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A novel stable value iteration-based approximate dynamic
programming algorithm for discrete-time nonlinear systems
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The convergence and stability of a value-iteration-based adaptive dynamic programming (ADP) algorithm are con-
sidered for discrete-time nonlinear systems accompanied by a discounted quadric performance index. More importantly
than sufficing to achieve a good approximate structure, the iterative feedback control law must guarantee the closed-loop
stability. Specifically, it is firstly proved that the iterative value function sequence will precisely converge to the optimum.
Secondly, the necessary and sufficient condition of the optimal value function serving as a Lyapunov function is investi-
gated. We prove that for the case of infinite horizon, there exists a finite horizon length of which the iterative feedback
control law will provide stability, and this increases the practicability of the proposed value iteration algorithm. Neural
networks (NNs) are employed to approximate the value functions and the optimal feedback control laws, and the approach
allows the implementation of the algorithm without knowing the internal dynamics of the system. Finally, a simulation
example is employed to demonstrate the effectiveness of the developed optimal control method.

Keywords: adaptive dynamic programming (ADP), convergence, stability, discounted quadric performance
index
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1. Introduction
Optimal control of the nonlinear system has been viewed

as the key problem in the control field in the last few decades.
As is known, dynamic programming (DP)[1] has emerged as a
powerful technique to solve optimal control problems. How-
ever, due to the curse of dimensionality, it is computationally
untenable to obtain the optimal solution. For nonlinear sys-
tems, we can obtain the optimal stabilizing feedback control
law by solving the Hamilton–Jacobi–Bellman (HJB) equation.
However, due to its inherently nonlinear nature, it is challeng-
ing to obtain the solution. For linear systems, the HJB equa-
tion reduces to the well-known Riccati equation, which results
in the linear quadratic regulator (LQR) controller.[2]

To overcome this difficulty, adaptive dynamic program-
ming (ADP) was firstly proposed by werbos[3] for the discrete-
time (DT) dynamic system, which is a reinforcement learn-
ing (RL) approach and utilizes the function approximation
for the value functions based on adaptive critics. Different
from DP, ADP solves the optimal control problems forward-
in-time. Bertsekas and Tsitsiklis proposed a neuro-dynamic
programming (NDP)[4] algorithm, where neural networks are
employed to approximate the value function. Werbos classi-
fied ADP algorithms into the following four main schemes:
heuristic dynamic programming (HDP), dual HDP (DHP),
action-dependent HDP (ADHDP), and action-dependent dual
HDP (ADDHP). Prokhorov and Wunsch proposed a new ADP
scheme which is known as the globalized DHP (GDHP)[5] and
action-dependent GDHP. There are mainly two recursive ADP

algorithms: the policy iteration (PI) algorithm and the value
iteration (VI) algorithm.[6]

The PI algorithm contains two steps: the policy evalu-
ation and the policy improvement. The iterative value func-
tions and control laws are obtained iteratively, and the iter-
ative control laws must stabilize the system.[7–24] An initial
stabilizing control law is required, however, it is often diffi-
cult to obtain. While in most applications, fewer iterations are
required, and computationally demanding is more than that
of the VI iteration algorithm. Abu-Khalaf et al.[25] utilized
a neural network (NN) to obtain an approximate solution to
the value function for continuous-time (CT) nonlinear systems
with saturating actuators. Zhang et al.[26] proposed an itera-
tive ADP method to solve a class of nonlinear zero-sum (ZS)
differential games. Generalized policy iteration (GPI) for CT
systems, which includes PI, VI, and optimistic policy iteration
(OPI) algorithms, was proposed in Ref. [27]. Data-based op-
timal control problems using novel PI and VI algorithms were
implemented online by Frank et al.[28] Song et al. developed
a novel off-policy integral reinforcement learning method to
solve the nonlinear continuous-time multiplayer nonzero-sum
games with completely unknown dynamics.[29]

For the VI algorithm, the initial stabilizing control law is
not needed. However, the closed-loop stability cannot be guar-
anteed using the iterative control laws. Luo et al.[30] proposed
a near-optimal control approach for a class of DT affine non-
linear systems under control constraints by the iterative DHP
method. Zhang et al.[31] proposed an infinite-time optimal
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tracking control method for the DT nonlinear system based
on the greedy HDP algorithm. Al-Tamimi et al.[32] derived
a VI-based HDP algorithm to solve the optimal control for
the DT nonlinear system and provided the convergence proof.
However, the stabilizing control only can be obtained until
the value function sequence converges and the iterative con-
trol laws are not necessarily stabilizing, which greatly limits
the applications of the VI algorithm. Li et al.[33] proposed
a general value iteration (GVI) algorithm and proved that if
the condition V0(𝑥k) ≥ V1(𝑥k) holds, all the iterative control
laws are stabilizing; Wei et al.[34] proposed a stable θ -ADP
scheme; but both of them need an initial value which is also
difficult to obtain. All the works above focus on the case of
the discount factor being 1. Wang et al.[35] developed a VI
algorithm to solve the non-affine nonlinear DT systems with a
discount factor in the cost function via the GDHP algorithm,
nevertheless the stability of the closed-loop is not considered.
For discrete LTI systems without discount factor, Primbs et
al.[36] demonstrated that there always exists a finite i*, and
the closed-loop system is asymptotically stable for all i ≥ i*.
It should be pointed out that proving convergence of an ADP
algorithm is different than showing the closed-loop stability.
Ensuring optimality must guarantee the stability of the nonlin-
ear systems.

It is noted that the HJB equation with the discount fac-
tor will not always serve as a Lyapunov equation when the
discount factor is less than 1, which implies that even the opti-
mal value function may not serve as a Lyapunov function and
the optimal control cannot guarantee the closed-loop stability.
The primary objective of this paper is to investigate the nec-
essary and sufficient condition for the HJB equation with the
discount factor serving as a Lyapunov function, therefore the
optimal control is stabilizing. In the following, the stability
for a finite horizon formulation of value iteration of DT non-
linear systems with a discount factor in the cost function is
considered. We prove that given any initial value function for
the infinite horizon problem, there must exist a finite horizon
length such that the obtained iterative control laws will ensure
the stability, which will greatly increase the practicability of
the VI algorithm.

The rest of the paper is organized as follows. Section 2
shows the problem formulation as well as the DT HJB equa-
tion with discount factor for the nonlinear systems. Section 3
proposes a novel convergence proof and the necessary and suf-
ficient condition for the HJB equation with the discount factor
serving as a Lyapunov function, then the finite numbers of the
iteration stability proof of the VI algorithm are introduced. In
Section 4, neural networks are utilized to implement the VI
algorithm that provides stabilizing control laws. In the last
section, simulation examples are employed to demonstrate the
effectiveness of the proposed algorithms.

2. Preliminaries
Let us consider the affine DT nonlinear system of the

form

𝑥k+1 = 𝑓(𝑥k)+𝑔(𝑥k)𝑢(𝑥k), k = 1,2, . . . , (1)

where 𝑥k ∈Rn is the state vector, and 𝑢(𝑥k) ∈Rm is the input
vector. Suppose that the system is drift free and, without loss
of generality, 𝑥= 0 is an equilibrium state of the system under
the control 𝑢k = 0.

Definition 1 A nonlinear dynamical system is defined to
be stabilizable on a compact set Ω ∈ Rn if there exists a con-
trol input 𝑢 ∈ Rm such that, for all initial conditions 𝑥0 ∈ Ω ,
the state 𝑥k → 0 as k → ∞.

The main objective is to find the control law 𝑢(𝑥k) that
minimizes the following infinite-horizon cost function:

V (𝑥k,𝑢) =
∞

∑
j=k

α
j−kU(𝑥 j,𝑢(𝑥 j)), (2)

in which U is the positively defined utility function, i.e.,
U(0,0) = 0 and U(𝑥k,𝑢(𝑥k)) ≥ 0,∀𝑥k, 𝑢(𝑥k), α is the dis-
count factor with 0 < α ≤ 1. Note that the control law needs
not only to be stabilizing, but also to guarantee that equa-
tion (2) is finite, that is, the control law must be admissible.

Definition 2[17] A control 𝑢(𝑥k) is defined to be admis-
sible with respect to Eq. (2) on Ω if 𝑢(𝑥k) is continuous on a
compact set Ω ⊆Rn, 𝑢(0) = 0, 𝑢(𝑥) stabilizes Eq. (1) on 𝛺,
and for all 𝑥0 ∈ Ω , J(𝑥0,𝑢) is finite.

It is readily seen that equation (2) can be written as

V (𝑥k) =U(𝑥k,𝑢k)+α

∞

∑
j=k+1

α
j−k−1U(𝑥 j,𝑢 j). (3)

Following the Bellman’s optimal principle, the optimal cost
function V *(𝑥k) must satisfy the DT HJB equation

V *(𝑥k) = min
𝑢(𝑥k)

{U(𝑥k,𝑢k)+αV *(𝑥k+1)}. (4)

Remark 1 Note that equation (4) is a Lyapunov equa-
tion when the discount factor α = 1. However, for some
α < 1, equation (4) may not serve as a Lyapunov equation,
and the optimal control cannot guarantee the closed-loop sta-
bility, which will be illustrated by the numerical simulation
example in Appendix A.

In this paper, the utility function U is chosen as the
quadric form, i.e., U(𝑥k,𝑢k) = 𝑥T

k 𝑄𝑥k +𝑢T
k R𝑢k. By noting

the fact that 𝑢* satisfies the first-order necessary condition,
taking gradient of the right-hand side of Eq. (4) with respect
to 𝑢 yields

∂ (𝑥T
k 𝑄𝑥k +𝑢T

k 𝑅𝑢k)

∂𝑢k
+α

(
∂𝑥k+1

∂𝑢k

)T
∂V *(𝑥k+1)

∂𝑥k+1
= 0, (5)

then we obtain

𝑢*(𝑥k) =−α

2
𝑅−1𝑔(𝑥k)

T ∂V *(𝑥k+1)

∂𝑥k+1
. (6)
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Substituting Eq. (6) in Eq. (4), we have

V *(𝑥k) =𝑥T
k 𝑄𝑥k +

α2

4

(
∂V *(𝑥k+1)

∂𝑥k+1

)T

𝑔(𝑥k)𝑅
−1𝑔(𝑥k)

T

× ∂V *(𝑥k+1)

∂𝑥k+1
+αV *(𝑥k+1). (7)

The above equation reduces to the algebraic Riccati equa-
tion (ARE) for the linear systems accompanied by a quadratic
cost function (LQR). However, for general nonlinear systems,
equation (7) is difficult to solve directly because it involves
solving a nonlinear partial difference equation. To overcome
the difficulty in solving the HJB equation, recursive methods
will be proposed to solve the HJB equation indirectly.

2.1. Discrete-time value iteration algorithm

Here we show the value iteration algorithm. We can start
with any initial value V0(𝑥k)≥ 0, then solve for 𝑢0 from

𝑢0(𝑥k) =arg min
𝑢(𝑥k)

{
𝑥T

k 𝑄𝑥k +𝑢(𝑥k)
T𝑅𝑢(𝑥k)

+αV0(𝑓(𝑥k)+𝑔(𝑥k)𝑢(𝑥k))
}
.

Then, the cost function is updated as

V1(𝑥k) =𝑥T
k 𝑄𝑥k +𝑢0(𝑥k)

T𝑅𝑢0(𝑥k)

+αV0(𝑓(𝑥k)+𝑔(𝑥k)𝑢0(𝑥k)).

The value iteration algorithm runs between the following two
iterative steps:

Value update: update the value function by

Vi+1(𝑥k) =𝑥T
k 𝑄𝑥k +𝑢i(𝑥k)

T𝑅𝑢i(𝑥k)

+αVi(𝑓(𝑥k)+𝑔(𝑥k)𝑢i(𝑥k)); (8)

Policy improvement: determine the improved policy by

𝑢i+1(𝑥k) =arg min
𝑢(𝑥k)

{
𝑥T

k 𝑄𝑥k +𝑢(𝑥k)
T𝑅𝑢(𝑥k)

+αVi+1(𝑓(𝑥k)+𝑔(𝑥k)𝑢(𝑥k))
}
. (9)

In the above recurrent iteration, the cost functions and control
laws are updated until they convert to the optimal values. In
Ref. [32], the convergence has been proved for α = 1, as i goes
to the infinite, it follows

V∞(𝑥k) =min
𝑢k

{
𝑥T

k 𝑄𝑥k +𝑢T
k 𝑅𝑢k +V∞(𝑥k+1)

}
=𝑥T

k 𝑄𝑥k +𝑢T
∞𝑅𝑢∞ +V∞(𝑥k+1), (10)

and the optimal control law is given by

𝑢∞(𝑥k) = argmin
𝑢k

{
𝑥T

k 𝑄𝑥k +𝑢T
k 𝑅𝑢k +V∞(𝑥k+1)

}
.

3. The main results

In the above section, one can see that equation (10) nat-
urally serves as a Lyapunov equation, hence the control law

𝑢∞(𝑥k) is stabilizing. However, it is not acceptable to ex-
ecute infinite iterative steps in practical applications. Thus
the termination condition of the algorithm is proposed, i.e., if
|Vi+1((𝑥k))−Vi((𝑥k))|< 𝜖 holds, then 𝑢i(𝑥k) will be consid-
ered as the approximate optimal controller, but whether 𝑢i(𝑥k)

is stabilizing still remains unsolved. Therefore, finding a finite
horizon length of which the iterative control law will provide
the stability is the crucial issue. Moreover, from the discussion
in Remark 1, there must be some restrictions on the selection
of the discounted factor. Otherwise, by choosing an inappro-
priate discounted factor, the optimal control law will make the
resulting closed system unstable. To overcome these two dif-
ficulties, we propose the following theorem, which is inspired
by the innovative works.[33,38,39]

Theorem 1 Suppose that the condition

0 ≤ αV *(𝑓(𝑥k)+𝑔(𝑥k)𝑢(𝑥k))≤ θU(𝑥k,𝑢(𝑥k)) (11)

holds uniformly for some positive scalar 0 < θ < ∞, and there
are 0 ≤ δ ≤ 1 and 1 ≤ ω ≤ ∞ such that 0 ≤ δV * ≤V0 ≤ ωV *,
0 < α ≤ 1. The value function sequence {Vi} and the con-
trol law sequence {𝑢i} are respectively iteratively updated
by Eqs. (2) and (1). Then the iterative value function Vi ap-
proaches V * according to the following inequality:[
1+

δ −1
(1+θ−1)i

]
V *(𝑥k)≤Vi(𝑥k)≤

[
1+

ω −1
(1+θ−1)i

]
V *(𝑥k).

(12)

Define V∞(𝑥k) = limi→∞ Vi(𝑥k) and 𝑢∞(𝑥k) = limi→∞𝑢i(𝑥k),
then V∞(𝑥k) = V *(𝑥k), 𝑢∞(𝑥k) = 𝑢*(𝑥k). Moreover, if the
discount factor satisfies θ(1+ θ)−1 < α ≤ 1, then there ex-
ists a finite index i* such that for i ≥ i*, the iterative control
laws are asymptotically stabilizing for any given initial value
function.

Proof The assumption 0 ≤ αV *( f (𝑥,𝑢)) ≤ θU(𝑥,𝑢)

implies that

δ −1
1+θ

(θU(𝑥k,𝑢(𝑥k))−αV *(𝑓(𝑥k)+𝑔(𝑥k)𝑢(𝑥k))≤ 0.

(13)

The left hand side of inequality (9) will be demonstrated by
mathematical induction. For i = 1,

V1(𝑥) = min
u
[αV0(𝑓(𝑥,𝑢))+U(𝑥,𝑢)]

≥ min
u
[αδV *(𝑓(𝑥,𝑢))+U(𝑥,𝑢)]

≥ min
u

[(
δ − δ −1

θ +1

)
αV *(𝑓(𝑥,𝑢))

+

(
1+θ

δ −1
θ +1

)
U(𝑥,𝑢)

]
=

1+δθ

θ +1
min

u
[αV *(𝑓(𝑥,𝑢))+U(𝑥,𝑢)]

=

[
1+

δ −1
1+θ−1

]
V *(𝑥).

010203-3
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Assume that for k−1, it holds that[
1+

δ −1
(1+θ−1)k−1

]
V * ≤Vk−1,

then we have

Vk(𝑥) = min
u
[αVk−1(𝑓(𝑥,𝑢))+U(𝑥,𝑢)]

≥ min
u

{[
1+

δ −1
(1+θ−1)k−1

]
αV *(𝑓(𝑥,𝑢))+U(𝑥,𝑢)

}
≥ min

u

{[
1+

(δ −1)θ k

(θ +1)k

]
U(𝑥,𝑢)

+

[
1+

δ −1
(θ−1+1)k−1 −

(δ−1)θ k−1

(θ+1)k

]
αV *(𝑓(𝑥,𝑢))

}
=

[
1+

(δ −1)θ k

(θ +1)k

]
min

u
[αV *(𝑓(𝑥,𝑢))+U(𝑥,𝑢)]

=

[
1+

δ −1
(1+θ−1)k

]
V *(𝑥).

The left hand side of inequality (9) has been proved and by the
same way, the right-hand side can easily be derived. As k goes
to infinity, it is obvious that

lim
i→∞

[
1+

δ −1
(1+θ−1)i

]
V *(𝑥) =V *(𝑥),

lim
i→∞

[
1+

ω −1
(1+θ−1)i

]
V *(𝑥) =V *(𝑥).

Therefore, V∞(𝑥k) =V *(𝑥k), 𝑢∞(𝑥k) = 𝑢*(𝑥k).

Now we prove the second part of the theorem. If θ(1+
θ)−1 < α ≤ 1, then according to inequality (11), we have

(1−α)V *(𝑓(𝑥,𝑢))<U(𝑥,𝑢), 𝑥 ̸= 0, 𝑢 ̸= 0. (14)

By reviewing Eq. (4), we have

V *(𝑥k+1)−V *(𝑥k) = (1−α)V *(𝑥k+1)−U(𝑥,𝑢)< 0,

hence the HJB equation (4) serves as a Lyapunov equation.

Since V *(𝑥k)< (1−α)−1U(𝑥k,𝑢
*(𝑥k)), which is equiv-

alent to ∃λ ∈ (0,1) such that

V *(𝑥k)≤
λ

1−α
U(𝑥k,𝑢

*(𝑥k)). (15)

If 0 ≤V0(𝑥k)≤V *(𝑥k), then we have[
1−
(

αλ

1−α +αλ

)i
]

V *(𝑥k)≤Vi(𝑥k)≤V *(𝑥k), (16)

thus it follows

α(Vi(𝑥k+1)−Vi(𝑥k))

=Vi+1(𝑥k)−αVi(𝑥k)−U(𝑥k,𝑢i(𝑥k))

≤ J*(𝑥k)−α

[
1−
(

αλ

1−α +αλ

)i
]

V *(𝑥k))−U(𝑥k,𝑢i(𝑥k)

=

[
1−α +

(
αλ

1−α +αλ

)i
]

V *(𝑥k)−U(𝑥k,𝑢i(𝑥k))

≤ λ

1−α

[
1−α +

(
αλ

1−α +αλ

)i
]

U(𝑥k,𝑢
*(𝑥k))

−U(𝑥k,𝑢i(𝑥k)). (17)

As i→∞, 𝑢i(𝑥k)→𝑢*(𝑥k), so there exists i1 ∈N+, s.t. i> i1,
it holds that

U(𝑥k,𝑢
*(𝑥k))≤ (1+ 𝜖)U(𝑥k,𝑢i(𝑥k)), (18)

where λ (1+ 𝜖)< 1. Then we obtain

α(Vi(𝑥k+1)−Vi(𝑥k))≤

{
λ

1−α

[
1−α +

(
αλ

1−α +αλ

)i
]

× (1+ 𝜖)−1

}
U(𝑥k,𝑢i(𝑥k)). (19)

For 𝑥k ̸= 0, then U(𝑥k,𝑢i(𝑥k)) > 0, we only need to prove
∃ i2 ∈ N+, i > i2,

λ

1−α

[
1−α +

(
αλ

1−α +αλ

)i
]
(1+ 𝜖)−1 < 0, (20)

which is equivalent to(
αλ

1−α +αλ

)i

< {[λ (1+ 𝜖)]−1 −1}(1−α). (21)

We obtain i2 as

i2 >
ln{[λ (1+ 𝜖)]−1 −1}(1−α)

lnαλ − ln(1−α +αλ )
. (22)

Therefore, if the iterative index i ≥ i* = max{i1, i2}, then
Vi(𝑥k+1)−Vi(𝑥k) < 0. According to the Lyapunov stability
criteria, Vi(𝑥k) is a Lyapunov function, and 𝑢i(𝑥k) is asymp-
totically stable.

For the case of V0(𝑥k) ≥ V *(𝑥k), the proof can be given
by the same way and is omitted here. This completes the proof.

Theorem 2 The i-th iterative control 𝑢i(𝑥k) is stabilizing
if

Vi+1(𝑥k)−αVi(𝑥k)<U(𝑥k,𝑢i(𝑥k)), (23)

where α is the discount factor.
Proof From theorem 1, limi→∞ Vi(𝑥k) = V *(𝑥k), which

implies

lim
i→∞

[Vi+1(𝑥k)−αVi(𝑥k)] = (1−α)V *(𝑥k). (24)

For limi→∞ U(𝑥k,𝑢i(𝑥k)) =U(𝑥k,𝑢
*(𝑥k)) holds and accord-

ing to Remark 2, we have ∃i*, i ≥ i*, Vi+1(𝑥k)−αVi(𝑥k) <

U(𝑥k,𝑢i(𝑥k)), thus

α[Vi(𝑥k+1)−Vi(𝑥k)]

=Vi+1(𝑥k)−αVi(𝑥k)−U(𝑥k,𝑢i(𝑥k))< 0. (25)

For i ≥ i*, Vi is a Lyapunov function. According to the
Lyapunov stability criteria, the 𝑢i(𝑥k) law is asymptotically
stabilizing. The proof is completed.
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Remark 3 Theorem 2 illustrates that there exists a finite
index i*, such that 𝑢i(𝑥k) is stabilizing when i > i*. How-
ever, i* is difficult to accurately obtain. Theorem 2 proposes
a sufficient condition for the i-th iterative control law to be
stabilizing. It can be easily used to verify whether 𝑢i(𝑥k) is
stabilizing instead of obtaining i*. Therefore, inequality (23)
can be conveniently used in the algorithm design, which gives
the termination condition to determine whether 𝑢i(𝑥k) is sta-
bilizing. If the termination condition |Vi+1(𝑥)−Vi(𝑥)| < 𝜖 is
satisfied, we cannot guarantee that 𝑢i is stabilizing, because
we do not know whether i > i* holds. Then, we use the suf-
ficient condition (23) to determine whether 𝑢i is stabilizing.
Only if these two termination conditions hold simultaneously,
then we obtain the stabilizing approximate optimal controller.

Remark 4 Compared with the existing work[25,26,29]

without the discounted factor, the closed-loop stability is
proved by introducing the PI algorithm and the algorithm
starts with an admissible control. Song et al. developed
a novel off-policy integral reinforcement learning method to
solve the nonlinear continuous-time multiplayer nonzero-sum
games with completely unknown dynamics,[29] the asymp-
totic stability of the closed-loop system and the existence of
Nash equilibrium were proved but the stabilizing initial poli-
cies must be given. This is very difficult for the nonlinear sys-
tems. However, our work firstly proposes the closed-loop sta-
bility proof by using the VI algorithm, a definite advantage is
that the admissible control is not required. Moreover, by in-
troducing an appropriate discount factor, the convergence rate
of the algorithm will be significantly improved, which will be
shown in the simulation part.

4. Implementation of value iteration algorithm
via neural networks

It is well known that neural networks are usually used
to approximate smooth functions on a prescribed compact
set.[4,5] At each step, the cost function Vi(𝑥) is approximated
by

V̂i(𝑥) = (𝑊 L
i )

T𝜑(𝑥) =
L

∑
j=1

ω
j

i 𝜑 j(𝑥), (26)

and 𝑢i(𝑥k) is approximated by

𝑢̂i(𝑥) = (𝛩L
i )

T𝜎(𝑥) =
L

∑
j=1

θ
j

i 𝜎 j(𝑥), (27)

where φ j(𝑥) : Ω → R, φ j(𝑥)|𝑥=0 = 0, the neural network
weights of the i-th step are ω

j
i , and L is the number of hid-

den layer neurons, 𝜑(𝑥) ≡ [φ1(𝑥)φ2(𝑥) · · ·φL(𝑥)]
T, 𝑊 L

i ≡
[ω1

i (𝑥)ω
2
i (𝑥) · · ·ωL

i (𝑥)]
T, 𝜎(𝑥) ≡ [𝜎1(𝑥)𝜎2(𝑥) · · ·𝜎L(𝑥)]

T,
𝛩L

i ≡ [𝜃1
i (𝑥)𝜃

2
i (𝑥) · · · 𝜃L

i (𝑥)]
T.

Note that

E(𝑥k,𝑥k+1,𝑊
L
i , 𝑢̂i(𝑥k))

= 𝑥T
k 𝑄𝑥k + 𝑢̂T

i (𝑥k)𝑅𝑢̂i(𝑥k)+αV̂i(𝑥k+1)

= 𝑥T
k 𝑄𝑥k + 𝑢̂T

i (𝑥k)𝑅𝑢̂i(𝑥k)+α(𝑊 L
i )

T𝜑(𝑥k+1). (28)

Then we obtain the residual error

eL = (𝑊 L
i+1)

T𝜑(𝑥k)−E(𝑥k,𝑥k+1,𝑊
L
i , 𝑢̂k). (29)

The weighted residuals method is used to find the least-
squares solution, as a result, one has〈

∂eL(𝑥)

∂𝑊 L
i

,eL(𝑥)

〉
= 0, (30)

where ⟨𝑓 ,𝑔⟩ =
∫

Ω
𝑓𝑔T d𝑥 is a Lebesgue integral. Equa-

tion (30) can be expanded as

0 =
∫

Ω

𝜑(𝑥k)
(
𝜑T(𝑥k)𝑊

L
i+1

−𝐸T(𝑥k,𝑥k+1,𝑊
L
i , 𝑢̂i(𝑥k))

)
d𝑥k. (31)

Selecting {φ j(𝑥)}L that are linearly independent of the com-
pact set Ω ∈Rn, then

∫
Ω
𝜑(𝑥k)𝜑

T(𝑥k)d𝑥k is invertible, so the
unique solution 𝑊 L

i+1 exists and is given by

𝑊 L
i+1 =

(∫
Ω

𝜑(𝑥k)𝜑
T(𝑥k)d𝑥k

)−1

×
∫

Ω

𝜑(𝑥k)𝐸
T (𝑥k,𝑥k+1,𝑊

L
i , 𝑢̂i(𝑥k)

)
d𝑥k. (32)

The action NN weights are tuned according to Eq. (9),
which is equivalent to

𝛩L
i =argmin

𝛩L

{
𝑥T

k 𝑄𝑥k + 𝑢̂T
i (𝑥k,𝛩

L)𝑅𝑢̂i(𝑥k,𝛩
L)

+αV̂i(𝑥
i
k+1)

}
, (33)

where 𝑥i
k+1 = 𝑓(𝑥k)+𝑔(𝑥k)𝑢̂i(𝑥k,𝛩

L). The weights are up-
dated using the gradient descent training method

𝛩L
i|m+1

=𝛩L
i|m−λ

∂

(
𝑥T

k 𝑄𝑥k+𝑢̂T
i (𝑥k,𝛩

L
i|m)𝑅𝑢̂i(𝑥k,𝛩

L
i|m)+αV̂i(𝑥

i
k+1)
)

∂𝛩L
i

=𝛩L
i|m −λ𝜎(𝑥k)(2𝑅𝑢̂T

i

(
𝑥k,𝛩

L
i|m

)
+α𝑔T(𝑥k)

∂𝜑T(𝑥k+1)

∂𝑥k+1
𝑊 L

i+1, (34)

and 𝛩L
i = limm→∞𝛩L

i|m, where λ > 0 is the step size and m is
the iteration number.

Note that equations (32) and (34) do not need the internal
system dynamics, and 𝑔(𝑥k) updates the control only using
Eq. (34), so the algorithm runs with partially unknown dy-
namics.

The optimal control for nonlinear DT affine systems can
be obtained offline by the following algorithm.
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1) Define an NN as V̂i(𝑥) = (𝑊 L
i )

T𝜑(𝑥) to approxi-
mate the value function Vi(𝑥), and another NN as 𝑢̂i(𝑥) =

(𝛩L
i )

T𝜎(𝑥) to approximate the value function 𝑢i(𝑥).
2) Initialize the weights 𝑊 L

i and 𝛩L
i . Set i = 0 and the

specified error 𝜖.
3) Compute 𝛩L

i by Eq. (34) to derive the value function
𝑢̂i(𝑥) = (𝛩L

i )
T𝜎(𝑥); then compute 𝑊 L

i using Eq. (32) to de-
rive the value function V̂i(𝑥) = (𝑊 L

i )
T𝜑(𝑥).

4) If |V̂i+1(𝑥)− V̂i(𝑥)|< 𝜖 holds, go to 5); otherwise, set
i = i+1, and go to 3).

5) If condition (23) holds, go to step 6); otherwise, the
discount factor should be settled larger.

6) Obtain the final optimal value and control law, stop.

5. Numerical simulation
The following nonlinear discrete-time system example is

used to demonstrate the effectiveness of the NN implementa-
tion for the aforementioned algorithm.

Example 1 Consider the following DT affine nonlinear
system:

𝑓(𝑥k) =

[
sin𝑥1k
𝑥1k𝑥2k

]
, 𝑔(𝑥k) =

[
0.4
−0.2

]
.

The initial state is set as 𝑥0 = [1 −1]T, the performance index
follows the form in Eq. (2) and the weights are given by

𝑄=

[
1 0
0 1

]
, 𝑅= 1.

The basis functions of the NNs are selected as follows.
The control is approximated by 𝑢̂i(𝑥k) = (𝛩L

i )
T𝜎(𝑥k), where

𝜎(𝑥k) is the basis given by

𝜎(𝑥k) = [𝑥k(1) 𝑥k(2) 𝑥3
k(1) 𝑥2

k(1)𝑥k(2)

𝑥k(1)𝑥2
k(1) 𝑥3

k(2) 𝑥5
k(1) 𝑥4

k(1)𝑥k(2)

𝑥3
k(1)𝑥

2
k(2) 𝑥2

k(1)𝑥
3
k(2) 𝑥k(1)𝑥4

k(2) 𝑥5
k(2)]

T,

and the weights are

𝛩L
i = [𝜃i1 𝜃i2 𝜃i3 𝜃i4 𝜃i5 𝜃i6

𝜃i7 𝜃i8 𝜃i9 𝜃i10 𝜃i11 𝜃i12]
T.

The value is approximated by V̂i(𝑥k) = (𝑊 L
i )

T𝜑(𝑥k),
where 𝜑(𝑥k) is the basis given by

𝜑(𝑥k) = [𝑥2
k(1) 𝑥k(1)𝑥k(2) 𝑥2

k(2) 𝑥4
k(1)

𝑥3
k(1)𝑥

1
k(2) 𝑥2

k(1)𝑥
2
k(2) 𝑥3

k(1)𝑥
1
k(2)

𝑥4
k(2)𝑥

6
k(1) 𝑥5

k(1)𝑥k(2) 𝑥4
k(1)𝑥

2
k(2)

𝑥3
k(1)𝑥

3
k(2) 𝑥2

k(1)𝑥
4
k(2) 𝑥k(1)𝑥5

k(2) 𝑥6
k(2)]

T,

and the weights are

𝑊 L
i = [𝜔i1 𝜔i2 𝜔i3 𝜔i4 𝜔i5 𝜔i6 𝜔i7 𝜔i8

𝜔i9 𝜔i10 𝜔i11 𝜔i12 𝜔i13 𝜔i14 𝜔i15]
T.

The training error of the NN is selected as 10−6 and the
discount factor α = 1. The algorithm runs 301 iterative steps
under the learning rate λ = 0.05 to ensure that the accuracy
10−6 has been reached. The convergence processes of the
state trajectories and the control inputs are given in Figs. 1
and 2, respectively. The iterative value function is shown in
Fig. 3. Figure 4 shows that the condition (23) is satisfied
from the plot of the error between V301(𝑥k)−V300(𝑥k) and
U(𝑥k,𝑢300(𝑥k)), the error is less than zero globally in the
square area [−1;1]× [−1;1], thus 𝑢300(𝑥k) is stabilizing.
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Fig. 1. (color online) The state trajectories.
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Fig. 2. (color online) The control inputs.
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Fig. 3. (color online) The value function.
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Fig. 4. (color online) The error between V301(𝑥k)−V300(𝑥k) and
U(𝑥k,𝑢300(𝑥k)).

In order to show the discount factor impacts on the con-
vergence speed of the algorithm, we set α = 0.6. The algo-
rithm runs 234 steps then the given accuracy 10−6 is reached,
which means that the smaller discount factor ensures the faster
convergence speed for the value function. To visually compare
with the case of α = 1, we show the convergence processes of
the state trajectories and the control inputs in Figs. 5 and 6,
respectively. Figure 7 shows that the condition (23) is sat-
isfied from the plot of error between V234(𝑥k)− 0.6V233(𝑥k)

and U(𝑥k,𝑢233(𝑥k), the error is negative globally on [−1;1]×
[−1;1], hence, the iterative control law 𝑢233(𝑥k) is stabilizing.

The numerical results show that there exists a finite hori-
zon length of which the iterative control laws will guarantee
the stability. By introducing a discount factor, the proposed
value iteration algorithm not only can obtain the stabilizing it-
erative control law that ensures the closed-loop stability of the
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Fig. 5. (color online) The state trajectories.

system, but also shows a faster convergence property, which
greatly improves the practicability of the developed algorithm.
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Fig. 6. (color online) The control inputs.
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Fig. 7. (color online) The error between V234(𝑥k)− 0.6V233(𝑥k) and
U(𝑥k,𝑢233(𝑥k)).

6. Conclusion
In this paper, we proved the convergence and stability of

a finite horizon formulation of VI algorithm for nonlinear DT
affine systems accompanied by a discounted quadric perfor-
mance index. The necessary and sufficient condition for the
optimal value function serving as a Lyapunov function was
investigated. It was proven that for the infinite horizon prob-
lem, there exists a finite iterative such that the iterative con-
trol laws will guarantee the stability. Neural networks (NNs)
were used to implement the approach without knowing the in-
ternal system dynamics. A simulation example was given to
demonstrate the effectiveness of the developed optimal control
approach.

Appendix A
In order to show that introducing a discount factor to the

performance index may cause divergence of the considered
systems using the optimal control by solving the HJB equa-
tion, a linear system quadric regulator problem is considered
here for simplicity.
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Consider the following linear system 𝑥k+1 = 𝐴𝑥k +

𝐵𝑢k, where

𝐴=

[
1 −0.5

1.5 0.3

]
, 𝐵 =

[
0

−0.1

]
.

The weight matrices are chosen as

𝑄=

[
1 0
0 1

]
, 𝑅= 1.

We can derive the optimal control by solving the Riccati equa-
tion

𝐾 =𝐴T[α𝐾−α
2𝐾𝐵(α𝐵T𝐾𝐵+𝑅)−1𝐵T𝐾]𝐴+𝑄,

the optimal feedback control is given by

𝑢*(𝑥k) =−α(α𝐵T𝐾𝐵+𝑅)−1𝐵T𝐾𝐴𝑥k.

Let α = 0.9, then we obtain the optimal control

𝑢*(𝑥k) = [0.3365 0.2245]𝑥k.

The closed-loop system gain matrix 𝐴−𝐵𝐾 is

𝐴−𝐵𝐾 =

[
1.000 −0.5000
1.4664 0.2776

]
,

the poles of the system are 0.6388± 0.7763j, the spectral ra-
dius of 𝐴−𝐵𝐾 is 1.0054, thus the closed-loop system di-
verges.
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