 0), »*’=(0 0 1)

The DKP oscillator system is introduced by using substitu-
tion p with p—p — imwn®r, where the additional term is lin-
ear in r, w is the oscillator frequency, and n° = 2 (,6'0)2 I
with (n0)2 = I. In fact, it is a direct generalization to the
Dirac particles of integer spin in which one replaces the
~ matrices by 3 metrics but verifying a more complicated
algebra.[3*33] Recently, it has been investigated by a large
number of papers.'36~%1 In addition, if we assume that there
is a magnetic field B, which is along to z-axis direction, i.e.
A= (—%%O), the Hamiltonian in DKP oscillator system
turns into H = ¢3- (p —fA- imwnor) + mc?.

In NC coordinate space, the canonical variables satisfy
the commutation relations

i, xj] =ioy;  [xi,p;] = ihdi, [pi,pj] =0 (i,j=1,2), (4)

where o;; = &0t is the antisymmetric NC parameter, repre-
senting the noncommutativity of the space. By replacing the
normal product with star product, the DKP oscillator system
in commutation space will change into the DKP oscillator sys-
tem in NC coordinate space, as

H (xi, pi) ¢ = H (x; = x;®;pj, pi) Y = Ep. Q)

Normally, one way to deal with the problem of NC coordi-
nate space is via the Bopp shift. In this case, the equation (5)
becomes

[cﬁ (p— -A-— imwn0r> —&-mcz} W =B°Eqp. (6)

For a boson of spin one, the stationary state ) is a vector with
ten components wave function, which reads

P = (W1, V2, W3, Wi, Vs, Ve, W7, s, Wo, Wio) - (7

Substituting Eq. (7) into Eq. (6), we have

+eB( +pe) +imw (x— 2py)
C | Px 2 y thx mw | x 2hpy Vio

+mc?y +Ey; =0, (3
ic —ﬁ(x—g )—i—imw( —l—g )

Py 2 thy y thx Vio
+mc?yn +Eyg =0, ©)

mcys3 +Eyy =0 (10)

ic [py - % ( - %Py) —imw (y+ ;;px)] Vo

+mctyy = (11)
—ic [px+ ;B (y+ 2hpx) —imw (xf ;;lpy)] Yo

+mc2y/5 =0 (12)

e 2 - )
1C | Px 2 y thx mw | x thy Y8 +mc™Ye

. eB o . (04
—ic [py— o (x— ) —imw (y+ th)} w7 =0,(13)
Ol eB
e py_zc( hp>)+”"w(” h”x) Ve
—Ew —mc*yy = (14)
2 g im0
1c _px 2 y thx mw | x thy ] Yo
+Ev, +mctyg = (15)
_ B -
ic py*ef x*gpy)HmW(ergpx) Yy
2 U on 2n ) |
+Evy; +mc2l//9
. eB .
—ic {pX+2 (y—}-zhpx)—i—lmw(x—ﬁ )} ws =0, (16)
eB o . o
¢ [px+ 2% <y+ ﬁpx) —imw (x* MP}')] Vi
. eB o . o
e [Py = ¢ (¥ gp) —imw (v 2;1”")] v2
+mc*yi9 =0 17)

To our knowledge, it is difficult to find the general solution
to the above equations. As a result, we pay our attention

to the component yyo.
[41-44]

In this case, according to the usual
methods, we try to find the specific solutions of the sys-
tem. Therefore, in order to obtain the same form of spectrum

of energy as for Yy, we may assume that y; = y, =0. It leads

to Wg = W7 = yg = Yo = 0. At this stage, from Egs. (10)-(12)
we have
E
Y3 = ———=Ypo, (13)
mc
-2 )y
icipy =5 (X = oppy ) —imw(y+ o px
w4:_ mC2 ll/g,(19)
eB o . a
c prr%(erﬁpx)—lmw(x—ﬁpy)
Ys = 5 Vo. (20)
mc
Taking these equations into Eq. (16), we obtain
i —é( — ey +imw (y+ 22y
1Py =5 \F TPy mwAy+ 5z Px L2
+Evys +m62l//9
. eB
—ic|pot 5o (v gppe) +imw (x= 2oy ) | ws = 0. @)
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Simplifying Eq. (21) leads to

eB o . o
{ {p” 30 (0 g i (- 2;1”’)}
[ eB o o |
Pt (v 3pe) — i (= EPY)_
[ eB o o N\
+ _py b (x— ﬁpy) + imw (y—i— pr)_
[ eB o AN
X (P g (=g = imw (v )
2

For the sake of simplicity, we bring the problem into the mo-

we rewrite Eq. (22) as

14 eBa 2 + m2w? o2 o 1+ eBa
oo or® m oo
4he an AT She
yin eB 1+ eBo n m*w? o _ 2mweBhy v
c 4hc h c

e’B? 2 92
+ (4C2 +m2w2> { (1+yp%) a2
+ = (1+9p?) +2yp (1+ ~ - (1+
S ()| 5= ()

m2c* —E eBo
— —2h 14+ —
* { c? m ( T e >

B B 2y? 2mweB
— 1l {e <1+ea>+mwa— mve hy”qf:o. (24)
4he h

C C

2
(22)

mentum space. In this case, the expressions of the position

vector and momentum vector in the presence of the minimal

A transformation of the form y = y’%arctan(yp) brings

length are given by Eq. (24) into
9? i 1 d
R (2o (o)
xi =ih | (1+19°) 5 ] . Pi=Pis (23) It " \tan(z7) I
' 1
Y P 2 / _
. N N . o ) +yZtan” (xv/7) + v ] v(x)=0, (25

where 7 is the minimal length positive parameter. By using a
transformation of the form wo (p,@) = ¢'®w (P), 1 =0,1,2,  where

1+eBOC 2+m2w2062
2 o —l2 . 4hc

4h

——— —2hymw

|
eBa eB eBa m*w?a 2mweBhy

I+— | —vlh|— | 1+—— —

(+2hc) 4 {c <+4hc> 7 c }

r— 2hc

E? —m*c* Bo B
2t (1+e> +hl K

22 ’
B

252 [ 2w? 4 €

Y (mw+4cz)

eBa m*w?a  2mweBhy
1+ + -
4hc h c o2

22
V2h? (mzw2 + B >

With the help of an auxiliary function given by

[1=sin® (xv/7)] > sin’ (xv/7) S (%),

the equation (25) takes the form

w

[~]

vx) =

2 1—sin? (x/7)
{axz‘i‘}/z |:<Zl+ 1)—sin (Xﬂ)
sin (x+/7) ]a
1—sin? (xﬂ) Ix

+y[I"=2{ (1+1)] }S(x) =0,

+(1-28

where { verifies

Y[E(E—-2)+Z]=0,

whose solutions can be written as

4c2

|
C=1+V1-ZX.

Considering Eq. (26), the auxiliary function should be nonsin-

(29)

(26)
gular at ¥ = +1, which implies that the accepted value of {

1S
{=1+VI-Z.

In order to transform Eq. (27) into a class of known differential

(30)

equations with a polynomial solution, we introduce another
auxiliary function defined by y = 2sin* (x,/7) —1 and impose

the condition
@7 1
1 =28 (1+1)]=n(n+1+¢),

where 7 is a non-negative integer. Then the equation (27) takes

(€29

the form

(1-%)

(28)
98 (y)
0y?

Har1-8) - 41405 S5
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Fr =280+ s0)=0, (32)

whose solution can be expressed in terms of Jacobi polynomi-
als as

Sy) =P (). (33)

Then the energy eigenvalue of the system can be derived from
Eq. (31) as

2B2
E* = (2n* +2nl+1%) yh*c? <2m2w2 + e)

2¢?
2 21,2 42
Bo o
(14550 )+ (24
l2

eBa
hic

B
—hPmw (2—|— ea) —hlc?

hc
2,,2
o eB lJreBOt L o eB2hymw Ay
c 4hc h c
e’B?
+ 2n4-14+1)yr* e ( 2mPw* + ——
2¢2
x(1++1-D), nl=0,12,..., 34)
with
il eB 1+eBoc +mzwzoc _ eBm2nhyw
c 4hc h c

In view of the obscurity and complexity of Eq. (34), we
decide to depict the numerical results aiming to show the ef-
fect of the noncommutativity and the minimal length relation
in the energy spectra. In Figs. 1 and 2, the energy spectra
E versus the magnetic field parameter B for different values
of azimuthal quantum number, the noncommutative parame-
ter, and the minimal length parameter are plotted. Positive
and negative energy levels correspond to the case of particle
and antiparticle, respectively. Figures 1 and 2 show that for
the same noncommutative parameter, the energy E increases
monotonically with the increase of the minimal length param-
eter, and for the same minimal length parameter, the energy £
also increases monotonically with the increase of the noncom-
mutative parameter. Remarkably, for the same noncommuta-
tive parameter and the minimal length parameter in both fig-
ures, the energy E increases with the increase of the azimuthal

quantum number.

E
—1=0,a=05~v=08
20f —1=0,a=0.5,y=15
~1=0,a=09,v=08
0 0, a=0.9,
0 2 4 6 8 10
—10
—20

Fig. 1. (color online) The profile of the energy spectra E versus B
(h=c=n=m=w=e=1).

252
2 e“B
Y*h (mzw2 + aZ )

30

pTeore
00 & 0o

oo
oot

20

et
Qe
([

10
B
0 2 4 6 8 10
—10
—20
—-30

Fig. 2. (color online) The profile of the energy spectra E versus B
(h=c=n=m=w=e=1).

In addition, we try to quantify the influence of the two pa-
rameters on the energy spectrum. For the sake of convenience,
simplifying Eq. (34) gives

E(a,y)

_ £(0.0) 42500 IE©.0)

da v ady

e’B
—_— —|—m2wzc2

E(0,0)+—2% s_1(98
= £09 21/|E(0,0)|[_mee - ( 4 >

22

e’B
B\/m?w? 4+ ——-
ec mew 4021

+ (2n+1+1)

2

Y

e’B?
| (20 2nl+ 1) 2P (2m2w2—|—)
2V/IE(0,0)]

22

2B2
+2mweeBIR? + (2n+141) | 2m>w* + A P
2¢?

x(l 2mwcfleB2 2)]7 (35)
/ B

2C }’}’12W2—|'672

4c

with
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282
E(0,0) = £ | m?c*—2mwhc? —hlceB +2hc* (2n+1+1) | [ m?w? + 647.

Obviously, the equation (35) is the result of Taylor’s expan-
sion, where the second term and the third term are corrections
from the noncommutative parameter and the minimal length
parameter on the energy spectrum respectively. With the help
of the upper bound,*#7] after some algebraic operations, we
may conclude that the corrections from the noncommutative
parameter and minimal length parameter on the energy spec-
trum are very small. At present, the precision of the correc-
tions has not been detected by experiments.

Next, we discuss the non-relativistic limit of the system.

As in the usual case, a Taylor expansion of Eq. (34) turns into

2
E ~ mc2+Epo— %, (36)
2mc
with
1 2 2\ 132 22 ¢*B*
Ep()zm{(zn +2}’ll+l)’)/h 2mw +TC2

— hmw <2+ eB(X)
fic

eB eBa m*w?o  eB2hymw
—hl|— |1 —
{ c ( + 4hc> + h ]

c

2n2
+ (2n+1+1)yr? (2m2w2+eB> (1+\/1—D) }

2c2

In Eq. (36), the first term expresses the rest energy of the parti-
cle, and the second and third terms represent the energy of the
non-relativistic oscillator and the relativistic correction in the
presence of both the noncommutative coordinate space and the
minimal length for the spin-one DKP oscillator respectively.
Furthermore, considering Eq. (33), the wave function of

the system can be expressed as

&+l
_ cailo ey (] T e (Y1
Vo (p, @) = Ce (/}/P) <1+VP2) P 1+yP2)’

n,l=0,1,2,3,4,.... (37)
Therefore the other components can be written as
E
Y3 = ——> o, (38)
mc
iCA ! 1 =3
—1CAL b1/, p2\ 3
= P 39
ya=———e"?(yP?) (HW) (9
. L+l
iCAye'® , 1 1 z
=——(yP°)*? 40
Ys e (yP?) Y= ; (40)
with
eBa\ . imwoL cos @
A = 1+— -
! {H( +4hc)sm(p 2

N eBlh);C cosp hmwyCsin ‘P} p
C

N [ eBihlcos @ + ehBl (14 yP*) sing
2c

+ hmwl sin @

1
+ilmwh (14 yP?) cos (p] p} ps1

Bih
(hmwsmq,_ elCOS@) 2yp(nt1+0)
C [+1
n 2¢ PC’ +
1+yP? S
eBo imwosin @
A2—{|:|:(1+4hc>COS T
Bi i
_BIMCing s 4 »
2¢
. ABI (1 + yP?
+ eBinlsing e ( T )COS(p—i—hmwlcos(P
26‘ 26‘
— ilmwh (14 yP?) sin w] 1} Pt
p
eBihsing 2yp(n+1+8) cin
ebinisin@ L S L .
+ ( » + himw cos (p) 1+ 9P n—1

Before ending this part, we determine the normalization

constant C by the normalization condition

e dP 2
thus we have
_ymyz [n'2n+E+ DT (n+E+1) 2
C_C<f> [ C(n+{)T(n+1+1) “2)

3. Discussion

In this section, we discuss some special cases. First, when
the minimal length parameter Y — 0, the energy relation (34)

reduces to

Bo
E? = —h*mw <2+e
fic

Ba
— |eBchl 1—|—e— +Amwa| +m?ct
4he
e2B2
+2(2n+1+1)r2c? m2w2+4—2. (43)
c

The energy eigenvalues versus B for different values of az-
imuthal quantum number and the noncommutative parameter
are plotted in Fig. 3 and Fig. 4, respectively. Taking the pos-
itive energy levels as an example, in Figs. 3 and 4, it shows
that for the case of (y=1=0) or (/ = 1, y=0), the energy E

010301-5
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increases monotonically with the increase of the noncommu-
tative parameter. In addition, we show that the energy E in-
creases monotonically with the increase of the magnetic field

parameter B for both cases.

-5

—10

Fig. 3. (color online) The profile of the energy spectra E versus B
(h=c=n=m=w=e=1,y=1=0).

—5F

—10t

Fig. 4. (color online) The profile of the energy spectra E versus B
(h=c=n=l=m=w=e=1,y=0).

Subsequently, when the noncommutative parameter ¢ —
0, the energy relation (34) reduces to
e’B?
E* = (2112 +2nl + 12) yh2c? <2m2w2 + 22)
c

—2hcmw — hcl (eB — eB2hymw)
e’B?
+mPct 4 (2n 41+ 1) yi2c? <2e2B2 + 22)
c

x (14+v1=D7), (44)
with

hlyeB

2 1— Zhymw—T (1 =2nymw)
+

2p2
B
252 [ 2w2 4 €
Y <mw+462)

D =-

The energy eigenvalues versus B for different values of az-
imuthal quantum number and the minimal length parameter
are plotted in Fig. 5 and Fig. 6, respectively. We also take the
positive energy levels as an example. In Figs. 5 and 6, it shows
that for the case of (¢ =1 =0) or (/ =1, o = 0), the energy

E increases monotonically with the increase of the minimal

length parameter. Besides, we find that the energy E also in-
creases monotonically with the increase of the magnetic field
parameter B for both cases.

E
—I1l=0,a=0,vy=0

20—1=0,a=0,y=0.8
—1=0,aa=0,y=1.5

10
L
: . . . . B
0 6 8 10
—10}
—20}

Fig. 5. (color online) The profile of the energy spectra E versus B
(h=c=n=m=w=e=1,a=1=0).

30
20
10

0
—10
—20
—-30

Fig. 6. (color online) The profile of the energy spectra E versus B
(h=c=n=l=m=w=e=1,a=0).
Finally, when both the noncommutative and minimal
length parameters are absent, i.e. o = ¥y = 0, the energy re-

lation (34) reduces to

E? = m*c* — 2mwhc? — hlceB

232
+mﬂh+wnwww+%j, (45)

obviously which is strictly consistent with the result from

Boumali et al.[41]

4. Conclusion

This paper was devoted to the study of the noncommu-
tative coordinate space spin-one DKP oscillator with minimal
length. We first analyzed the DKP oscillator under a magnetic
field in the presence of a minimal length in the noncommu-
tative coordinate space and obtained energy spectrum as well
as corresponding spinor 1) in terms of the Jacobi polynomials.
Subsequently, the energy spectrum of the system is plotted,
which shows that for the same azimuthal quantum number,
the energy E increases monotonically with the increase of the
noncommutative parameter and the minimal length parame-
ter. Besides, the non-relativistic limit of the system and the
numerical result of the correction for the energy spectrum are

also reported. Finally, we analyzed some special cases in order

010301-6
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to discuss the effect of the noncommutative coordinate space

and the minimal length in the energy spectrum, and the corre-

sponding numerical results are depicted respectively. It shows

that for the same azimuthal quantum number, the energy E

increases monotonically with the increase of the noncommu-

tative parameter or the minimal length parameter, and for both

cases, the energy E increases monotonically with the increase

of the magnetic field parameter B.
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