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Magnetpolaron effect in two-dimensional anisotropic parabolic
quantum dot in a perpendicular magnetic field∗
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We study the two-dimensional weak-coupling Fröhlich polaron in a completely anisotropic quantum dot in a perpen-
dicular magnetic field. By performing a unitary transformation, we first transform the Hamiltonian into a new one which
describes an anisotropic harmonic oscillator with new mass and trapping frequencies interacting with the same phonon bath
but with different interaction form and strength. Then employing the second-order Rayleigh–Schrödinger perturbation the-
ory, we obtain the polaron correction to the ground-state energy. The magnetic field and anisotropic effects on the polaron
correction to the ground-state energy are discussed.
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1. Introduction
During the past few decades, tremendous experimental

and theoretical interest in low-dimensional systems has been
stimulated by the technological advances in the fabrication of
nanostructures,[1–4] we refer the readers to Ref. [4] for the
latest developments. Nowadays it is possible to confine a
few electrons in all three spatial dimensions in semiconduc-
tors called quantum dots (QDs).[5–9] This confinement feature
brings in quantum effects, for example, the electron energy
spectrum of such quantum dots is fully quantized. Because
of their potential applications in designing devices and lots
of interesting new quantum physical effects arising from their
nanometer length scales, understanding the electronic proper-
ties of QDs is of particular importance.

The electron–phonon interaction, which plays an impor-
tant role in electronic and optical properties of polar crystalline
materials in three dimensions, also has pronounced effects
in low-dimensional systems. Numerous investigations have
been devoted to the electron–phonon interaction, especially
the interaction of the electrons with longitudinal-optical (LO)
phonons, on various electronic properties of semiconductor
QD.[10–15] Among these, many authors calculated the ground
state energies using different methods such as the second-order
perturbation theory,[11] the Feynman–Haken variational path-
integral method,[12] the Lee–Low–Pines–Huybrecht (LLP-H)
method,[13] and Landau–Pekar (LP) variational theory.[15] The
general consensus they reached is that the polaronic correction
becomes considerably stronger as the strength of the dot con-
fining potential increases, and the polaronic effects are very
significant.

In the presence of an external magnetic field, the po-
laron effects in QDs become more interesting, because the
magnetic field will affect the confinement length. There ex-
ist a considerable amount of studies devoted to this subject
in the literature. For instance, Haupt and Wendler[16] investi-
gated the cyclotron resonance of magnetopolarons in three-
dimensional completely anisotropic parabolic QDs, analyti-
cal and numerical results were presented for the anisotropy
and polaron corrections to the Landau levels of an isotropic
parabolic QD. They also studied[17] the electronic ground state
properties of the polaron in an array of anisotropic parabolic
QDs in the presence of a quantizing magnetic field. Within
the framework of the Rayleigh–Schrödinger perturbation the-
ory (RSPT),[18] Zhu and Gu[19] investigated the cyclotron res-
onance of a magnetopolaron in a QD with a strong mag-
netic field. Yip[20] also studied the similar problem using
an operator method. Zhu and Kobayashi[21] calculated the
binding energy of strong-coupling polarons in QDs using the
LP variational method. They also investigated the resonant
shallow donor magnetopolaron effect[22] and the tempera-
ture dependence of magnetopolaron[23] in a GaAs/AIGaAs
QD in a magnetic field. Kandemir and Altanhan[24,25] stud-
ied the polaronic effects for an electron confined in a three-
dimensional parabolic QD and a uniform magnetic field us-
ing the Lee–Low–Pines (LLP) method. Recently, Chen stud-
ied the cyclotron resonance of impurity magnetopolarons in
two-dimensional QDs[26] and the magnetic field effects on
the properties of the GaAs QD qubit due to electron–phonon
interactions.[27]

Of course, the above mentioned works are not a complete
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list. However, it must be pointed out that in almost all the
above mentioned works, as long as they are based on some
analytical wave functions, the systems they considered though
were referred to as trapped by “anisotropic harmonic poten-
tials” and in a perpendicular magnetic field, they are actually
planar isotropically trapped (ωx = ωy), i.e., the anisotropies
have been introduced along the z axis of the confinement rather
than laterally in the 3D case. Because all the different meth-
ods used are based on the fact that the wave functions for the
circular parabolic confinement trapped systems in a perpendic-
ular magnetic field, the so called Fock–Darwin states,[28] can
be manipulated analytically with less difficulty, while in the
(ωx 6= ωy) or elliptic parabolic confinement, the wave func-
tions become very complicated[29] and almost analytically in-
tractable. To the best of our knowledge, reference [16] is prob-
ably the only work where the polaron effects of the QDs with
the elliptic parabolic confinement in a perpendicular magnetic
field are considered. However, for the above reason, the au-
thors used the isotropic part of the Hamiltonian as the unper-
turbed one to avoid the difficulty. Hence, somehow the polaron
effects in the QDs with elliptic parabolic confinement under
a perpendicular magnetic field have become a long standing
problem.

In contrast, there exist quite a lot of studies for
the anisotropic QDs where the broken rotational symme-
try brings in lots of new physics, especially the effects of
anisotropy.[30–42] For instance, the shell structure pattern in
the addition energy spectra is much less pronounced for small
deformations and vanishes for stronger anisotropies.[31] The
degeneracy in the single-particle excitation spectrum is lifted
due to the reduction of the symmetry and the selection rules are
affected by producing coupling effects between the states.[32]

On the other hand, the magnetic field dependence properties
such as magnetization for anisotropic QDs have also been
studied.[38]

Thus, it is desirable to investigate the polaron effects in
the QDs with elliptic parabolic confinement in the presence
of a perpendicular magnetic field. In this paper, we study a
two-dimensional (2D) system trapped by an anisotropic har-
monic potential (ωx 6= ωy) in a perpendicular magnetic field.
To overcome the long standing difficulty, instead of working
directly with the complicated wave functions, we first per-
form a unitary transformation and convert the Hamiltonian
into a new one which describes a harmonic oscillator (HO)
with new masses and trapping frequencies interacting with
the same phonon bath but with different interaction form and
strength. This unitary transformation method is equivalent
to working with the original Hamiltonian in the basis con-
sisting of the complicated wave functions. Then the second-
order Rayleigh–Schrödinger perturbation theory (RSPT) is

employed to obtain the polaron correction to the ground-state
energy, the magnetic field dependence and anisotropy of the
polaron effects are demonstrated, the validity of the results is
also discussed.

The rest of the paper is organized as follows. In Sec-
tion 2, we perform the unitary transformation and obtain the
new Hamiltonian, then we give the polaron correction to the
ground-state energy using the second-order RSPT. The numer-
ical results for the magnetic field and anisotropic effects are
presented in Section 3. Finally, a brief conclusion is drawn in
the last section.

2. Formulation
Consider an electron with an effective mass m∗ confined

in a 2D anisotropic QD, i.e., the confining potential is[37,38]

V (x,y) =
1
2

m∗(ω2
x x2 +ω

2
y y2). (1)

One may rewrite ωx = ω0 sin(φ) and ωy = ω0 cos(φ), the de-
gree of anisotropy is reflected by the angle φ , the case of
φ = π/4 corresponds to the circular parabolic confinement and
the confinement becomes wirelike when φ → π/2. Note that
the 2D quantum dot maybe experimentally realized in a 3D
system where the electrons are much more strongly confined
in one direction (taken as the z direction) than in the other two
directions.[5,8]

In the presence of a magnetic field B along the z direction,
the Fröhlich Hamiltonian of the electron–phonon system can
be written as

Ĥ = Ĥ0 + Ĥ1. (2)

Here the unperturbed Hamiltonian is

Ĥ0 = Ĥe +∑
𝑞

h̄ωLOb̂†
𝑞 b̂𝑞, (3)

where

Ĥe =
1

2m∗

(
𝑝̂+

e
c
𝐴

)2

+V (x,y) (4)

is the Hamiltonian of the electron, ωLO is the LO phonon fre-
quency, and

Ĥ1 = ∑
𝑞

(Vqb̂𝑞 e i𝑞·𝑟 +V+
q b̂+𝑞 e−i𝑞·𝑟) (5)

describes the interaction between the electron and phonons,
with b̂+𝑞 creating a bulk LO phonon of wave vector 𝑞. Vq is
defined as

Vq = i
(

h̄ωLO√
q

)(
h̄

2m∗ωLO

)1/4(2πα

A

)
, (6)

where q = |𝑞|, α is the electron–phonon coupling constant,
and A is the area of the sample. Note that Vq depends only on
the length of 𝑞.
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Without loss of generality, we assume ωx ≥ ωy. Then
working in the symmetric gauge 𝐴 = (

−By
2 , Bx

2 ), performing
the unitary transformation[29]

U = e iγxy e iβ p̂x p̂y , (7)

with

γ =
1
h̄

[
m∗

2ωc

√
(ω2

x +ω2
y +ω2

c )
2−4ω2

x ω2
y −

m∗

2

(
ω2

x −ω2
y

ωc

)]
,

β =
ωc

h̄m∗
√
(ω2

x +ω2
y +ω2

c )
2−4ω2

x ω2
y

,

ωc =
eB

m∗c
,

we obtain a new Hamiltonian

Ĥ ′ =U−1ĤU = Ĥ ′0 + Ĥ ′1, (8)

where the transformed unperturbed part of the Hamiltonian is

Ĥ ′0 =U−1Ĥ0U = Ĥ ′e +∑
𝑞

h̄ωLOb̂†
𝑞 b̂𝑞, (9)

with the transformed electronic Hamiltonian

Ĥ ′e =U−1ĤeU =
p̂2

x

2M1
+

M1

2
ω

2
1 x2 +

p̂2
y

2M2
+

M2

2
ω

2
2 y2, (10)

which describes a 2D HO with an anisotropic mass

M1,2 =
2m∗

√
(ω2

x +ω2
y +ω2

c )
2−4ω2

x ω2
y

(ω2
x −ω2

y ±ω2
c )+

√
(ω2

x +ω2
y +ω2

c )
2−4ω2

x ω2
y

and frequency

ω1,2 =

(ω2
x +ω2

y +ω2
c ±
√

(ω2
x +ω2

y +ω2
c )

2−4ω2
x ω2

y

2

)1/2

.

The transformed interaction part of the Hamiltonian is

Ĥ ′1 =U−1Ĥ1U = ∑
𝑞

[
V ′q e−i h̄β𝑞·𝐽 ·𝑝̂ e i𝑞·𝑟b̂𝑞 +H.c.

]
, (11)

with V ′q = U−1VqU = Vq e i h̄2
βqxqy , and the matrix 𝐽 =(

0 1
1 0

)
. It is evident that the transformed Hamiltonian is very

similar to the original one. It can still be treated as a Fröhlich
polaron, formed by a distorted electron with a different effec-
tive mass, trapped in a harmonic potential with different fre-
quencies, interacting with the same phonon bath but with a
new interaction form e−i h̄β𝑞·J·𝑝̂ e i𝑞·𝑟b̂𝑞 and strength V ′q. Then
various methods can be employed to study the Hamiltonian.

Next we shall focus on the transformed Hamiltonian
Ĥ ′ and use the second-order RSPT to obtain the electronic
ground-state energy shift, which is given by

∆E(2)
j = ∑

n𝑞

∣∣Vq e i h̄2
βqxqy〈n|e−i𝑞·𝑟 e i h̄β𝑞·𝐽 ·𝑝̂| j〉

∣∣2
E j− (En + h̄ωLO)

, (12)

where | j〉 = | j1 j2〉 is the j-th eigenstate of the transformed
electronic Hamiltonian, i.e., in the coordinate-representation,
we have{

p2
x

2M1
+

M1

2
ω

2
1 x2 +

p2
y

2M2
+

M2

2
ω

2
2 y2
}

Φ j(𝑟) = E jΦ j(𝑟). (13)

This is nothing else but a simple 2D harmonic oscillator, and
we readily obtain

Φ j(𝑟) = N j1 e−
1
2 α2

1 x2
H j1(α1x)N j2 e−

1
2 α2

2 y2
H j2(α2y), (14)

where Hn(z) is the usual Hermite polynomial, N ji =

( αi√
π2 ji ji!

)1/2, αi =
√

Miωi
h̄ , i = 1,2, and the corresponding

eigenenergies are

E j =

(
j1 +

1
2

)
h̄ω1 +

(
j2 +

1
2

)
h̄ω2. (15)

Use the identity

1
E j− (En + h̄ωLO)

=−1
h̄

∫
∞

0
e−(

En+h̄ωLO−E j
h̄ )t dt, (16)

which is valid for E j− (En + h̄ωLO) > 0. Notice that for the
ground state | j〉= |0,0〉, equation (16) is always valid. Insert-
ing Eq. (16) into Eq. (12) yields the following expression for
the ground-state energy correction:

∆E = ∆E(2)
0 =−∑

𝑞

|Vq|2

h̄

×
∫

∞

0
e−

(h̄ωLO−E0)t
h̄ dt

∫
d𝑟d𝑟′ e i𝑞·(𝑟−𝑟′)

×Φ
∗
0 (𝑟+ h̄2

β𝑞 ·𝐽)K(𝑟, t;𝑟′,0)Φ0(𝑟
′+ h̄2

β𝑞 ·𝐽), (17)

where K(𝑟, t;𝑟′,0) = 〈𝑟|exp(− Ĥ ′0t
h̄ )|𝑟′〉 is the Bloch density

matrix,[42,43]

K(𝑟, t;𝑟′,0)

=
1

2π h̄

(
M1ω1M2ω2

sinh(ω1t)sinh(ω2t)

)1/2

× e−[c1(x+x′)2+d1(x−x′)2+c2(y+y′)2+d2(y−y′)2], (18)

with the time-dependent coefficients

c1(t) =
M1ω1

4h̄
tanh

(
ω1t
2

)
,

d1(t) =
M1ω1

4h̄
coth

(
ω1t
2

)
,

c2(t) =
M2ω2

4h̄
tanh

(
ω2t
2

)
,

d2(t) =
M2ω2

4h̄
coth

(
ω2t
2

)
.

Substituting Eqs. (14) and (18) into Eq. (17), after long
algebra manipulations, we finally obtain

∆E = ∆E(2)
0 =−

(
h̄ωLO

2

)3/2(
α

π
√

m∗

)
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×
∫

∞

0

∫ 2π

0

π1/2 e−ωLOt dθ dt
2[A(t)cos2 θ +B(t)sin2

θ ]1/2
, (19)

where

A(t) =
(1− e−ω1t)

2α2
1

+
h̄4

β 2α2
2 (1− e−ω2t)

2

and

B(t) =
(1− e−ω2t)

2α2
2

+
h̄4

β 2α2
1 (1− e−ω1t)

2
.

Equation (19) is the key result of this paper. Unfortunately,
the integral cannot be calculated analytically. Note that for an
isotropic 2D QD in a magnetic field (ωx = ωy = ω0), equa-
tion (19) reduces to

∆E = ∆E(2)
0 =−

(
h̄ωLO

2

)3/2(
α
√

π√
m∗

)

×
∫

∞

0

√
2α0 e−h̄ωLOt dt√

1− e−ωt cosh
(

ωc

2
t
) , (20)

with ω =
√

ω2
0 +ω2

c /4 and α0 =
√

m∗ω/h̄.

3. Numerical results and discussion

To further analyze the results obtained, we perform nu-

merical calculations for Eqs. (19) and (20). In the following,

we use the Feynman units, i.e., m∗ = h̄ = ωLO = 1. In the fol-

lowing graphs, we set φ = π/4,2π/5,9π/20,(π−δ )/2, with

δ = 10−3.
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Fig. 1. (color online) The magnitudes of the polaron correction to the ground-state energy over the coupling constant α , −∆E/α , as a function
of the cyclotron frequency ωc for different degrees of anisotropy. We set ωx = ω0 sin(φ), ωy = ω0 cos(φ), ω0 = 5.0, 10.0, 15.0, 20.0, 25.0,
30.0, and φ = π/4, 2π/5, 9π/20, (π−δ )/2, with δ = 10−3.
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In Fig. 1, we plot the magnitude of the polaron correc-
tion to the ground-state energy over the coupling constant, α

−∆E/α , as a function of the cyclotron frequency ωc when
ω0 = 5.0, 10.0, 15.0, 20.0, 25.0, 30.0. From the graphs, we can
see that the electron–LO phonon interaction produces a nega-
tive shift to the ground-state energy, namely, the polaron cor-
rection is negative, and the magnitude increases as the strength
of the magnetic field increases for fixed coupling constant α .
As the degree of anisotropy increases, i.e., as φ increases from
π/4 to π/2, the magnitude decreases, while the correction in-

creases since it is negative.

In Figs. 2 and 3, we plot the ground-state energies without

and with the polaron effects, namely, E0 and E = E0 +∆E, as

a function of the cyclotron frequency ωc for different degrees

of anisotropy. It is clear that E0 and E always increase as the

strength of the magnetic field increases, while the anisotropy

always lowers the ground-state energies no matter whether the

polaron effects are taken into account or not, and the stronger

the anisotropy is, the lower the energy becomes.
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Fig. 2. (color online) The ground-state energies without and with the polaron effects, namely, E0 and E = E0 +∆E, as a function of the
cyclotron frequency ωc for different degrees of anisotropy. We set ωx = ω0 sin(φ), ωy = ω0 cos(φ), and ω0 = 5.0, 10.0, 15.0; φ = π/4, 2π/5,
9π/20, (π−δ )/2, with δ = 10−3.
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Fig. 3. (color online) The same as Fig. 3, but with ω0 = 20.0, 25.0, 30.0.

In order to check the validity of the RSPT, we also plot
the ratios of the correction to the ground-state energy without
the polaron effects, i.e., |∆E/E0|, as functions of ωc in Fig. 4.
It is clear that all the ratios are less than 10% and the values
decrease as ωc increases, thus the applicability of RSPT is jus-
tified if we set the criteria for validity to be that the correction
shall not be greater than 10% of the unperturbed ground-state
energy. It should be pointed out that when the value of ω0

becomes smaller, say ω0 < 5.0, then |∆E/E0| increases and

could be greater than 10%, then the applicability of RSPT be-

comes questionable. On the other hand, we note that at differ-

ent values of ω0, the curves of the ratio behave quite differently

for different degrees of anisotropy as shown in the graphs. It

is apparent that at ω0 = 5.0, the ratio increases as the degree

of anisotropy increases and the situation becomes opposite at

ω0 = 30.0. The details of the evolution of this change in be-

tween are shown for ω0 = 10.0, 15.0, 20.0, 25.0.
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Fig. 4. (color online) The magnitudes of polaron correction to the ground-state energy over the ground-state energy −∆E/E0 as a function of
the cyclotron frequency ωc for different degrees of anisotropy. We set ωx = ω0 sin(φ), ωy = ω0 cos(φ), ω0 = 5.0, 10.0, 15.0, 20.0, 25.0, 30.0,
and φ = π/4, 2π/5, 9π/20, (π−δ )/2, with δ = 10−3.

4. Conclusion
We have investigated the system of a 2D weak-coupling

Fröhlich polaron in an anisotropic quantum dot in a perpendic-
ular magnetic field. To avoid directly using the wave function
for the electronic part of the Hamiltonian which is almost ana-
lytically intractable, we transformed the total Hamiltonian into
a new one by performing a unitary transform. The new Hamil-
tonian describes a 2D harmonic oscillator with a new mass and
trapping frequencies interacting with the same phonon bath
but with different interaction form and strength. We then cal-
culated the polaron correction to the ground-state energy by

using the second-order RSPT, it is found that the magnetic
field will produce a negative shift to the ground-state energy,
and this shift increases as the strength of the magnetic field
increases. Moreover, in the valid domain of the perturbation
theory, it is shown that as the degree of anisotropy increases,
the ground state energy decreases. However, the ratio of cor-
rection is not necessarily the case. In fact, it depends upon the
confining frequency ω0 =

√
ω2

x +ω2
y , and could behave quite

differently. This is expected to be confirmed by experiments.
Finally, it is worth stressing that although the problem we

considered is 2D, the unitary transformation method can be
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generalized to the 3D case. Furthermore, various other meth-
ods such as the LP or LLP-H variational method and path-
integral approach can be applied to study the same problem.
These are our future works and will be presented elsewhere.
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