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Polaron effects in cylindrical GaAs/AlxGa1−xAs core-shell nanowires∗
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By the fractal dimension method, the polaron properties in cylindrical GaAs/AlxGa1−xAs core-shell nanowire are
explored. In this study, the polaron effects in GaAs/AlxGa1−xAs core-shell nanowire at different values of shell width and
aluminum concentration are discussed. The polaron binding energy, polaron mass shift and fractal dimension parameter are
numerically worked out each as a function of core radius. The calculation results show that the binding energy and mass
shift of the polaron first increase and then decrease as the core radius increases, forming their corresponding maximum
values for different aluminum concentrations at a given shell width. Polaron problems in the cylindrical GaAs/AlxGa1−xAs
core-shell nanowire are solved simply by using the fractal dimension method to avoid complex and lengthy calculations.
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1. Introduction
Over the last few years, a lot of experimental research

has been done in the low-dimensional semiconductor systems.
Polaron effects play important roles in determining various op-
tical and electronic properties observed in these systems. Po-
laron effects in these systems can be studied simply by us-
ing the fractal dimension framework with good accuracy.[1–7]

In the past few years, the fractal dimension method has
aroused a lot of interest.[1–17] The fractal dimension method
proposed by He[1] has been successfully applied to model
excitons,[7–11] polarons,[12] and impurities[13–16] in semicon-
ductor materials. Among these materials, core-shell nanowires
are extensively regarded as the next frontier in the applications
of numerous optoelectronic and electronic equipments.[18–20]

GaAs/AlxGa1−xAs are the important materials mainly
used to fabricate these semiconductor nanowires.[21–23] How-
ever, few research studies of core-shell nanowires deal with
the polaron properties, especially for GaAs/AlxGa1−xAs core-
shell nanowires consisting of AlxGa1−xAs core surrounded by
GaAs shell, which is of great importance for applications.[18]

The polaron problems in heterostructures are so compli-
cated due to the presence of a variety of phonon modes such
as bulk-like phonons, interface phonons, half-space phonons,
and slab phonons. Smondyrev et al.[24] proposed a simpli-
fied polaron model, in which these effects are taken into ac-
count. Polaron problems in multilayered heterostructures then
can be solved simply by dealing with only one bulk phonon
mode and the effective confining potential. On the basis of
Smondyrev, Matos-Abiague[4] formulated a more simplified
model to solve polaron problems in GaAs/AlxGa1−xAs quan-
tum wells by the fractal dimension method. Then polaron

corrections can be calculated by dealing with only one bulk
phonon mode and the fractal dimension.

In the present work, we extend the fractal dimension
method formulated by Matos-Abiague to the exploration of
polaron problems in GaAs shell of GaAs/AlxGa1−xAs core–
shell nanowires consisting of AlxGa1−xAs core and GaAs
shell. By the fractal dimension method, anisotropic interac-
tions in the real space are assumed as isotropic interactions
in an effective fractal dimension environment. The dimension
parameter measures the degree of anisotropy in the real phys-
ical environment. Accordingly, all relevant anisotropic prob-
lems can be solved by introducing a single quantity, i.e., the di-
mension. Thus we can model the real physical environment in
a simple analyzable way by just considering this quantity. Dur-
ing the development of this work, the solution of Schrödinger
equation is involved and this is important for solving many
problems in physics.[25–28]

The rest of this paper is organized as follows. In Section
2, the fractal dimension method of dealing with the polaron
effects in cylindrical GaAs/AlxGa1−xAs core-shell nanowires
are explained theoretically. Numeric results and analyses are
provided in Section 3. Finally some conclusions are drawn
from the present study in Section 4.

2. Model and theory

Now we consider the problem of a bound polaron in a
cylindrical GaAs/AlxGa1−xAs core-shell nanowire consisting
of AlxGa1−xAs core (0 ≤ r < r1) surrounded by GaAs shell
(r1 ≤ r < r2). We suppose that no electron can escape from
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the structure. The potential of the system is described by

V (r) =

V0,
0,
∞,

0≤ r ≤ r1,
r1 < r ≤ r2,
r > r2,

(1)

where V0 is the band offset between the conduction bands
of core and shell material with the shell width rw = r2− r1,
and r is the radius in the cylindrical coordinate system. The
GaAs/AlxGa1−xAs material has a weak electron–LO phonon
coupling constant (α � 1), and we will explore the case of
weak coupling. The model of the structure is shown in Fig. 1.
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Fig. 1. Model of GaAs/AlxGa1−xAs core-shell nanowire.

Under the effective mass approximation, we write the
Schrödinger equation of the system as

H3Dψ3D(𝑟) = E3D(𝑟)ψ3D(𝑟). (2)

Here, H3D denotes the effective mass Hamiltonian,

H3D =
1
2

P
1
mi

P+V (𝑟), (3)

where P =−ih̄∇ is the canonical momentum operator and mi

represents the electron effective mass. Note that

mi =

{
m1, 0≤ r ≤ r1,
m2, r1 < r ≤ r2.

(4)

In a cylindrical core-shell nanowire grown along the z direc-
tion, the corresponding eigenfunction has the form of

ψ3D(𝑟) =C e ikzz
ψ2D(r,ϕ), (5)

where C = const, ϕ is the polar angle, and kz is a quantum
number representing the translational symmetry along the z
direction. It reduces the complexity of the eigenvalue problem
to two coordinates, r and ϕ ,

H2Dψ2D(r,ϕ) = Eψ2D(r,ϕ), (6)

where

H2D =− h̄2

2

[
1
r

∂

∂ r

(
r

mi

∂

∂ r

)
+

1
mi

1
r2

∂ 2

∂ϕ2

]
+V (r). (7)

We can further reduce the complexity by invoking the axial
symmetry,

ψ2D(r,ϕ) =
1√
2π

e ilϕ
ψ(r), (8)

where l refers to the electron orbital quantum number which
denotes the quantized z projection of the angular momentum.
The Schrödinger equation for ψ is then[

1
r

d
dr

(
r

mi

dψ(r)
dr

)
− l2ψ(r)

mir2

]
+

(
V (r)+

h̄2k2
z

2m

)
ψ(r) = Eψ(r). (9)

Since the computation of kz 6= 0 states does not bring any qual-
itative difference to the obtained results, we only consider the
case kz = 0. The Schrödinger equation then becomes[

1
mi

d2ψ(r)
dr2 +

1
mi

1
r

dψ(r)
dr

+
d
dr

(
1
mi

)
dψ(r)

dr
− l2ψ(r)

mir2

]
+V (r)ψ(r)

= Eψ(r). (10)

By means of the fractal dimension method, the polaron
in actual low-dimensional structure is transformed into free
polaron in a fractal dimension system. On the basis of second-
order perturbation theory, polaron corrections in fractal dimen-
sion can be obtained. The polaron energy shift can be calcu-
lated from[2–5]

∆E = α h̄ωLOG1(D), (11)

and we have the effective mass of the polaron as[2–5]

m∗ =
m

1−αG2(D)
. (12)

In Eqs. (11) and (12), ωLO refers to LO-phonon limiting fre-
quency approximation without dispersive effects, D indicates
the fractal dimension, α is the Fröhlich constant, m is the ef-
fective mass of electron, functions G1(D) and G2(D) depend-
ing on D are obtained from

G1(D) =

√
π

2
Γ [(D−1)/2]

Γ [D/2]
, (13a)

and

G2(D) =

√
π

4
Γ [(D−1)/2]

DΓ [D/2]
. (13b)

In Eqs. (13) and (14), Γ (x) refers to the Gamma function. The
fractal dimensionality of our system is determined by[2–5]

D = 3−2exp
(

L∗w
2Rp

)
, (14)

where L∗w is the effective length of the quantum confinement,
Rp =

√
h̄/2mωLO is the radius of the polaron. In terms of our

system, the effective length has the form

L∗w = 2
(

rw +
1
k1

)
, (15)
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where k1 refers to the electron wave vector in core and it can
be obtained from the relationship

k1 =

√
2m1(V0−E)

h̄
. (16)

The ground state eigenenergy E of the electron is then ob-
tained by solving the Schrödinger equation (10).

In a cylindrical GaAs/AlxGa1−xAs core-shell nanowire,
the material parameters characterizing the polaron properties
in the core are different from those in the shell. Taking
into account this problem, we introduce the average param-
eter method over all the effective fractal dimension regions.
The average parameter values of the material which character-
ize the fractal dimension electron–phonon interaction have the
forms[4]

m−1 = ∑
i=1,2

Pi

mi
, (17)

ωLO = ∑
i=1,2

ωiPi, (18)

and

α =

[
∑

i=1,2

(
Pi

ωi

ωLO

√
αi

√
mωLO

miωi

)]2

, (19)

Rp =

[
∑

i=1,2

(
Pi

ωi

ωLO

√
αiRpi

α

)]2

, (20a)

Rpi =

√
h̄

2miωi
. (20b)

In Eqs. (17)–(20), ωi represent the phonon frequencies, αi are
the Fröhlich constants in different regions, and

P1 =
∫ r1

0
|ψ(r)|2 dr, (21a)

P2 = 1−P1, (21b)

represent the appearance chances of the electron in core
(AlxGa1−xAs) and shell (GaAs) regions. The polaron binding
energy and mass shift in cylindrical GaAs/AlxGa1−xAs core-
shell nanowire then can be calculated in a quick and simple
manner according to Eqs. (11), (12), and (14). Then the shell-
width-dependent polaron properties can be obtained on the ba-
sis of the average material parameters given by Eqs. (17)–(21).

3. Numeric results and analyses
As a function of the core radius in the GaAs/AlxGa1−xAs

core-shell nanowire for different Al content at a given shell
width rw = 40 Å, the polaron binding energies are worked
out and shown in Fig. 2. The data show that the corre-
sponding numeric values first increase at different Al con-
tent as core radius r1 increases. Then the binding energies

decrease monotonically as core radius continues to increase.
For large core radius the polaron binding energy stays con-
stant over the whole range. The maximum values appear at
the AlxGa1−xAs core radius r1 = 23 Å for x = 0.35, r1 = 28 Å
for x = 0.3, and r1 = 40 Å for x = 0.25, respectively. The
same behavior of the core-radius-dependent polaron mass shift
m = (m∗−m)/(m∗2−m2) is observed in Fig. 3. It is worth
noting that different Al content obviously affects the polaron
binding energy and mass shift over all the core radius range.
Their values decrease with decreasing aluminum content.
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Fig. 2. Variations of fractal dimension polaron binding energy with
core radius in GaAs/AlxGa1−xAs core-shell nanowire at the shell width
rw = 40 Å.
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Fig. 3. Variations of fractal dimension polaron mass shift with core
radius in GaAs/AlxGa1−xAs core-shell nanowire at the shell width
rw = 40 Å.

Figures 2 and 3 show that the polaron binding energy and
mass shift first increase with increasing core radius, reaching
their maximum values and then decrease. It is noted that this
behavior is predicted by the research of a polaron confined in
the finite-potential quantum wire.[9]

As a function of the core radius, the values of fractal di-
mension parameter D relating to Figs. 2 and 3 are shown in
Fig. 4. In Fig. 4, we can see that the fractal dimension is not
sensitive to the change of core radius over the whole range. It
is easy for us to explain this phenomenon. The core radius,
to some extent, does not exert much influence on the frac-
tional dimension because the main polaron wave function is
constrained inside the shell. Figure 4 shows that the fractal
dimension tends to be a constant for very large core radius.
As the core radius decreases, the fractal dimension first in-
creases slowly, reaching peaks at the core radius r1 = 40 Å for
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x = 0.35, r1 = 45 Å for x = 0.3, and r1 = 72 Å for x = 0.25,
respectively. Then the fractal dimension decreases slowly as
core radius continues to decrease.

In order to prove that the numeric results are reason-
able, we consider the limit case. When the core radius is
very large, we take x = 0.3 for example, and the cylindrical
GaAs/AlxGa1−xAs core-shell nanowire system is the same as a
GaAs thin film quantum well with Al0.3Ga0.7As finite barriers
for a polaron. In Fig. 4, we can see that the fractal dimension
tends to be 2.627 (D ≈ 2.627) when the core radius is very
large. The polaron binding energy and polaron mass shift cor-
responding to D≈ 2.627 can be found in Figs. 2 and 3. Their
numerical results are E ≈ 2.94 meV and m ≈ 1.42, respec-
tively, which are consistent with the results given by Matos-
Abiague[4] for the same fractal dimension parameter.

Core radius/A

F
ra

c
ta

l 
d
im

e
n
si

o
n
 D

0 100 200 300 400

2.58

2.60

2.62

2.64

2.66

2.68

2.70
x/.

x/.

x/.

Fig. 4. Variations of corresponding fractal dimension with core radius
in GaAs/AlxGa1−xAs core-shell nanowire at the shell width rw = 40 Å.
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Fig. 5. Effective length of the quantum confinement versus core radius
in GaAs/AlxGa1−xAs core-shell nanowire for x = 0.3 at the shell width
rw = 40 Å.

Furthermore, in order to explain the change regularity of
the fractal dimension clearly, we relate the effective length of
the quantum confinement to polaron diameter as displayed in
Figs. 5 and 6. In Fig. 5, we can see that the effective length
of the quantum confinement first increases when core radius
decreases for large core radius. This is because the decrease
of core radius causes the decrease of the whole core-shell
nanowire radius r2, and then leads to enhanced confinement
effect of the polaron. Thus the polaron wave function will
spread into the core, causing the effective length of the quan-
tum confinement to increase. Moreover, increasing effective

length of the quantum confinement will lead to increasing frac-
tal dimension parameter. When the core radius is reduced to a
small enough value, the effective length of the quantum con-
finement decreases for polaron to tunnel the core.
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Fig. 6. Polaron diameter versus core radius in GaAs/AlxGa1−xAs core-
shell nanowire for x = 0.3 at the shell width rw = 40 Å.

In Figs. 5 and 6, we take the Al content x = 0.3 for ex-
ample. As indicated in Eq. (15), the fractal dimension is de-
termined by the effective length of quantum confinement and
polaron diameter. A comparison between Figs. 5 and 6 shows
that for large core radius r1 > 138 Å the effective length of
quantum confinement increases with core radius decreasing.
On the other hand, the polaron diameter decreases as core ra-
dius decreases over the whole range, for the polaron becomes
increasingly confined and compressed. Thus the effective frac-
tal dimension increases as core radius decreases in the region
r1 > 138 Å. When r1 ≤ 138 Å, both the effective length of
quantum confinement and polaron diameter decrease as core
radius decreases. However, in the region 45 Å≤ r1 ≤ 138 Å,
the polaron diameter decreases more intensely than the effec-
tive length of quantum confinement. Consequently, the frac-
tal dimension continues to increase as core radius decreases
in this region and reaches a peak value at the core radius
r1 = 45 Å. In the region r1 < 45 Å, the scenario is just op-
posite, the effective length of quantum confinement decreases
more intensely and the fractal dimension begins to decrease
finally.

In Figs. 2–4, we can see that the peaks of polaron binding
energy, mass shift and fractal dimension drop with increas-
ing the Al content in the core. The values of polaron binding
energy and mass shift rise as Al content increases for narrow
shell width, while the fractal dimension behaves in the oppo-
site way.

The variation relationships between core radius and the
polaron binding energy in the GaAs shell at different values of
Al0.3Ga0.7As and shell widths rw = 30, 35, 40 Å, are shown in
Fig. 7. Corresponding function relationships of polaron mass
shift are shown in Fig. 8. In the case of different shell widths,
the curves of polaron binding energy and mass shift also first
increase for different Al content as core radius r1 increases.
Then they decrease as the core radius continues to increase.
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Their maximum values appear at the AlxGa1−xAs core radii of
72, 40, and 30 Å, respectively. From Figs. 7 and 8, we notice
that the values of polaron binding energy and mass shift drop
as shell width decreases.
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Fig. 7. Variations of fractal dimension polaron binding energy with core
radius in GaAs/Al0.3Ga0.7As core-shell nanowire at different values of
shell width rw = 30, 35, 40 Å, respectively.
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Fig. 8. Variations of fractal dimension polaron mass shift with the core
radius in GaAs/Al0.3Ga0.7As core-shell nanowire at different values of
shell width rw = 30, 35, 40 Å, respectively.
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Fig. 9. Variations of corresponding fractal dimension with core radius
in GaAs/Al0.3Ga0.7As core-shell nanowire at different values of shell
width rw = 30, 35, 40 Å, respectively.

The plots of fractal dimension parameter D versus core
radius for different shell width values, corresponding to Figs. 7
and 8 are displayed in Fig. 9. For different values of the shell
width, we can see that the fractal dimension tends to be a con-
stant for very large core radius. As the core radius decreases,
the values of fractal dimension first increase slowly, reaching
their peaks at core radii r1 = 90 Å for rw = 30 Å, r1 = 60 Å for
rw = 35 Å, and r1 = 45 Å for rw = 40 Å, respectively. Then the
fractal dimension decreases slowly and continues to decrease
as core radius increases. Remarkably, the data in Fig. 9 show
that the core radius, in a certain range, does not exert much

influence on fractional dimension. However, the shell width
has a more significant influence on fractional dimension for
the three non-overlapping discrete curves, because the main
polaron wave function is constrained inside the shell and the
change of shell width will influence the effective length of the
quantum confinement directly.

4. Conclusions
We present for the first time the polaron binding energy

and mass shift in GaAs/AlxGa1−xAs core–shell nanowires.
We use the fractal dimension method, with which the actual
GaAs/AlxGa1−xAs core–shell nanowire is taken as an effec-
tive fractal dimension system. In this system, the polaron is
assumed to behave in an unconfined manner. The fractal di-
mension measures the extent of the confinement in the real en-
vironment. In this case, polaron effects in GaAs/AlxGa1−xAs
core–shell nanowires at different values of shell width and alu-
minum content are studied. The fractal dimension method al-
lows the polaron properties such as polaron binding energy
and mass shift to be measured in a simple analyzable way,
avoiding complex calculations caused by traditional meth-
ods. In this article, core-radius-affected polaron binding en-
ergy and mass shift are obtained for GaAs/AlxGa1−xAs core–
shell nanowire. It shows that both the polaron binding en-
ergy and mass shift initially rise by raising the core radius,
reaching a maximum, and then decrease as the core radius in
GaAs/AlxGa1−xAs core-shell nanowires continues to increase.
Our calculations have some reference values for the change
regulations of optical and electronic properties when the core
radius or shell width changes, which are important properties
of the GaAs/AlxGa1−xAs core-shell nanowires.[20,29,30]
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