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Studies on heat conduction are so far mainly focused on regular systems such as the one-dimensional (1D) and two-
dimensional (2D) lattices where atoms are regularly connected and temperatures of atoms are homogeneously distributed.
However, realistic systems such as the nanotube/nanowire networks are not regular but heterogeneously structured, and
their heat conduction remains largely unknown. We present a model of quasi-physical networks to study heat conduction in
such physical networks and focus on how the network structure influences the heat conduction coefficient k. In this model,
we for the first time consider each link as a 1D chain of atoms instead of a spring in the previous studies. We find that k is
different from link to link in the network, in contrast to the same constant in a regular 1D or 2D lattice. Moreover, for each
specific link, we present a formula to show how k depends on both its link length and the temperatures on its two ends.
These findings show that the heat conduction in physical networks is not a straightforward extension of 1D and 2D lattices

but seriously influenced by the network structure.
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1. Introduction

Heat conduction in low dimensional systems such as one-
dimensional (1D) and two-dimensional (2D) lattices has been
well studied, where one of the main focuses is the abnormal
heat conduction./=3] These studies are based on the Fourier’s
law

J=—xVT, (1)

where the heat flux J is the amount of heat energy transported
through the unit surface per unit time and T (x,7) is the local
temperature. In the case of normal heat conduction, the coef-
ficient k is a constant, i.e., size independent. However, in the
case of abnormal heat conduction, the coefficient k¥ depends

4131 where a can be dif-

on the system size N, i.e., k o« N%,!
ferent constants in [0, 1] for different models such as the FPU
model, Frenkel-Kontorova (FK) model, ¢4 model, disordered
harmonic chain, ding-a-ling model, Toda lattice, and Klein—
Gordon lattice, depending on the mode coupling between the
longitudinal modes and the transverse modes.

Compared to the intense studies of size dependence, only
a few studies have been focused on the influence of the tem-

[14-16] These studies are focused

perature on the coefficient k.
on the cases of regular 1D and 2D lattices where the tem-
peratures at different atoms are homogeneously distributed.
However, in realistic situations such as the nanotube/nanowire

17-21] the temperatures at different nodes are not

networks, |
homogeneously but heterogeneously distributed as the link

lengths between any two connected nodes will not be the same.
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The heterogeneous distributed temperatures will seriously in-
fluence the heat fluxes on the individual links and then influ-
ence the total heat fluxes in the network. This prediction has
been confirmed in an oversimplified network model where the
links are simplified as springs.[2%23]

Then, an open question is how the structure of a real net-
work, such as links being the nanotubes/nanowires, influences
the heat conduction. More important is how the network struc-
ture influences the coefficient k. The importance of this ques-
tion can be understood from the following two aspects. Firstly,
different links of the network are connected to different nodes
with distinctive temperatures, indicating that they have dif-
ferent environments. Secondly, the temperatures at different
nodes are substantially different from that of heat baths as the
former is correlated to the dynamics of the network while the
latter is independent of the network. In this sense, do we still
have the formula k < N* for different links in the network or
should we have a new formula for k?

To figure out the answer, for convenience, we here present
a model of quasi-physical networks in which each link is as-
sumed to be a 1D chain with finite atoms, in contrast to the
simplified springs in Ref. [22]. Figure 1 shows its schematic
diagram, where the yellow points with circles represent the
nodes, the blue points denote the atoms on the links, the red
and black points with circles represent the two source nodes
contacting heat baths with high temperature 7;, and low tem-
perature 7j, respectively, and n;; denotes the number of atoms
on link /;;. In this kind of network, the nodes’ degrees are het-
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erogeneously distributed, such as k; = 5 and k; = 7 in Fig. 1,
in contrast to the constant degrees of k; = 2 in 1D lattice and
ki = 4 in 2D lattice. More importantly, the link length #n;; is
also not a constant as in 1D and 2D lattices but different for
different links. When the network reaches its dynamical equi-
librium or stationary state, the temperature at each node will
be fixed. In this state, each individual link is connected to two
nodes with fixed temperatures, which can be considered as a
pair of heat sources with high and low temperatures, respec-
tively. In this case, we see that different links of the network
are in different environments of different local temperatures
and thus may have different x, indicating that the heat con-
duction in the network is fundamentally different from that in
regular 1D and 2D lattices. Therefore, it is very important for
us to understand how k depends on the temperatures at the
two ends of a link, except the size dependence, which is our
motivation here.

Jo— T

Fig. 1. (color online) Schematic figure of a nanotube/nanowire net-
work model, where the yellow points with circles represent the nodes,
the blue points denote the atoms on links, ip and jp represent the two
heat source nodes contacting two thermostats with low temperature 7
and high temperature T}, respectively, and n;; represents the number of
atoms between the two connected nodes 7 and j.

The paper is organized as follows. In Section 2, we focus
on a variety of 1D chains with different lengths and temper-
atures and discuss how the heat conduction coefficient x de-
pends on the temperature, temperature difference, and chain
lengths. In Section 3, we discuss both the heat conduction and
the coefficient x in physical networks, aiming to reveal the in-
fluence of the network structure on k. In Section 4, we give a
brief discussion and conclusions.

2. Heat conduction on a variety of 1D chains
with different lengths and temperatures

To study how the network structure influences the co-
efficient x, we first study the heat conduction on the indi-
vidual links. For this purpose, we consider a 1D FPU-3
chain of N coupled atoms with the two ends contacting ther-
mal baths of higher temperature 7;, and lower temperature

T;, respectively.[!l We choose the thermal baths as the Nose—

Hoover thermostat.[?* The chain has a Hamiltonian
1
H= Z |:2p12 +‘/i(xiaxl'+l ):| 5
;
where

1 4
Vi, xi1) = 5 (it —xi)*+ %(xi+l —xi), (2)
and x; represents the displacement from the equilibrium posi-
tion of the i-th atom. The motion of the atoms (i =2,3,...,N —

1) satisfies the canonical equations

. O0H | JoH
Xi= ; =——
i opi Di ox;
The dynamical equations for the heat baths are
2 )
I R -
éh - Th ) 51 Tl .
The dynamical equations for the first and the last atoms are
) JH | JH £
X1 = = = ——— ;
1 ap p1 o1 hP1
) oH | JoH £
XN =—=— - )
N ary’ PN oy 1PN

In this work, we let g4 = 0.1, which gives a = 1/2, i.e.,
1 ~ N1/2.125]
After the transient process, the chain will reach a station-

ary state. The local temperature at each atom can be defined
[1.3]
as

(i) = (p), )
where (---) is the time average. When two neighboring atoms

have different local temperatures, there will be a heat flux J;

from the higher temperature to the lower temperature, which
yl1:27-29]

A%
Ji— <x, o > @)

For a single chain, J; will be site independent.

can be calculated b

In numerical simulations, we take 7} = 3.0 and T}, =
3.0+ AT, where AT is the temperature difference between Ty
and 7j. Substituting k¥ ~ N* for g4 = 0.1 into Eq. (1), we have
1/J ~ N'=% with & = 0.4 ~ 0.5.°] To confirm this relation-
ship, we first choose different sizes of N and let AT gradually
increase from 0.2 to 0.8. Figure 2(a) shows the results. Then,
we let AT gradually increase from 2.0 to 6.0. Figure 2(c)
shows the results. From Figs. 2(a) and 2(c), we see that all the
lines are approximately straight with a common slope of 0.6
in (a) and 0.56 in (c), confirming 1/J ~ N'~%. Furthermore,
from Fig. 2(a), it is also easy to notice that all the lines are not
overlapped, reflecting the effects of 7} and AT. To figure out
the influence of AT, we fix both the size N and temperature 7
and then check the dependence of flux J on AT, Figures 2(b)
and 2(d) show the results for relatively small and large AT, re-
spectively. We interestingly find that all the cases in Figs. 2(b)
and 2(d) can be approximately fitted by the straight lines with
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the same slope 0.92, implying J ~ AT%92. Then, an interesting
question is what is the exact expression of k. For simplicity,

we assume

k= f(T)N*AT?, 5)
with o = 0.5 ~ 0.6. Substituting it into Eq. (1), we have
J = f(L)N*1AT!Y, (6)
which gives
logJ =log f(Ti) — (1 — o) logN + (1 +7)logAT. (7)

Thus, (1+ ¥) is nothing but the slope of the lines in Fig. 2(b),
which gives Yy = —0.08.

100

1/J

10

1/J

100 1000

To figure out the function f(7j) in Eq. (5), we fix AT
and N and gradually increase 7;. Figures 3(a) and 3(b) show
the results for the cases of AT = 1.5 and 0.75, respectively,
where the squares, circles, and triangles represent the cases of
N = 36,64, and 100, respectively. All the results in Figs. 3(a)
and 3(b) show that f(7}) is approximately dependent on 7; by
a power law f(Tj) ~ T," with n = —0.26 for AT = 1.5 and
n = —0.32 for AT = 0.75, indicating that f(7}) may be dif-
ferent for different AT. These results are not consistent with
those of Ref. [14] where x(T') scales differently in different
temperature range, i.e., it is 1 /7 for small T and T''/* for large
T. As the value of g4 = 0.1 in our case is much smaller than
that of g4 = 1.0 in Ref. [14], it is reasonable for our n = —0.26
or —0.32 to be in-between [—1, 1/4] of Ref. [14].
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Fig. 2. (color online) Heat conduction in a chain with 7} = 3.0 and 7;, = 3.0 + AT. Panels (a) and (b) show the results of small AT: (a) 1/J
versus N, (b) J versus AT. Panels (c) and (d) show the results of large AT (c) 1/J versus N, (d) J versus AT.
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Fig. 3. (color online) J versus Tj for fixed (a) AT = 1.5 and (b) AT = 0.75,
where the squares, circles, and triangles represent the cases of N = 36,64,
and 100, respectively.

We conclude that the dependence of k on the three factors

of Ti, AT, and N can be approximately,expressed as
k=T TN*AT". 8)

Equation (8) tells us that k¥ will not have the same value for
different 1D chains as their three factors f(7;), AT, and N are
different in different conditions/environments.

3. Heat conduction and coefficient k¥ in quasi-
physical networks

We here use Fig. 1 as the model of real nan-
otube/nanowire networks and call it a quasi-physical network.
Based on the above results, we understand that the heat con-
duction coefficient k for a link /;; depends on three factors T;,
T;-Tj, and n;;. As the three factors are different from link to

link in the network, x will be different for different links. Even
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for those links with the same length n;;, their k will be differ-
ent as the other two factors 7T; and T;—T; are different. There-
fore, the heat conduction in real networks will be fundamen-
tally different from that in 1D and 2D lattices with a constant
K, thus it is not correct to apply the same k to all the links in
the network of Fig. 1,131 which makes the study of heat con-
duction in real networks more challenging. Moreover, it has
been pointed out that there are thermal interface resistances at
every node and their values depend sensitively on the site of
the node and the coupling strength of each link.?! In general,
it is difficult to measure the thermal interface resistances for
individual links, implying that it is almost impossible to make
a theoretical study of heat conduction in real networks. Due
to all these challenges, we here study the heat conduction in
physical networks by numerical simulations.

In simulations, the model of physical networks of Fig. 1
can be implemented as follows. Firstly, we construct a gen-
eral network by the algorithm of Ref. [31], where a network
in-between the scale-free and random networks can be pro-
duced by adjusting a parameter p. In detail, we take my
nodes as the initial nodes and then add one node with m
links at each time step. The m links from the added node
go to m existing nodes with probability IT; ~ (1 — p)k; + p,
where k; is the degree of node i at that time and 0 < p < 1
is a parameter. The resulting network has an average degree
(k) = 2m for large N. Obviously, (1 — p)k; in IT; represents
the preferential attachment and p in II; represents the ran-
dom attachment. The resulting connectivity distribution will
be a power-law P(k) ~ k7 with y =3 for p =0, i.e., the
Barabasi—Albert scale-free network,??! an exponential distri-
bution P(k) ~ e k/m for p = 1, i.e., the random network, and
other complex networks in-between the random and scale-free
networks for 0 < p < 1. We here let mp =3 and m =2, i.e.,
(k) = 4.

Secondly, for a fixed degree distribution P(k), the net-
work topology can be still changed by adjusting the clustering
coefficient of the network, C, which represents the possibility
that two neighbors of a given node will also be neighbors, and
can be calculated as follows: [*?!

1 ¥ E;
€= N2k~(k,~—1)/2’

i=1"

€))

where k; is the degree of node i and E; is the number of edges
among the neighbors of node i. We here change the clustering
coefficient by the Kim’s rewiring approach, 33! which has the
advantage that the degree of each node will remain unchanged
when we change its clustering coefficient. The algorithm of
the rewiring approach can be stated as follows: we randomly
choose two links, one connecting nodes A and B, and the other
connecting nodes C and D. Then, we let each node change its
partner and the original links A—B and C-D are altered to A—D

and B—C. The link exchange trial is accepted only when the
new network configuration has a higher clustering coefficient.

Thirdly, we let each link of the network be a 1D chain of
atoms and each node i of the network be the cross atom of the
k; links of node i. In this sense, each atom on a link will have
two neighbors and satisfy Eq. (2), while the atom at each node
i will have k; neighbors and does not satisfy Eq. (2). We here
let the atom at node i satisfy

&1
Vite) =3 Y [505—x?+ 20 —x)t, a0
j=1

where the sum is for all the nearest neighbors j of node i.
Other dynamics of the node are the same as those of the atoms
in a 1D chain. In detail, for a specific link /;; between nodes
i and j, we let it be a 1D chain of n;; atoms, where n;; is
a random number from a uniform distribution and satisfies
ny < nij <ny,ie., njj=n;+ (np —n;+ 1) x rand. We here
let n; = 3 and np = 11. It is clear that each atom on a link
has only two nearest neighboring couplings while each atom
at node i has k; nearest neighboring couplings. We let T; rep-
resent the temperature of node i and J;; represent the heat flux
of the link ij.

We let both the nodes and the atoms on the links be the
same FPU-f atom. Their potentials satisfy Egs. (10) and (2),
respectively. We randomly choose two nodes iy and jj as the
source nodes to contact two heat baths with temperatures Tj
and Tj, respectively, see Fig. 1. We let T, =7 and 7T} = 3 in the
following discussion. At node iy, the heat flux will be trans-
mitted to other nodes through all the links of node iy. Near
node jo, all the fluxes will gradually merge and finally go to
node jo through the links of node jj, see the red arrows in
Fig. 1. Therefore, the heat flux from node iy to node jy de-
pends partially on the structure of the network, such as the
degree distribution and clustering coefficient.

For convenience, we here take the network size N = 50
and the average links (k) =4 as it is time consuming for a
larger network to reach the stationary state. After the tran-
sient process, the heat conduction on the network will reach
a stationary state. The heat flux J;; at each link can be cal-
culated by Eq. (4), while the total flux at a node will be zero,
except the two source nodes iy and jy. The temperature at
node i can be obtained by Eq. (3). We denote the total heat
flux of the network as the heat flux from node iy to node jj,
Jiy— jo» which is the sum on all the paths from node iy to its
neighbors or the sum on all the paths to node jy. By chang-
ing the network topology and the node pair (ig, jo), we can
calculate other J;,_, j,. In this way, for each p, we randomly
produce 50 networks with the same C and randomly choose
one pair of nodes (iy, jo) for each produced network and then
calculate their average J = (Ji,— j,). The squares in Fig. 4(a)
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show the dependence of J on p for C = 0.1. We see that J in-
creases monotonously with p, indicating that the random net-
work is in favor of energy diffusion. Then, we use the above
rewiring approach to increase the clustering coefficient. With-
out rewiring, the clustering coefficient is C =~ 0.08. We now
increase the clustering coefficient to C ~ 0.4 and recalculate
the dependence of J on p. The circles in Fig. 4(a) show the
results. We see that its increase with p is similar to the case of
C=0.1.

0.294, \-=8-C=0.1 0.294 -a—C=0.1
(a)+c=0§ (b) —-—C=0.4
0.28 1 0.281
0.27 1 0.271
~ o—¢
0.26 4 ./ 0.264
e N !
0.25-/. 0.25 /-/.
b
0.24 4 0.244 __—
o—"°
_—
0.23 T 0.23 T
0 0.5 1.0 0 0.5 1.0
p p

Fig. 4. (color online) The heat fluxes J = (J;,, j,) versus p at stationary
state with 7}, = 7 and 7j = 3 For each p, the flux J is an average on 50
randomly produced networks with the same C. Panels (a) and (b) show
the results of (k) =4 and 6, respectively.

Figure 5 shows the distribution of heat fluxes in one re-
alization for a scale-free network with p =0 and C = 0.1.
The color of nodes represents its temperature where the red
and black denote the highest and lowest temperatures, respec-
tively, and the other colors in-between denote the temperatures
in-between T; and 7;. We can see that these temperatures are
heterogeneously distributed between T;, and 7. The arrows in
Fig. 5 show the directions of the heat fluxes and the width of
the arrow between nodes i and j represents the strength of flux
Jij. We see that the fluxes connected to the two heat source
nodes are larger while the fluxes on the other links are rela-
tively small, indicating that the flux from the source node with
Ty, is firstly distributed to the network, then goes through dif-
ferent paths, and finally merges into the source node with 7j.
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Fig. 5. (color online) Distribution of heat fluxes in one realization for
a scale-free network with p = 0 and C = 0.1, where the nodes 35 and
16 have been chosen as the heat source nodes with 7, = 7 and T; = 3,
respectively.

From Figs. 4(a) and 5, we see that the total flux is se-
riously influenced by the network topology. For a fixed net-
work structure, the heat fluxes are different from link to link.
Then, an important question is how the network structure in-
fluences formula (6) of heat conduction. In other words, does
formula (6) still work for the links in a network? To conve-
niently check it, we here focus on those links from a common
node i, i.e., the neighboring links /;; for j =1,2,...,k;. The
reason for this choice is that these links have the common T,
thus we need only to focus on the aspects of n;; and AT;; in
Eq. (6). We here calculate the relationship between J;; /n?‘j_l
and AT;; for different j. Figure 6 shows the results for four
typical nodes i in the random network with p = 1, where (a)
and (b) represent the cases of two typical nodes in the network
with C = 0.1, respectively, and (c) and (d) represent the cases
of two typical nodes in the network with C = 0.6, respectively.
From each of the four typical cases in Fig. 6, we see that the
points are a little scattered. For conveniently investigating the
relationship between J;; /nf‘jfl and AT;;, we draw a straight
line for each case in Fig. 6 to make the points be distributed
around it. However, we find that the slopes of these straight
lines are not the same but with the values of approximately
0.79,0.82,0.87, and 0.86 in Figs. 6(a)-6(d), respectively, in-
dicating that we do not have a common scaling exponent y
as in Eq. (6). We have also observed the same results for the
scale-free network with p = 0. These results tell us that k
in the links of the network is significantly different from that
in a single 1D chain. Therefore, the heat conduction in real
networks is seriously influenced by the network structure, in-
dicating the significant difference to the regular 1D and 2D
lattices.

—05 ~1.0 .
—~ (b)
L -1.0 °
5 —1.5¢ .
£ 15 -
=S —2.0¢t
% —20
—25 50510 0 —25750 —15 —10 —05
—05 —05
—~ (© D (d)
o
> |
I's (] _
-\i -1.0 1.0
= o
o0
s 15}
’10 —05 0 05 —10 —05 0 0.5

1g(AT;)) 1g(AT)

Fig. 6. (color online) Dependence of J;; / nl‘-j-’l on AT;; for a fixed i and
its different neighbors j where the network 1s chosen as the random net-
work with p = 1 and the straight lines are from the least square method.
Panels (a) and (b) show the results of two typical nodes in the network
with C = 0.1, and panels (c) and (d) show the results of two typical
nodes in the network with C = 0.6.

Finally, we discuss the influence of the averaged degree
(k). Our numerical simulations show that (k) seriously influ-
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ences the total heat flux J in the network. Figure 4(b) shows
the result for (k) = 6. Comparing Fig. 4(a) with Fig. 4(b),
we see that the flux J in (b) is much smaller than that in (a),
confirming the topology influence again.

4. Discussion and conclusion

Generally, one may think that a nanotube/nanowire net-
work consists of individual links and thus its heat conduction
may be similar to that in 1D chain. But the results obtained
here show that the heat conduction in a physical network is
significantly different from that in 1D and 2D lattices. The
coefficient k depends on both the network topology and the
temperature distribution, except the length of the chain, which
is in contrast to the 1D and 2D lattices. This difference mainly
comes from the fact that the temperatures at different nodes
are correlated with each other and thus cannot be treated as
the heat baths in 1D chain.

We have to point out that this quasi-physical network
model is still far away from the realistic networks of nan-
otubes. That is, many key factors of the realistic networks
are not considered, thus this model is not a model of real nan-
otube/nanowire networks but only the one going a substantial
step toward the real ones. For example, for nanotubes of length
around 100 A, the thermal conductivity may become saturated
to its size-independent value. In this way, the size-dependence
only appears for very short nanotubes, probably shorter than
commonly fabricated and applied ones. It is very difficult to
make link lengths of 3 to 11 atoms in lab. The similar problem
may also come from the phonon mean free path. Although
these lack correspondence to real nanotubes, the model does
reveal some interesting nonlinear effects such as the nonlinear
response on both AT;; and 7. On the other hand, this model
also raises some interesting questions for future studies, such
as the relationship between the link lengths and the mean free
path of phonons.

In summary, we have studied the heat conduction in
quasi-physical networks and paid attention to the dependence
of heat conduction k on both the sizes of the links and the tem-
peratures of the nodes. The constructed network is close to the
real nanotube/nanowire networks as its links are composed of
1D chains of atoms. The study is finished by two steps. In step
one, we focus on the case of a single link and pay attention

to the influence of temperature on heat conduction. We find
that for fixed heat baths of low temperature, the coefficient of
heat conduction x is inversely proportional to the temperature
difference between the two heat baths, while for fixed temper-
ature difference, x is inversely proportional to the low tem-
perature. In step two, we construct a quasi-physical network
model to study heat conduction in realistic networks. We find
that the dependence of k on temperatures is significantly dif-
ferent from that in the single 1D chain. More importantly, the
values of k are different from link to link in the network and
can be seriously influenced by the network structure.
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