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Interaction between infinitely many dislocations and a semi-infinite
crack in one-dimensional hexagonal quasicrystal*
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By means of analytic function theory, the problems of interaction between infinitely many parallel dislocations and a
semi-infinite crack in one-dimensional hexagonal quasicrystal are studied. The analytic solutions of stress fields of the in-
teraction between infinitely many parallel dislocations and a semi-infinite crack in one-dimensional hexagonal quasicrystal
are obtained. They indicate that the stress concentration occurs at the dislocation source and the tip of the crack, and the
value of the stress increases with the number of the dislocations increasing. These results are the development of interaction
among the finitely many defects of quasicrystals, which possesses an important reference value for studying the interaction
problems of infinitely many defects in fracture mechanics of quasicrystal.
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1. Introduction

Quasicrystal (QC) is a novel structure of solid discovered
by Shechtman ef al. in 1984, which is orientationally ordered,
but noncrystallo-graphic.!!! Due to this discovery, Shechtman
won the 2011 Nobel prize for chemistry. Since the quasicrys-
tal was found, generalized elasticity theory of quasicrystals
has been formulated, >8] and many analytical solutions for de-
fect problems of QCs have been obtained.[®~!5! As far as the
problems of finitely many defects in QCs are concerned, there
are some research papers about them.!!6->* But few results
about the interaction among infinitely many defects in QCs
have been reported. For QC, these problems become more
complicated than conventional material due to the introduction
of phason field. The purpose of this paper is to consider the
interaction of more defects in one-dimensional (1D) hexago-
nal QCs by complex variable function method. First, the an-
alytic solutions of elastic field of dislocation in the material
are studied in the form of complex variable function; then the
interaction force of parallel dislocations are given. Second,
the analytic solutions of elastic field of a semi-infinite crack in
the material are obtained by the Muskhelishvili method. Fi-
nally, the elastic fields of interaction between infinitely many
parallel dislocations and a semi-infinite crack are given, which
offer the basis of theory to discuss dislocation emission on the
top of the crack, dislocation screen and crack shielding in 1D
hexagon. Meanwhile, these theories are the development of
the corresponding parts of classical elastic theory to QCs.
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2. Basic equations
From Ref. [3], basic equations of the elasticity of QCs are
given by

6ij = Cijki€& +Rijuu @y, Hij = Riji&y+ Kijiyoy, (1)

1
&j = 5 (uij+uji),

2
c;ji =0, H;;=0, 3)

;= Wwji, @

where 0;;, &;j, and u; denote the phonon stress, phonon strain,
and the displacement of phonon field respectively; H;;, j;,
and w; represent the phason stress, phason strain, and the dis-
placement of phason field respectively; Cijw, Kiji, and R;jy
refer to the independent elastic constants of phonon field, pha-
son field, and the coupling phonon—phason field respectively,
i,j=1,2,3.

For 1D hexagonal QC, taking its quasi-periodic axis as x3
axis, using the symmetry of point group 6 mm, the generalized
Hooke’s laws of the elasticity problem of 1D hexagonal QCs
with point group 6 mm can be rewritten as follows:

o11 =Crien +Craén +Ci3€33 + Ry wss,
02 = Cpaé11 +Crign + Ci3ess + R w33,
033 = C13€11 +Ci13822 + 33833 + Ro 033,
023 = O3 = 2C44€23 + R332,

031 = 013 = 2C44€31 + R3 0031,

o12 = 021 = 2Cs6€12,

H3i = 2R3831 + Kr w31,

Hzy = 2R3e23 + K 03,
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Hz3 =R (€11 + &) + R&33 + K 033, 4

where C;; denotes the independent elastic constants of phonon
field, K; represents the independent elastic constants of phason
field, and R; refers to the coupling elastic constants of phonon
field and phason field.

When the straight dislocations are parallel to the quasi-
periodic axis of 1D hexagonal QCs or the cracks penetrate
along the quasi-periodic direction of 1D hexagonal QCs, the
geometric properties of the materials will not change with
quasi-periodic direction, then

83141' = 0,
AH;j =0,

dw; =0, d30;; =0,
ij=1,2,3. (5)

Substituting Eq. (5) into Egs. (2)-(4), the above problem turns
into two independent problems as follows.

Problem I
023 = 032 = 2C44€23 + R3 032, (6)
031 = 013 = 2Cy4€31 + R3 031, (7N
H31 =2R3&31 + K31, Hzp =2R3€3 + K032, (8)
g3j:8j3:%8j1/l3, w3j=0djw3, j=1,2, 9)
01031+ 0203 =0, 0J1H;3 +hHz =0. (10)

This is an anti-plane elasticity problem of coupling phonon
and phason fields.
Problem II

011 =Crién +Cnén, 06xn=Cnén+Chng, (11)
012 = 021 = (C11 — C2) €12, (12)

33 =Ci3(en +&2), Hi=Ri(en+exn), (13
SOt aw), =12, (14)

01011+ 32012 =0,

Sijz

01021 + 02,02, = 0. (15)

This is like plane elasticity problem of general crystal,
which was studied in detail in Ref. [19]. We omitted its solv-
ing here.

For problem I, substituting Eq. (9) into Egs. (6)—(8), then
substituting the obtained results into Eq. (10), the equilibrium
equations in terms of displacements are obtained as follows:

C44V2L£3 +R3V2W3 =0, R3V2u3 +K2V2W3 =0, (16)
where harmonic operator V2 = 9% /9x3 + 9% /dx3.
Due to Cy4K;> — R3 #£0,
V2uz; =0, Vw3=0. (17)

Equation (17) indicates that the terminal governing equations
of problem I finally turn into two harmonic equations.

3. Solutions of the elastic field of infinitely many
dislocations

The dislocation of QC is described by Burgers vector in
higher-dimensional space.” The dislocation of 1D QC can be
expressed by Burgers vector in four-dimensional space. Sup-
posing that there is an infinitely long straight screw disloca-
tion parallel to the quasi-periodic direction in an infinite 1D
hexagonal QC body, by means of symmetry of the body, it
is enough to investigate any plane perpendicular to the quasi-
periodic direction of 1D hexagonal QCs body. Let the dis-
location be located at & point in xjx;-plane and its Burgers
vector be (by, by, b3, b, ), then by means of superposition
(b1,b2,0,0) 4 (0,0,b3,b, ). The
(0,0,b3,b ) together with problem I constitutes a boundary

principle, (by,by,b3,b,) =

problem of anti-plane elasticity of coupling phonon and pha-
son field, whereas (by,b,,0,0) together with problem II forms
a boundary problem of plane elasticity.

Next, we will solve problem I only. Its dislocation condi-
tion is given by

fdus — by, fdm:bl, (18)
A A

where A denotes the Burgers contour surrounding the disloca-
tion . Note that the two integrals both hold in physical space.

First complex representation of all field variables will
be given. By means of properties of analytic function, from
Eq. (17), we have

$(x)+L(2), (19)

where 1)(z) and {(z) are two arbitrary analytic functions. Sub-

u3 =TI(Z)+%» w3 =

stituting Eq. (19) into Egs. (6)—(8), through some derivation,
then the complex representations of stresses are obtained as
follows:

o3 =iCu' () =1’ ()] +iRs[C (2) = &' ()], (20)
o =Culn' )+ DI +Rall' ) +T @) @D
Hy =ik [1' (2 *n’(z)] +ik2 () -7 @), @2)

Hy=Rs [0 @)+ Q)] +K [0+ TR, @3)

or

=2iCun’ (z) +2iR3¢(z), (24
H =Hs, +1H3 = 2iR3T]/ (Z) + 2iK2C/(Z). (25)

0 =03 +i03)

Substituting Eq. (19) into the dislocation conditions (18), inte-
grating by means of Cauchy residue theorem in complex vari-
able function theory, yields

P B S L S
TI (Z)_ 475(Z_€)’ c (Z)_ 47T(Z_é) (26)
From Egs. (24)-(26), we have
b _
= [In(z—= &)~z )]
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ws = ’LLI [ine—&)~1n(z-3)], @7)

where integral constants which denote rigid body motion are
omitted.
From Eqgs. (24)—(26), we have

~ Cubs+R3b, - R3b3+Kpb,
&= UBTROL g T3O3T 0L
2n(z—&) 2n(z— &)

Equations (27) and (28) give the analytic solutions of elastic

(28)

fields of a dislocation in 1D hexagonal QC.

Supposing that there are infinitely many parallel screw
dislocations located at points & (i = 1,2,3,...), and their
Burgers vectors are (b(l'),bg),bgi),b@) (i=1,2,3,..
superposition principles, the action forces of the dislocations
& (i=1,2,3,..

.), using

.), to arbitrary point z in xx,-plane are

_in V4 kb
27n(z— &)

Hence, equation (29) gives the analytic solutions of the elas-

oo C44b( ) +R3b( )

:i:l 2n(z—¢&) 9

tic field of infinitely many parallel screw dislocations in 1D
hexagonal QC. However, unlike the case of finite many dis-
locations, equation (29) is two infinite series, so we need to
study their convergence. According to a comparison test of
series, we have the following theorem.

Theorem Suppose that there is a sequence of paral-
lel screw dislocations located at points & (i = 1,2,3,...) in
z-plane of 1D hexagonal QC, and their Burgers vectors are
(bgi),bgi),bgi),bﬁ)) i=1 2,37 .). If the Burgers vectors
are bounded and the series ): [1/(z—&,)] is absolutely con-

verged, then the stresses (Eq (29)) resulting from the sequence
of dislocations are finite for any z # &,.

For example, let a sequence of parallel screw dislocations
be located at points &, = n? +i/n? in z-plane of 1D hexagonal
QC, then their Burgers vectors will be bounded. Since the se-

ries Z [1/[z— (n? +i/n?)]] is absolutely convergent, from the

above theorem, we have the stresses

hnd C44bgi) +R3b$)

L oai-g)
o (i) (i)
Rb +Kb

H= Z 27'L'Z_éz) 7

which are finite for any z # &,.

4. Solutions of a semi-infinite crack problem

In this section, the problem of a semi-infinite crack
throughout the elastic body of 1D hexagonal QC along the
quasi-periodic direction will be investigated. Due to symme-
try, it is enough only to consider the periodic plane of the QCs.
We postulate that a crack which is in complex plane x| + ixp

(namely periodic plane) occupies the negative real axis, and
the tip of the crack is taken to be the origin, thus building up
a coordinate system, see Fig. 1. The boundary conditions are
given by

Z—> 00!
(—007()):

0ij(z) =H;j(z) =0, i,j=1,2,3, (30)
On(t) +iosi (1) = — (o3 (1) +icy) (1)), (B
Haa(t) +iH31 (1) = —(H\ (1) +iHY (1)), (32)

z=t¢€

where H3((2)) (t)+ iH3(?) (¢) is the extra general force in the com-

plementary orthogonal space.

Equations (30)—(32) together with problem I constitute
a coupling anti-plane boundary problem, which is Riemann—
Hilbert boundary problem. According to Muskhelishvili’s
method,®! we have

1 (0) 12
__L 632 ) +ioy (1)](—1)
- / i dr, (33)
:_L +1H3(1)( )](*f)l/zdt (34)
(t—2) ’

Equations (33) and (34) give the stress fields corresponding to
problem I.

5. Interaction between infinitely many parallel
dislocations and a semi-infinite crack

We now study the interaction between infinitely many
parallel dislocations and a semi-infinite crack in 1D hexago-
nal QC. The configuration that will be investigated is a semi-
infinite crack through out elastic body of 1D hexagonal QC
along the quasi-periodic direction and a sequence of infinitely
long straight screw dislocations parallel to the quasi-periodic
direction in it, see Fig. 1. Like the last sections, it is enough
only to consider the periodic plane. Let the crack on the com-
plex plane x; 4 ixo (namely periodic plane) occupy the nega-
tive real axis, and the tip of the crack be taken as the origin,
the sequence of infinitely long straight screw dislocations is
located at points &; (i =1,2,3,..
vector of &; is (bgi),bg) 7bg”,bﬁ)). (see Fig. 1, Interaction be-

.), and suppose that Burgers
tween semi-infinite crack and infinite dislocations).
T

Le,

1e
16

x

Fig. 1. Interaction between a semi-infinite crack and a sequence of dis-
locations.

Since the crack surface is free, the stresses generated by
the dislocation &; in the crack surface must be cancelled by a
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distribution of stress sources on the crack surface at . From
Section 3, the distribution of sources are given by

> C44bgi) +R3b5f)

1) +ioy (1) = Y =23 TI8I1 35

o5(t) +io31 (1) l; 2 —E) 35)
o b 1 o

Hao(t) il (1) = ¥ 22 2220 (36)

i=1 275(’ - 51)

Substituting Eqgs. (35) and (36) into Egs. (33) and (34) respec-

tively, we have

_1 1 o (i) (@)

_ 72 0 (—1)2 Caabs +R3bj_
JOREE— /_ma_z,; e st
1 1w () (@)

ozt 0 () & RsbY +Kob|
H@)=-—— [ (2 ; m ) de. (38)

Integrating by means of the substitution rule and integration of
rational functions, the stress fields of the extra distribution of

sources are obtained as

= Cyb + Rsb")
SVt VE)
= RybY + Kob!
A2z (VE+vz)

o(z) = (39)

H(z) = (40)

and then the stress fields of the extra distribution of sources
in turn are added to the stress fields of the sequence of dislo-
cations obtained in Section 3, resulting in stress fields of the
interaction between infinitely many parallel screw dislocations

and a semi-infinite crack, which are given by

o (i) (@)
C44b3 +R3bJ_ |: 1 1 ]
o () (i)
R3by +K>b ') [ 1 1 :|
Hiota= . (42)
T T E AN A

From Ref. [26], we have Cy4 = 50 GPa, R; = 1.20 GPa, and
K> = 0.30 GPa. Taking all Burgers vectors as 10~° m in mag-
nitude, and letting & =1, & =2, & =3, and &4 = 4, the
stress fields of the interaction between a sequence of disloca-
tions and a semi-infinite crack in 1D hexagonal QC are plotted
in Figs. 2 and 3, which show that the stress of phonon field
and the stress of phason field vary with the position of point
z, and the stress concentration occurs at the dislocation source
and the tip of the crack. Figures 2 and 3 also illustrate that the
stress of phason is very small compared with the phonon field.
This is mainly because the magnitude of the elastic constant of
the phonon field is about 100 times as large as that of phason
field.

200

100
s ! i i
A Y HIY .
~~ s : A R .
@ . R
o 0 1 ", 2 . 3 v 4 5
ey peeee, i . L
n ’ 4 5 ¥ i

‘ H . .......v.phonon
—200° z/m

Stress/Pa

Fig. 3. Stress of phason field varying with the position of point z.

6. Conclusions and discussion

Finally, we summarize the overall conclusions and ana-
lyze the results obtained above.

() The interaction problems of infinitely many defects in
one-dimensional hexagonal quasicrystals are studied first. The
analytic solutions of stress fields of the interaction between in-
finitely many parallel dislocations and a semi-infinite crack in
one-dimensional hexagonal QC are obtained, which offer the
basis of theory to discuss arrays of discrete and continuously
distributed dislocations in one-dimensional hexagon.

(II) Equations (41) and (42) indicate that the stress con-
centration occurs at the dislocation source and the tip of the
crack. The interaction stress is bigger and bigger with increas-
ing the component of Burgers vector, and smaller and smaller
with increasing far from the distance of dislocations.
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