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The finite-time control of uncertain fractional-order Hopfield neural networks is investigated in this paper. A switched
terminal sliding surface is proposed for a class of uncertain fractional-order Hopfield neural networks. Then a robust
control law is designed to ensure the occurrence of the sliding motion for stabilization of the fractional-order Hopfield
neural networks. Besides, for the unknown parameters of the fractional-order Hopfield neural networks, some estimations
are made. Based on the fractional-order Lyapunov theory, the finite-time stability of the sliding surface to origin is proved
well. Finally, a typical example of three-dimensional uncertain fractional-order Hopfield neural networks is employed to
demonstrate the validity of the proposed method.
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1. Introduction
Neural networks have a long development history and

have received more and more attention recently.[1–4] Neu-
ral networks have so many successful applications, ranging
from image processing, combinatorial optimization, associa-
tive memories, pattern recognition, and many other fields.
Fractional calculus is an extension of integer calculus, which
can be extended to arbitrary order. Fractional calculus is bet-
ter than integer one in many fields. Fractional calculus pro-
vides an excellent tool for us to describe hereditary and mem-
ory properties of kinds of materials and processes. It is nat-
ural for us to take advantage of this process to study neural
networks.[5–8] There are two main reasons that the fractional-
order formulation of neural network models are used to intro-
duce biological neurons. Firstly the fractional-order parame-
ter enlarges the system performance by heightening one de-
gree of freedom, and secondly the fractional-order formula-
tion of neural networks has infinite memory. Fractional-order
neural networks are hoped to play an important role in the
field of parameter estimation. Neural networks approximation
showed higher rates of approximation in fractional level.[9–13]

Taking these facts into consideration, it is necessary for us to
study fractional-order neural networks and combine their infi-
nite memory term into the model of neural networks.

Recently, the dynamics analysis of fractional-order neu-
ral networks has become a very hot research topic, and some
important results have been gained. For example, the bifurca-
tions, stability, and chaos of fractional-order neural networks
of Hopfield type were studied.[14–18] Fractional-order Hop-
field neural networks and their stability were studied through

energy-like function analysis.[19–24] Control and synchroniza-
tion have become a hot topic for nonlinear systems.[25–28] The
LMI technique for the stability region was proposed.[29,30]

However, there are few results about the finite-time control of
fractional-order Hopfield neural networks with unknown pa-
rameters.

Fractional-order Hopfield neural networks belong to a
special form of fractional-order nonlinear systems. It is im-
portant to establish some control criteria for fractional-order
neural networks. The sliding mode control (SMC) will be
used to analyze conditions for finite-time robust control of
fractional-order Hopfield neural networks with unknown pa-
rameters. SMC is a robust variable structure control method,
which is suitable for nonlinear complex uncertain systems.
SMC has several useful features, such as fast response, low
sensitivity to external noises, easy realization, and parame-
ters unknown. It has been studied for controlling the nonlin-
ear dynamic systems, especially for uncertain systems.[31,32]

The low sensitivity to system parameter variations and exter-
nal noises were shown.[33,34]

Motivated by the above discussion, firstly a switched slid-
ing mode surface is proposed. Secondly, a robust controller
is established. Based on fractional-order Lyapunov theory,
finite-time robust control is achieved for the fractional-order
Hopfield neural networks with unknown parameters. Besides,
for the unknown parameters, some estimations are made.

2. Preliminaries
In this section, several basic definitions, lemmas, and

properties will be given. In this paper, t0Dα
t denotes the
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Riemann–Liouville fractional-order calculus.
Definition 1[35] Riemann–Liouville fractional-order

integration. The Riemann–Liouville fractional-order inte-
gration of order α > 0 for a function f (t) is defined as

t0D−α
t f (t) =

1
Γ(α)

∫ t

t0

f (τ)
(t− τ)1−α

dτ, (1)

where Γ(·) denotes the Gamma function and α ∈𝑅+.
Definition 2[35] Riemann–Liouville fractional deriva-

tive. The Riemann–Liouville fractional derivative of order
α > 0 of a continuous function f (t) is defined as the n-th
derivative of fractional integral (1) of order n−α:

t0Dα
t f (t) =

1
Γ(n−α)

dn

dtn

∫ t

t0

f (τ)
(t− τ)α+1−n dτ, (2)

where n is the smallest integer larger than or equal to α , and
Γ(.) denotes the Gamma function.

Property 1[35] For the Riemann–Liouville derivative, we
have

t0D−α
t (t0Dβ

t f (t))

= t0Dβ−α

t f (t)−
m

∑
j=1

[t0Dβ− j
t f (t)]|t=t0

(t− t0)α− j

Γ(1+α− j)
,

m−1≤ β < m. (3)

Lemma 1[36] For an integrable function f (t), if there is
at least one t1 ∈ (0, t) such that f (t1) 6= 0, there is a positive
constant L such that t0D−α

t | f (t)| ≥ L.
Lemma 2[37] Let x(t) ∈ 𝑅 be a continuous and differ-

entiable function. For any time instant t ≥ t0, ∀α ∈ (0,1), it
has

|
∞

∑
k=1

Γ(1+α)

Γ(1+ k)Γ(1− k+α)
t0Dk

t xi t0Dα−k
t xi| ≤ δi|xi|, (4)

where δi is a positive constant.
Consider the non-autonomous fractional-order system{

t0Dα
t x(t) = f (x, t),

x(t0) = xt0 ,
(5)

where f (x, t) satisfies the Lipschitz condition with Lipschitz
constant l > 0 and α ∈ (0,1), x ∈ 𝑅n, and let x = 0 be an
equilibrium point of the system.

Definition 3[38] (Mittag–Leffler stability) If x̄ = 0 is an
equilibrium point of system (5), the solution of system (5) is
said to be Mittag–Leffler stable if

‖x(t)‖ ≤ [m(x0)(t− t0)−γ Eα(−λ (t− t0)α)]b, (6)

where λ > 0, b > 0, m(0) = 0, m(x) ≥ 0 and m(x) satisfies
locally Lipschitz condition on x ∈𝑅n with Lipschitz constant
m0, and Eα(z) = Σ∞

k=0
zk

Γ(αk+1) is the Mittag–Leffler function.

Lemma 3[39] For t0 = 0, let x∗ = 0 be an equilibrium
point for the fractional-order system (5). x∗ = 0 is Mittag–
Leffler stable, if there exists a continuous function V (t,x(t))
satisfies

α1‖x(t)‖a ≤V (t,x(t))≤ α2‖x(t)‖ab,

t0Dβ

t V (t,x(t))≤−α3‖x(t)‖ab, (7)

where V (t,x(t)) : [0,∞)×D→ 𝑅 satisfies locally Lipschitz
condition on x, V (t,x(t)) is a continuously differentiable func-
tion, D ∈ 𝑅n is a domain containing the origin, t ≥ 0,β ∈
(0,1),α1,α2,α3, a, and b are arbitrary positive constants.

3. Main results
The fractional-order Hopfield neural networks with con-

stant external inputs and controller are described by

t0Dα
t xi(t) =−aixi(t)+

n

∑
j=1

bi j f j(x j(t))+ Ii +ui(t), (8)

where i = 1,2, . . . ,n, n is the number of units in a neural net-
work, xi(t) is the state of the ith unit at time t, f j denotes the
activation function of the jth neuron, bi j denotes the constant
connection weight of the jth neuron on the ith neuron, ai > 0
represents the rate with which the ith neuron resets its poten-
tial to the resting state when disconnected from the network
and ai > 0 is unknown, Ii denotes the constant external inputs,
and ui(t) is the control input.

Assumption 1 There exists an equilibrium point of sys-
tem (8), which is zero, i.e, x∗ = 0.

3.1. Controller design

In general, it can be divided into two steps by design-
ing the process of sliding mode control. Firstly, select an ap-
propriate sliding surface which represents the required system
dynamic characteristics. In this paper, a switching fractional-
order sliding surface is proposed as

si(t) = t0Dα−1
t xi + t0D−1

t (pixi +qi tanh(xi)), (9)

where i = 1,2, . . . ,n, xi is the system states, and pi and qi are
positive constants. tanh(·) is the hyperbolic tangent function.

According to the sliding mode control theory, when the
system operates in sliding mode surface, the sliding surface
and its derivative must satisfy

si(t) = 0, ṡi(t) = 0. (10)

As a result, considering Eqs. (9) and (10), one obtains

ṡi(t) = t0Dα
t xi + pixi +qi tanh(xi) = 0. (11)

Then, one gets

t0Dα
t xi =−(pixi +qi tanh(xi)). (12)

Once we establish an appropriate sliding surface, the next
part is to construct an input signal ui(t) to guarantee that the

010202-2
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state trajectories reach the sliding surface si(t) = 0 and stay on
it forever according to the sliding mode method. The sliding
mode control law is presented as

ui(t) = −((−âi + pi)xi +
n

∑
j=1

bi j fi(x)+ Ii

+qi tanh(xi)+ζ
a
i si +ζ

b
i tanh(si))), (13)

where ζ a
i > 0 and ζ b

i > 0 are constant gains. âi is the estima-
tion of ai. The unknown parameters ai are estimated as

˙̂ai =−ηisixi, (14)

where i = 1,2, . . . ,n and ηi < 0 are adaptation gains.
In order to get the results, we have two steps to complete

the proof. Firstly, we need to control the system trajectories to
reach the sliding surface si(t) = 0, which is shown in the The-
orem 1. After that, when the system operates in sliding mode
surface, we should prove the stability of the system and con-
vergence to zero in finite time, which is shown in Theorem 2.

Theorem 1 Consider the fractional-order Hopfield neural
networks (8). If this system is controlled by the control signal
obtained by Eq. (13), the system trajectories will converge to
the sliding surface si(t) = 0.

Proof Choose the positive definite Lyapunov function
candidate

Vi(t) =
1
2

s2
i +

1
2ηi

(âi−ai)
2. (15)

Taking the integer-order derivative of V (t), one has

V̇i = siṡi +
1
ηi
(âi−ai) ˙̂ai. (16)

Inserting ṡi(t) from Eq. (11) into the above equation, one ob-
tains

V̇i = si( t0Dα
t xi + pixi +qisign(xi))

+
1
ηi
(âi−ai) ˙̂ai. (17)

Based on t0Dα
t xi = −aixi(t)+∑

n
j=1 bi j f j(x j(t))+ Ii + ui(t), it

has

V̇i = si(−aixi(t)+
n

∑
j=1

bi j f j(x j(t))

+ Ii +ui(t)+ pixi +qi tanh(xi))

+
1
ηi
(âi−ai) ˙̂ai. (18)

Substituting ui(t) from Eq. (13) into Eq. (18), it yields

V̇i = si(−aixi(t)+
n

∑
j=1

bi j f j(x j(t))+ Ii + pixi +qi tanh(xi)

−((−âi + pi)xi +
n

∑
j=1

bi j fi(x)+ Ii +qi tanh(xi)

+ζ
a
i si +ζ

b
i tanh(si)))+

1
ηi
(âi−ai) ˙̂ai. (19)

Then, we get

V̇i = si((âi−ai)xi(t)−ζ
a
i si−ζ

b
i tanh(si)))

+
1
ηi
(âi−ai) ˙̂ai. (20)

Inserting ˙̂ai =−ηisixi and using tanh(si)si ≤ |si|, one obtains

V̇i =−ζ
a
i s2

i −ζ
b
i |si| ≤ −ζ

b
i |si|, (21)

where ζ b
i > 0. Therefore, based on Lyapunov theory, the sys-

tem states will converge to the sliding surface si(t)= 0. Hence,
the proof is achieved completely.

Theorem 2 Consider the sliding mode dynamics (12).
This system is stable and its states converge to zero in finite
time.

Proof Choose the positive definite Lyapunov function

Vi(t) =
1
2

x2
i . (22)

Taking the fractional-order derivative of Vi(t) and using
Lemma 2, one has

t0Dα
t Vi(t)

= xi t0Dα
t xi

+
∞

∑
k=1

Γ(1+α)

Γ(1+ k)Γ(1− k+α)
t0Dk

t xi t0Dα−k
t xi

≤ xi t0Dα
t xi

+

∣∣∣∣ ∞

∑
k=1

Γ(1+α)

Γ(1+ k)Γ(1− k+α)
t0Dk

t xi t0Dα−k
t xi

∣∣∣∣
≤ xi(−(pixi +qi tanh(xi)))+δi|xi|. (23)

Using the tanh(xi)xi ≤ |xi|, we have

t0Dα
t Vi(t)≤−(pix2

i +qi|xi|)+δi|xi|. (24)

Then

t0Dα
t Vi ≤−(qi−δi)|xi|, (25)

where δi is set as qi−δi > 0. As a result, based on Lemma 3,
the system states will converge to xi(t) = 0 asymptotically. In
the following, we will prove that the convergence to the origin
happens in finite time.

Taking the fractional integral of both sides of Eq. (25)
from the reaching time tr

i to the settling time ts
i and using Prop-

erty 1, one obtains

Vi(ts
i )−V (α−1)

i (tr
i )
(ts

i − tr
i )

α−1

Γ(α)

≤ −(qi−δi) t0D−α
t |xi|. (26)
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Based on Lemma 1 and t0D−α
t |xi| ≥ Li, since xi(ts

i ) = 0, one
gets

−V (α−1)
i (tr

i )
(ts

i − tr
i )

α−1

Γ(α)
≤−(qi−δi)Li. (27)

After some simple manipulations, one has

(ts
i )≤ (

V α−1
i (tr

i )

(qi−δi)LiΓ(α)
)

1
1−α + tr

i , (28)

where tr
i is the time for reaching sliding surface.

Therefore, the state trajectories of the system (12) will
converge to xi = 0 in finite time. This completes the proof.

4. Numerical simulations
In this section, the effectiveness of the obtained theoreti-

cal results is showed by the the following example.
Consider the three-dimensional fractional-order Hopfield

neural networks
t0Dα

t x1 =−a1x1 +3sinx1 +3sinx2−2cosx3 +2,

t0Dα
t x2 =−a2x2−4sinx1−0.8cosx2 +3sinx3 +0.8,

t0Dα
t x3 =−a3x3 +2sinx1−2.6cosx2 +3.5sinx3 +2.6.

(29)

Let the initial conditions be x1(0) = −4,x2(0) = 4,x3(0) =
−3.7, and the fractional order is α = 0.95. Obviously, [0,0,0]T

is an equilibrium point of system (29).
Choosing η1 =−0.3,η2 =−0.3, and η3 =−0.3, one gets

˙̂a1 = 0.3x1s1,

˙̂a2 = 0.5x2s2,

˙̂a3 = 0.2x3s3.

(30)

We use Eq. (11) and design the sliding surfaces
s1 = D−0.05xi +D−1(xi +1.9tanh(xi)),

s2 = D−0.05xi +D−1(1.5xi +2.7tanh(xi)),

s3 = D−0.05xi +D−1(2.2xi +0.8tanh(xi)).

(31)

Thus, according to Eq. (13), the control input are obtained as

u1 =(â1−1)x1−3sinx1−3sinx2 +2cosx3

−2−1.9tanh(x1)− s1− tanh(s1),

u2 =(â2−1.5)x2 +4sinx1 +0.8cosx2−3sinx3

−0.8−2.7tanh(x2)−2s2−2tanh(s2),

u3 =(â3−2.2)x3−2sinx1 +2.6cosx2−3.5sinx3

−2.6−0.8tanh(x3)−3s3−3tanh(s3).

(32)

The state trajectories of the controlled fractional-order
Hopfield neural networks are shown in Fig. 1. We can see
that the states converge to zero in a given finite time. The slid-
ing surface applied in the Hopfield fractional-order neural net-
works in Fig. 2 shows the validity of the proposed switched
sliding surface. Figures 3–5 present the estimations of un-
known parameters ai (i= 1,2,3). Obviously, the control inputs
are feasible in practical applications.

   
-

-
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
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Time t 

x
↼t

↽

x1↼t↽

x2↼t↽

x3↼t↽

Fig. 1. (color online) Convergence of the solution x(t) for Hopfield
fractional-order neural networks (29).

Time t 
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Fig. 2. (color online) The sliding surface applied in the Hopfield
fractional-order neural networks (29).
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Fig. 3. (color online) The estimation of the unknown parameter a1 for
the Hopfield fractional-order neural networks (29).
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Fig. 4. (color online) The estimation of the unknown parameter a2 for
the Hopfield fractional-order neural networks (29).
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Fig. 5. (color online) The estimation of the unknown parameter a3 for
the Hopfield fractional-order neural networks (29).

5. Conclusion
We investigate the finite-time robust control of uncertain

fractional-order Hopfield neural networks using sliding mode
control. Some effective conditions are derived based on slid-
ing mode control theory. Firstly, establishing a switched slid-
ing surface, the finite-time stability of the sliding surface to
origin is proved base on the fractional-order Lyapunov theory.
Then, a robust controller is designed to force the system trajec-
tories to reach the switching surface and remain on it forever.
For the unknown parameters, some estimations are made. The
effectiveness and feasibility of theoretical results are verified
by the numerical simulations. Furthermore, taking advantage
of the sliding mode control theory, the stability of fractional-
order Hopfield neural networks with time-delay will be dis-
cussed in future works.
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ral Networks. In: Köppen M, Kasabov N, Coghill G (eds) Advances in
Neuro-Information Processing. ICONIP 2008. Lecture Notes in Com-
puter Science, vol. 5506. Springer, Berlin, Heidelberg

[12] Wen G, Hu G, Yu W, et al. 2013 Syst. Control Lett. 62 1151
[13] Wen G, Hu G, Yu W, et al. 2014 IEEE T. Circuits-II 61 359
[14] Chen L, Chai Y, Wu R, et al. 2012 IEEE T. Circuits-II 59 602
[15] Ahn H S and Chen Y 2008 Automatica 44 2985
[16] Farges C, Moze M and Sabatier J 2009 Control Conference IEEE 3395
[17] Utkin V I 1994 Sliding mode control in discrete-time and difference sys-

tems. In: Zinober A S I (eds) Variable Structure and Lyapunov Control.
Lecture Notes in Control and Information Sciences, vol. 193. Springer,
Berlin, Heidelberg

[18] Slotine J J E and Li W 1987 IEEE Xplore 1987 595
[19] Konishi K, Hirai M and Kokame H 1998 Phys. Lett. A 245 511
[20] Boubaker O and Dhifaoui R 2014 Robust Chaos Synchronization for

Chua’s Circuits via Active Sliding Mode Control. In: Banerjee S,
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