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In this paper, the normal derivative of the radial basis function (RBF) is introduced into the reproducing kernel particle
method (RKPM), and the improved reproducing kernel particle method (IRKPM) is proposed. The method can decrease
the errors on the boundary and improve the accuracy and stability of the algorithm. The proposed method is applied to
the numerical simulation of piezoelectric materials and the corresponding governing equations are derived. The numerical
results show that the IRKPM is more stable and accurate than the RKPM.
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1. Introduction
Numerical simulation has become the main method to

research the material mechanical property, because it can
quickly and efficiently solve the problem domain. Numer-
ical simulation methods mainly include the finite element
method (FEM),[1] boundary element method, and meshless
method.[2–4] When FEM is used to accurately solve the local
domain, the mesh refinement is heavy, which results in costing
a lot of computing time. The boundary element method might
produce strong singularity near the singular point, which
makes the problem difficult to calculate. The meshless method
has the advantages of quick calculation and high precision
when it is used to solve the local domain. So it has been de-
veloped in recent years.

The difference between the meshless method and FEM is
that the meshless method uses the nodes to approximate the
problem domain and its boundary instead of meshes. It does
not require strict element connectivity data, and is not subject
to much degradation in accuracy when nodal arrangements
are very irregular. When the local problem domain needs to
be solved accurately, it only needs to increase the number of
nodes. The work is less than FEM. Therefore, the computation
time and the amount of storage can be saved.

There are a variety of meshless methods, such as the re-
producing kernel particle method (RKPM),[5–8] discontinu-
ous Galerkin method (DGM),[9] polynomial point interpola-
tion method (PPIM),[10,11] boundary integral equation method
(BIEM),[12,13] element-free Galerkin method (EFGM),[14–17]

moving least-squares method (MLSM),[18–20] smooth parti-

cle hydrodynamics (SPH),[21,22] iterative Galerkin method
(IGM),[23] radial basis function method (RBFM),[24,25]

the partition of unity method (PUM),[26,27] meshless lo-
cal Petrov–Galerkin method (MLPG),[28–31] finite point
method (FPM),[32,33] Hermite-type radial point interpola-
tion method (Hermite-type RPIM),[34–36] meshless manifold
method (MMM),[37,38] and complex variable meshless method
(CVMM).[39,40]

The SPH method, which is based on the kernel estimate
introduced by Monaghan, is the earliest meshless method.
When dealing with finite field problems, the SPH method
leads to low computational accuracy and unstability. To over-
come the disadvantages of the SPH method, Liu proposed
the RKPM by introducing a corrected function to integral
transform.[41] The RKPM not only improves the computa-
tional accuracy but also enhances the stability. But the RKPM
has a great computational cost owing to a great number of
nodes selected in the domain. To overcome the disadvan-
tage, Chen proposed the complex variables reproducing kernel
particle method (CVRKPM).[8] The advantage of CVRKPM
is that once the shape function is obtained, the correction
function of a two-dimensional problem is formed with a one-
dimensional basis function. The Ohs combined reproducing
kernel function with the collocation method to propose the
meshless point collocation method, by which the piezoelectric
device was analyzed.[4]

The RKPM has a fast convergence speed and high accu-
racy, so it is mainly used to solve displacements and electric
potential of piezoelectric materials.[42,43] But in the process of
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solving the domain, the computational accuracy of the nodes at
the boundary cannot meet the requirements. In this paper, the
improved reproducing kernel particle method (IRKPM) is pro-
posed to improve the RKPM, which adds the normal derivative
of the radial basis function (RBF). In the process of solving the
approximate function, the kernel function of the RKPM is con-
structed by all nodes in the domain, and the normal derivatives
of the RBFs are constructed by nodes on the boundary. The
method can decrease the error on the boundary. The accuracy
and stability of the proposed method are demonstrated by the
numerical examples.

2. The approximate displacement function con-
structed by IRKPM
In the z-direction, the approximate displacement function

wh(x,z) can be expressed as the linear combination of RKPMs
(constructed by nm nodes) and nDB normal derivative of RBFs
in local supporting domain

wh(x,z) =
nm

∑
k=1

Rm
k (x,z)ck +

nDB

∑
j=1

∂RDB
j (x,z)

∂n
b j, (1)

where b j and ck are undetermined coefficients, nm is the num-
ber of nodes in the local supporting domain, and nDB is the
number of nodes on the boundary.

The term of RKPM is

Rm
k (x,z) = cm

k (x− xI ,z− zI)w(rI)Rm
k (xI ,zI)∆VI , (2)

where xI and zI are coordinates of node I, Rm
k (xI ,zI) is the un-

known nodal parameter at node I, ∆VI is a measure of domain
surrounding node I, and

cm
k (x− xI ,z− zI) = 𝑏T

k (x,z)𝑝k(x− xI ,z− zI), (3)

with coefficient matrix

𝑏k(x,z) = [b1(x,z) b2(x,z) · · · b6(x,z)]T, (4)

which can be obtained by the reproducing conditions of kernel
approximation.

For a two-dimensional problem, the polynomial basis
function vector 𝑝k can be expressed as a quadratic basis func-
tion

𝑝T
k (x− xI ,z− zI)

= [1,x− xI ,z− zI ,(x− xI)
2,(x− xI)(z− zI),(z− zI)

2]. (5)

In Eq. (2), rI = dI/dmI , dI =
√
(x− xI)2 +(z− zI)2, dmI

is the radius of the supporting domain at node (xI ,zI), and

w(rI) =


2/3−4r2

I +4r3
I , rI ≤ 1/2,

4/3−4rI +4r2
I −4r3

I /3, 1/2 < rI ≤ 1,
0, rI > 1.

(6)

In Eq. (1), RDB
j (x,z) is a class of function whose values

depend only on the distance between evaluation nodes (x,z)
and the nodes (x j,z j), r j =

√
(x− x j)2 +(z− z j)2, as

RDB
j (x,z) =

(
1−

r j

δ

)5(
8+40

r j

δ
+48

r2
j

δ 2

+25
r3

j

δ 3 +5
r4

j

δ 4

)
, (7)

∂RDB
j (x,z)

∂n
= lx j

∂RDB
j (x,z)

∂x
+ lz j

∂RDB
j (x,z)

∂ z
, (8)

where δ is the shaped parameter, lx j = cos(n,x j), and lz j =

cos(n,z j) is the direction cosine.

Equation (1) can be rewritten into the matrix form

wh(x,z) =𝐵T𝑎0, (9)

where 𝐵 is the basis function vector

𝐵T =

[
Rk

1(x,z) · · · Rk
nm(x,z)

∂RDB
1

∂n
· · ·

∂RDB
nDB

∂n

]
, (10)

and the coefficient vector 𝑎0 is

𝑎T
0 = [c1 c2 · · · cnm b1 b2 · · · bnDB ]. (11)

In Eq. (1), coefficients ck and b j can be confirmed by nm nodes
values in the supporting domain and the derivative values of
nDB nodes on the boundary.

w(xl ,zl) can be obtained as

w(xl ,zl) =
nm

∑
k=1

Rm
k (xl ,zl)ck +

nDB

∑
j=1

∂RDB
j (xl ,zl)

∂n
b j, (12)

where l = 1,2, . . . ,nm.

The following constraint is applied to get the unique so-
lution:

nm

∑
k=1

∂RDB
j (xk,zk)

∂n
ck = 0, (13)

where j = 1,2, . . . ,nDB.

Simultaneously considering Eqs. (12) and (13), the ma-
trix equation can be expressed as

𝑊s =

{
w(xl ,zl)

0

}
=

{
𝑅0 𝑅1
𝑅T

1 0

}{
𝑐
𝑏

}
=𝐺𝑎0, (14)

where 𝐺 is the generalized torque matrix.

The torque matrix of RKPMs can be structured by nm

nodes
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𝑅0 =


Rm

1 (x1,z1) Rm
2 (x1,z1) · · · Rm

nm(x1,z1)
Rm

1 (x2,z2) Rm
2 (x2,z2) · · · Rm

nm(x2,z2)
...

...
. . .

...
Rm

1 (xnm ,znm) Rm
2 (xnm ,znm) · · · Rm

nm(xnm ,znm)


(nm×nm)

. (15)

The first-order derivative value of the torque matrix for the RBFs in nDB nodes is

𝑅1 =



∂RDB
1 (x1,z1)

∂n
∂RDB

2 (x1,z1)

∂n
· · ·

∂RDB
nDB

(x1,z1)

∂n
∂RDB

1 (x2,z2)

∂n
∂RDB

2 (x2,z2)

∂n
· · ·

∂RDB
nDB

(x2,z2)

∂n
...

...
. . .

...

∂RDB
1 (xnm ,znm)

∂n
∂RDB

2 (xnm ,znm)

∂n
· · ·

∂RDB
nDB

(xnm ,znm)

∂n


(nm×nDB)

. (16)

Because the generalized torque matrix 𝐺 is a symmetri-
cal matrix, the coefficient vector 𝑎0 can be obtained by solving
Eq. (14)

𝑎0 =𝐺−1𝑊s. (17)

Substituting Eq. (17) into Eq. (9), the relation can be ob-
tained as

wh(x,z) =𝐵T𝑎0 =𝐵T𝐺−1𝑊s =𝛷T𝑊s, (18)

𝛷T =𝐵T𝐺−1 =
[
φ1 φ2 · · · φnm φ

H
1 · · · φ

H
nDB

]
1×(nm+nDB)

,

(19)

where 𝛷 is the shaped function vector.
Substituting Eq. (19) into Eq. (18), the approximate func-

tion can be found as

wh(x,z) =𝛷T𝑊s =
nm

∑
i=1

φiwi = [φ1 φ2 · · · φnm ]


w1
w2
...

wnm


= 𝑁𝑤̂, (20)

and

wh(x,z),x =𝑁,x𝑤̂, (21)

wh(x,z),z =𝑁,z𝑤̂, (22)

wh(x,z),xx =𝑁,xx𝑤̂, (23)

wh(x,z),zz =𝑁,zz𝑤̂, (24)

wh(x,z),xz =𝑁,xz𝑤̂, (25)

where 𝑁,x, 𝑁,z, 𝑁,xx, 𝑁,zz, and 𝑁,xz are the matrices con-
taining the x, z, second x, second z, and x–z derivatives of the
approximate function, respectively.

3. The governing equations of piezoelectric ma-
terial
In the x–z plane, the constitutive equations of piezoelec-

tric material can be expressed as

σp = cE
pqεq− epkEk, (26)

Di = eiqεq +ξ
ε
ikEk, (27)

where σ , ε , Ek, and Di are the stress tensor, the strain tensor,
the electric field vector, and the electric displacement vector,
respectively. cE, e, and ξ ε are the elastic stiffness, piezoelec-
tric constant, and dielectric constant, respectively. Superscript
ε and E represent coefficients measured at constant strain and
electric field, respectively.

The relation between strain and displacement is

εi j =
1
2
(ui, j +u j,i). (28)

The above condensed matrix can be rewritten as

εx = εxx = u,x, (29)

εz = εzz = w,z, (30)

γxz = 2εxz = u,z +w,x, (31)

where u and w represent the displacement functions in the x
and z directions, respectively. Commas followed by indices
represent partial differentiation with respect to that index.

The relationship between electric field and electric poten-
tial is

Ei =−ϕ,i. (32)

The mechanical constitutive equation of piezoelectric ma-
terial is expressed as the two-dimensional matrix form σx

σz
τxz

=

 c11 c13 0
c13 c33 0
0 0 c55

 εx
εz
γxz

−
 0 e31

0 e33
e15 0

[ Ex
Ez

]
. (33)
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The two-dimensional matrix form of the electrostatic con-
stitutive equation is

[
Dx
Dz

]
=

[
0 0 e15

e31 e33 0

] εx
εz
γxz

+[ ξ ε
11 0
0 ξ ε

33

][
Ex
Ez

]
. (34)

The mechanical and electrostatic constitutive equations
can be rewritten as εx

εz
γxz

=

 s11 s13 0
s13 s33 0
0 0 s55

 σx
σz
τxz

+
 0 d31

0 d33
d15 0

[ Ex
Ez

]
, (35)

[
Dx
Dz

]
=

[
0 0 d15

d31 d33 0

] σx
σz
τxz

+[ ξ σ
11 0
0 ξ σ

33

][
Ex
Ez

]
, (36)

where di j is the piezoelectric constant, si j is the elastic com-
pliance constant, and ξ σ

i j is the dielectric constant. The super-
script σ represents quantities measured at constant stress.

In the x–z plane, the governing mechanical equilibrium
equation is

σi j, j = 0. (37)

The electrostatic equilibrium equation is

Di,i = 0. (38)

Substituting Eqs. (26), (27), and (29)–(32) into Eqs. (37)
and (38), the equilibrium equations can be rewritten. The gov-
erning mechanical equilibrium equations are

c11u,xx + c55u,zz +(c13 + c55)w,xz +(e31 + e15)ϕ,xz = 0, (39)

(c13 + c55)u,xz + c33w,zz + c55w,xx + e33ϕ,zz + e15ϕ,xx = 0. (40)

The governing electrostatic equilibrium equation is

(e31 + e15)u,xz + e15w,xx + e33w,zz−ξ
ε
11ϕ,xx−ξ

ε
33ϕ,zz = 0. (41)

4. The governing equation of piezoelectric mate-
rial
Once the approximation function is established, the next

step is to discretize the partial differential equations. In this pa-
per, the collocation method is used to discretize the governing
equations. In the two-dimensional plane, piezoelectric mate-
rial has three unknown values associated with every node in
the domain, which are the displacement in the x-direction, the
displacement in the z-direction, and the electric potential. The
collocation method forces the unknown values of each node to
satisfy the governing equations or the corresponding boundary
conditions.

The mechanical governing equations are discretized into

c11𝑁,xx𝑢̂+ c55𝑁,zz𝑢̂+(c13 + c55)𝑁,xz𝑤̂

+(e31 + e15)𝑁,xzϕ̂ = 0, (42)

(c13 + c55)𝑁,xz𝑢̂+ c33𝑁,zz𝑤̂+ c55𝑁,xx𝑤̂

+e33𝑁,zzϕ̂ + e15𝑁,xxϕ̂ = 0. (43)

The electrostatic governing equation is discretized into

(e31 + e15)𝑁,xz𝑢̂+ e15𝑁,xx𝑤̂+ e33𝑁,zz𝑤̂

−ξ
ε
11𝑁,xxϕ̂−ξ

ε
33𝑁,zzϕ̂ = 0. (44)

The unknown values of the nodes on the boundary are
constructed to satisfy the corresponding boundary condition
equations by the approximate function.

The mechanical boundary conditions for any node are
given as

σx = 0⇒ c11𝑁,x𝑢̂+ c13𝑁,z𝑤̂+ e31𝑁,zϕ̂ = 0, (45)

σz = 0⇒ c13𝑁,x𝑢̂+ c33𝑁,z𝑤̂+ e33𝑁,zϕ̂ = 0, (46)

τxz = 0⇒ c55𝑁,z𝑢̂+ c55𝑁,x𝑤̂+ e15𝑁,xϕ̂ = 0, (47)

u = 0⇒𝑁𝑢̂= 0, (48)

w = 0⇒𝑁𝑤̂ = 0. (49)

Similarly, the electrostatic boundary conditions for nodes
are

ϕ,x = 0⇒𝑁,xϕ̂ = 0, (50)

ϕ =V ⇒𝑁 ϕ̂ =V. (51)

Finally, the governing equation can be expressed as the
matrix form by the IRKPM 𝐾uu 𝐾uw 𝐾uϕ

𝐾wu 𝐾ww 𝐾wϕ

𝐾ϕu 𝐾ϕw 𝐾ϕϕ

 𝑢̂
𝑤̂
ϕ̂

=

 𝐹u
𝐹w
𝐹ϕ

 . (52)

In the x-direction, the mechanical equilibrium equations are

𝐾uu = c11𝑁,xx + c55𝑁,zz, (53)

𝐾uw = (c13 + c55)𝑁,xz, (54)

𝐾uϕ = (e31 + e15)𝑁,xz, (55)

𝐹u = 0. (56)

In the z-direction, the mechanical equilibrium equations are

𝐾wu = (c13 + c55)𝑁,xz, (57)

𝐾ww = c33𝑁,zz + c55𝑁,xx, (58)

𝐾wϕ = e33𝑁,zz + e15𝑁,xx, (59)

𝐹w = 0. (60)

The electrostatic equilibrium equations are

𝐾ϕu = (e33 + e15)𝑁,xz, (61)

𝐾ϕw = e15𝑁,xx + e33𝑁,zz, (62)

𝐾ϕϕ =−ξ
ε
11𝑁,xx−ξ

ε
33𝑁,zz, (63)

𝐹ϕ = 0. (64)
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5. Numerical examples
5.1. The piezoelectric strip

Take a 1.0×1.0 mm (L = 1.0 mm, 2h = 1.0 mm) piezo-
electric strip as the example to analyze the bending deforma-
tion, polarized in the z-direction. The strip is subjected to a
linear stress in the x-direction and an applied voltage in the z-
direction (shown in Fig. 1). The properties of the piezoelectric
strip and other values are summarized in Table 1.

z

x

h

L

polarization
direction

⇁V

↩V

O
σ0⇁σ1z

Fig. 1. The piezoelectric strip subjected to a linear stress and the voltage.

Table 1. Material properties, dimensions, and other constants.

s11 1.64×10−5 mm2/N d31 −1.72×10−7 mm/V
s13 −7.22×10−6 mm2/N d33 3.74×10−7 mm/V
σ0 10 N/mm2 ξ σ

33 1.505×10−7 N/V2

σ1 −50 N/mm3 V 1500 V
L 1.0 mm h 0.5 mm

The mechanical and electrostatic boundary conditions are

φ(x,z =±h) =±V, σz(x,z =±h) = 0, τxz(x,z =±h) = 0,

φ,x(x = L,z) = 0, σx(x = L,z) = σ0 +σ1z, τxz(x = L,z) = 0,

φ,x(x = 0,z) = 0, u(x = 0,z) = 0, w(x = 0,z = 0) = 0.

There are two factors to lead to the bending deformation
of the piezoelectric strip. (i) The electric field is the same di-
rection as the polarization, causing the piezoelectric strip to
extend along the x-direction and contract in the z-direction.
(ii) The piezoelectric strip bends upwards when a linear stress
is applied. The deformation of the piezoelectric strip is the
result of the electric field, magnetic field, and a linearly stress.

The comparisons of the nodal displacements are shown in
Figs. 2 and 3, and the relative errors are analyzed in Fig. 4.
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Fig. 2. (color online) Comparison of nodal displacements at z = 0.5.

w
d
is
p
la

ce
m

en
ts

/
1
0

-
4
 m

m
 

x coordination/10-1 mm 

0 2 4 6 8 10

6.5

7.5

8.5

9.5

10.5

analytical solutions

IRKPM

RKPM

Fig. 3. (color online) Comparison of nodal displacements at z =−0.5.
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Fig. 4. (color online) Comparison of the relative errors for the IRKPM
and the RKPM.

The nodal displacements and relative errors are calculated
and listed in Tables 2 and 3.

Table 2. The nodal displacements and relative errors at z = 0.5.

Coordination
Analytical IRKPM Relative RKPM Relative

solution/mm displacement/mm error/% displacement/mm error/%
(0, 0.5) –5.518×10−4 –5.521×10−4 –0.05% –5.532×10−4 –0.25%
(1, 0.5) –5.477×10−4 –5.491×10−4 –0.26% –5.517×10−4 –0.73%
(2, 0.5) –5.356×10−4 –5.382×10−4 –0.49% –5.413×10−4 –1.06%
(3, 0.5) –5.153×10−4 –5.186×10−4 –0.64% –5.231×10−4 –1.51%
(4, 0.5) –4.870×10−4 –4.912×10−4 –0.86% –4.959×10−4 –1.83%
(5, 0.5) –4.505×10−4 –4.552×10−4 –1.04% –4.609×10−4 –2.31%
(6, 0.5) –4.060×10−4 –4.109×10−4 –1.21% –4.166×10−4 –2.61%
(7, 0.5) –3.533×10−4 –3.585×10−4 –1.47% –3.645×10−4 –3.17%
(8, 0.5) –2.926×10−4 –2.974×10−4 –1.64% –3.029×10−4 –3.52%
(9, 0.5) –2.237×10−4 –2.279×10−4 –1.88% –2.329×10−4 –4.11%
(10, 0.5) –1.468×10−4 –1.498×10−4 –2.04% –1.535×10−4 –4.56%
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Table 3. The nodal displacements and relative errors z =−0.5.

Coordination
Analytical IRKPM Relative RKPM Relative

solution/mm displacement/mm error/% displacement/mm error/%

(0, –0.5) 6.3825×10−4 6.3780×10−4 0.07% 6.368×10−4 0.23%

(1, –0.5) 6.4230×10−4 6.4080×10−4 0.23% 6.371×10−4 0.81%

(2, –0.5) 6.5445×10−4 6.5210×10−4 0.36% 6.461×10−4 1.28%

(3, –0.5) 6.7470×10−4 6.7080×10−4 0.58% 6.638×10−4 1.62%

(4, –0.5) 7.0305×10−4 6.9750×10−4 0.79% 6.891×10−4 1.98%

(5, –0.5) 7.3950×10−4 7.3180×10−4 1.04% 7.211×10−4 2.49%

(6, –0.5) 7.8405×10−4 7.7420×10−4 1.26% 7.615×10−4 2.88%

(7, –0.5) 8.3670×10−4 8.2480×10−4 1.42% 8.102×10−4 3.17%

(8, –0.5) 8.9745×10−4 8.8230×10−4 1.69% 8.658×10−4 3.53%

(9, –0.5) 9.6630×10−4 9.4830×10−4 1.86% 9.292×10−4 3.84%

(10, –0.5) 1.0400×10−3 1.0181×10−3 2.11% 9.954×10−4 4.29%

From Table 2, it can be found that the maximum rela-
tive error between the IRKPM and the analytical solution is
−2.04%, and the maximum relative error between the RKPM
and the analytical solution is −4.56% in z = 0.5.

From Table 3, it can be found that the maximum rela-
tive error between the IRKPM and the analytical solution is
2.11%, and the maximum relative error between the RKPM
and the analytical solution is 4.29% in z =−0.5.

The results obtained by the IRKPM are consistent with
the analytical solutions, and the accuracy is better than the
RKPM.

5.2. The piezoelectric bimorph cantilever beam

The piezoelectric bimorph cantilever beam is an impor-
tant component of piezoelectric devices, which can convert
electrical energy to mechanical energy. In this section, a
10× 1 mm2 (L = 10.0 mm, 2h = 1.0 mm) piezoelectric bi-
morph cantilever beam is modeled by the IRKPM and the
RKPM. The piezoelectric material is PVDF, and polarized di-
rection (P↑) and the connection between the two layers are
shown in Fig. 5. The beam is assumed to be in a state of plane
stress. The material properties of PVDF are listed in Table 4.

⇁

↩

z

P

xO

Fig. 5. The piezoelectric bimorph cantilever beam.

Table 4. The properties of PVDF.

c11 2.18×10−3 N/µm2 e31 4.6×10−8 N/(V ·µm)

c13 6.33×10−4 N/µm2 e33 4.6×10−8 N/(V ·µm)

c33 2.18×10−3 N/µm2 ξ ε
11 1.062×10−10 N/V2

c55 7.75×10−4 N/µm2 ξ ε
33 1.062×10−10 N/V2

When an external unit voltage is applied across the thick-
ness of the piezoelectric bimorph cantilever beam, the induced
strain generates to control the beam upwards bending under
the effect of the electromagnetic field. The results of the an-
alytical solutions, the proposed method, and the RKPM[6] in
z = 1.0 mm are shown in Fig. 6 and listed in Table 5.
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Fig. 6. (color online) The nodal displacements of the piezoelectric bi-
morph cantilever beam in z = 1 mm.

The relative errors of the IRKPM and the analytical solu-
tions are lower than those of the RKPM[6] and the analytical
solutions in z = 1.0 mm. The results are shown in Fig. 7 and
listed in Table 5.
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Fig. 7. (color online) Comparison of the relative errors in z = 1.0 mm.
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Table 5. The nodal deflections and relative errors by the different methods.

Coordination
Analytical IRKPM Relative RKPM Relative

solution/mm displacement/mm error/% displacement/mm error/%

(0,1) 0 0 0 0 0

(1,1) 8.6250×10−6 8.6100×10−6 0.17 8.5900×10−6 0.41

(2,1) 3.4500×10−5 3.4350×10−5 0.43 3.4190×10−5 0.90

(3,1) 7.7625×10−5 7.7120×10−5 0.65 7.6560×10−5 1.37

(4,1) 1.3800×10−4 1.3678×10−4 0.88 1.3562×10−4 1.72

(5,1) 2.1563×10−4 2.1335×10−4 1.06 2.1102×10−4 2.14

(6,1) 3.1050×10−4 3.0652×10−4 1.28 3.0242×10−4 2.60

(7,1) 4.2263×10−4 4.1625×10−4 1.51 4.0945×10−4 3.12

(8,1) 5.5200×10−4 5.4226×10−4 1.76 5.3241×10−4 3.55

(9,1) 6.9863×10−4 6.8516×10−4 1.93 6.7118×10−4 3.93

(10,1) 8.6250×10−4 8.4415×10−4 2.13 8.2665×10−4 4.16

Table 5 shows that the maximum relative error between
the IRKPM and the analytical solutions is 2.13%, and the max-
imum relative error between the RKPM and the analytical so-
lutions is 4.16%. The results obtained by using the proposed
method again show close agreement with analytical solutions,
and the accuracy seems better than the RKPM.

5.3. The microelectromechanical systems device

To illustrate the efficiency and accuracy of the method,
the behavior of a prototype microelectromechanical systems
(MEMS) device is simulated. The device is constructed by
two parallel bimorphs made by PVDF and a piece of mirror,
shown as Fig. 8. The properties of PVDF are given in Table 4.
Both of the bimorphs are 10×1 µm, and the center of the two
bimorphs is connected by a 1 µm length mirror. When the
voltages are applied, the two bimorphs will deflect an adverse
direction. The middle point of the mirror is changed from A to
A′ (as shown in Fig. 9).

launcher receiver

A

processor

Fig. 8. The initial status of the MEMS device.

launcher receiver

processor

A′

θ

Fig. 9. The changed status of the MEMS device under different voltages.

The displacements of point A are shown in Fig. 10 and
the relative errors are shown in Fig. 11. Table 6 summa-

rizes that the maximum relative error between the measured

displacement[4] and the IRKPM is 0.98%, and the maximum

relative error between the measured displacement and the

RKPM is 2.17%. The results obtained by the IRKPM are con-

sistent with the measured solutions and the efficiency and ac-

curacy is better than the RKPM.
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Fig. 10. (color online) The displacements of point A under different
voltages.
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Fig. 11. (color online) The comparison of the relative errors in point A.
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Table 6. Measured displacements, the displacements of the RKPM, and the IRKPM under different voltages.

Applied voltage/ V
Measured RKPM Relative IRKPM Relative

displacement/m displacement/m error/% displacement/m error/%
1.00 4.936×10−9 4.930×10−9 0.12 4.935×10−9 0.02
2.00 9.872×10−9 9.850×10−9 0.22 9.868×10−9 0.04
5.00 2.468×10−8 2.455×10−8 0.53 2.4642×10−8 0.15

10.00 4.936×10−8 4.890×10−8 0.93 4.9196×10−8 0.33
15.00 7.404×10−8 7.301×10−8 1.39 7.3656×10−8 0.52
20.00 9.872×10−8 9.695×10−8 1.79 9.7981×10−8 0.75
25.00 1.234×10−7 1.207×10−7 2.17 1.22189×10−7 0.98

6. Conclusion
The normal derivative of the RBF is introduced into the

RKPM, and the IRKPM is proposed in this paper. This pro-
posed method can decrease the errors on the boundary and
improve the accuracy and stability of the algorithm. The
IRKPM is applied to the electromechanical coupling partial
differential equations of piezoelectric materials. The results
obtained by the proposed method are much closer to the ana-
lytical solutions than the RKPM. Compared with the RKPM,
the IRKPM has the advantages of high precision and stability
on the boundary. The proposed method is a new numerical
method, which has greatly developed potential.
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