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Magneto-elastic dynamics and bifurcation of rotating annular plate∗

Yu-Da Hu(胡宇达)1,2,†, Jiang-Min Piao(朴江民)1,2, and Wen-Qiang Li(李文强)1,2

1School of Civil Engineering and Mechanics, Yanshan University, Qinhuangdao 066004, China
2Key Laboratory of Mechanical Reliability for Heavy Equipment and Large Structures of Hebei Provincial,

Yanshan University, Qinhuangdao 066004, China

(Received 22 November 2016; revised manuscript received 26 April 2017; published online 11 August 2017)

In this paper, magneto-elastic dynamic behavior, bifurcation, and chaos of a rotating annular thin plate with various
boundary conditions are investigated. Based on the thin plate theory and the Maxwell equations, the magneto-elastic dy-
namic equations of rotating annular plate are derived by means of Hamilton’s principle. Bessel function as a mode shape
function and the Galerkin method are used to achieve the transverse vibration differential equation of the rotating annular
plate with different boundary conditions. By numerical analysis, the bifurcation diagrams with magnetic induction, ampli-
tude and frequency of transverse excitation force as the control parameters are respectively plotted under different boundary
conditions such as clamped supported sides, simply supported sides, and clamped-one-side combined with simply-another-
side. Poincaré maps, time history charts, power spectrum charts, and phase diagrams are obtained under certain conditions,
and the influence of the bifurcation parameters on the bifurcation and chaos of the system is discussed. The results show
that the motion of the system is a complicated and repeated process from multi-periodic motion to quasi-period motion to
chaotic motion, which is accompanied by intermittent chaos, when the bifurcation parameters change. If the amplitude of
transverse excitation force is bigger or magnetic induction intensity is smaller or boundary constraints level is lower, the
system can be more prone to chaos.
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1. Introduction
In the fields of aerospace, nuclear industry, large gener-

ator, computer storage devices, turbine engines, and electro-
magnetic sensor device, the rotating annular plate as the ba-
sic component is widely utilized. Especially transverse vibra-
tion of a high-speed rotating circular plate in conductive elec-
tromagnetic environment will be unstable when subjected to
small disturbance, and even lead to huge harm to electrome-
chanical system. Thus, it is most significant to study magneto-
elastic dynamics of rotating conductive annular plate.

Leo et al.[1] presented approximately linear dynamic dif-
ferential equation of a circular plate with multiple circular
holes by means of Rayleigh method, and used Bessel functions
to get the vibration response equation of the system. Based
on shear deformation theory of circular plate, Malekzadeh et
al.[2] obtained vibration equation of the annular plate in ther-
mal environment, and analyzed the effects of temperature, in-
ner diameter, outer diameter, and other parameters on nat-
ural frequency of the annular plate. According to the lin-
ear deformation theory, Saidi et al.[3] derived and solved the
vibration control equations in different boundary conditions.
Allahverdizadeh et al.[4] got the vibration equation of rotat-
ing circular plate by using Galerkin method, and obtained
more accurate solutions by means of semi-analytic differential
perturbation method. Ratko[5] utilized calculus to study the

transverse vibration and stability of a rotating circular plate.
Hashemi et al.[6] have made the research on the transverse vi-
bration and the stability of rotating circular plates with the fi-
nite element method.

For vibration of a conductor in electromagnetic field,
many researchers have got results. Zheng et al.[7] studied
bend and vibration problems of a cantilever conductive plate
in magnetic field, and found that there is unstable vibration of
the circular conductive plate under specific transverse excita-
tion load. Gao et al.[8] obtained the analytical solution of a
circular plate combined with Maxwell’s equations, and ana-
lyzed the resonance characteristics. Hasanyan and Librescu[9]

investigated vibration of a beam-plate in magnetic field, and
discussed the influence of magnetic induction intensity and
boundary conditions on the free vibration by using numeri-
cal analysis. Hu and Wang[10] studied magneto-elastic free
vibration of a rotating circular plate in static magnetic field.
Li et al.[11] obtained the three-dimensional analytical solu-
tion for functionally graded the magneto-electro-elastic cir-
cular plates subjected to uniform load through a step-by-step
integration scheme, with five integral constants determinable
from the boundary conditions at the cylindrical surface in
the Saint Venant’s sense. Alaimo et al.[12] and Razavi and
Shooshtari[13] respectively accomplished static and free vi-
bration analyses of the magneto-electro-elastic multilayered
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plates based on the first-order shear-deformation plate theory.
Bifurcation and chaos are very common issues in research

and application of many fields. Lu et al.[14] investigated dy-
namic stability and bifurcation of an alternating load and mag-
netic field excited magnetoelastic beam, and obtained the so-
lutions. Hu and Zhang[15] deliberated the bifurcation char-
acteristics of axially moving plate in magnetic field, derived
bifurcation equation and transition set corresponding to the
universal unfolding, and discussed the impacts of bifurcation
control parameters on bifurcation and chaos. For a function-
ally graded circular plate, Hu et al.[16] investigated unfolding
problems of bifurcation equation, and plotted bifurcation dia-
grams. Hu and Zhang[17] analyzed bifurcation of the circular
functionally graded plate with combination resonances. In re-
sponse to geometrically nonlinear problem of a circular plate,
Touzé et al.[18] derived ordinary differential equations by us-
ing Galerkin method, and plotted the bifurcation diagrams and
Poincaré maps. Coman[19] analyzed the influence of initial
tension on the non-axisymmetric bifurcation of the circular
plate system. Shahverdi and Khalafi[20] investigated the bifur-
cation problems of functionally graded plate under hypersonic
aerodynamic loads. Zhao and Zhang[22] analyzed bifurcation
and chaos for aeroelastic airfoil with freeplay structural non-
linearity in pitch by using the Poincaré map method.

In this paper, Bessel functions are used as vibration mode
functions to solve magneto-elastic vibration equation. The bi-
furcations diagrams, response charts, power spectrum charts,
phase diagrams, Poincaré maps, and time history diagrams of
the system are explored in different bifurcation control param-
eters, such as magnetic induction intensity, excitation ampli-
tude and frequency. The influence of different control param-
eters and boundary conditions on the bifurcation and chaos are
discussed.

2. Fundamental equations
Consider a isotropic conductive annular plate rotating in

magnetic field with magnetic field intensity B0z, which rotates
at a constant angular speed Ω . The plate has a uniform thick-
ness h, outer radius b, and inner radius a. The Young’s modu-
lus, the Poisson ratio, and the density of the disk are E, µ , and
ρ , respectively, as shown in Fig. 1.

Ω

B0z P

b

z

h
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α

θ

Fig. 1. Rotating annular plate in magnetic field.

2.1. Kinetic energy and deformation potential

A fixed cylindrical coordinate system (r,θ ,z) is used in
the model. The displacement vector of any point in the plate
is assumed as ur1 (r,θ ,z, t) = ur (r,θ , t)+ zu1 (r,θ , t)

uθ1 (r,θ ,z, t) = uθ (r,θ , t)+ zv1 (r,θ , t)
uz (r,θ ,z, t) = w(r,θ , t)

, (1)

where ur and uθ are the radial and circumferential displace-
ment in the middle plane, respectively; w is the transverse dis-
placement; u1 = −∂w/∂ r and v1 = −∂w/(∂θr) are angular
displacements; r, θ , and z are radial, circumferential, and nor-
mal coordinates, respectively; and t is the time variable.

The kinetic energy of the rotating annular plate can be
obtained as

T =
1
2

ρh
∫ b

a

∫ 2π

0

[(
dur1

dt
−Ωuθ1

)2

+

(
duθ1

dt
+(r+ur1)Ω

)2

+

(
dw
dt

)2 ]
rdrdθ . (2)

The deformation potential caused by bending deforma-
tion of the plate can be given as

Uε1 =
1
2

∫ b

a

∫ 2π

0
(Mrκr +Mθ κθ +Mrθ κrθ )rdrdθ , (3)

where Mr and Mθ are bending moments, Mrθ is torque, κr and
κθ are curvatures, and κrθ is torsion.

The potential energy of strain in the middle plane of the
plate can be given as

Uε2 =
1
2

∫ b

a

∫ 2π

0
(Nrεr +Nθ εθ +Nrθ εrθ )rdrdθ , (4)

where Nθ and Nrθ are internal forces in the middle plane, εr,
εθ , and εrθ are strains in the middle plane.

2.2. External virtual work

It is assumed that the plate is loaded in a transverse exci-
tation P. Thus, the expression of external virtual work δUP is
written as

δUP =
∫ b

a

∫ 2π

0
Pδwdrdθ , (5)

where δw is the transverse virtual displacement.

2.3. Virtual work of the electromagnetic force

Current density vector of the conductive plate in magnetic
field is written as

𝐽 = σ0(𝐸+𝑉 ×𝐵), (6)

where σ0, 𝐸, 𝑉 , and 𝐵 are conductivity, electric field inten-
sity vector, absolute speed vector, and magnetic induction in-
tensity vector, respectively.
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Lorentz force loading on the annular plate is written as

𝑓( fr, fθ , fz) = 𝐽 ×𝐵. (7)

In transverse magnetic field with magnetic induction B0z,
electromagnetic force can be obtained as

Fr =−σ0h
(

dur

dt
−Ωuθ

)
B2

0z

Fθ =−σ0h
(

Ωr+Ωur +
duθ

dt

)
B2

0z

Fz = 0

mr =
σ0h3

12

(
∂ 2w
∂ r∂ t

− Ω

r
∂w
∂θ

)
B2

0z

mθ =
σ0h3

12

(
1
r

∂ 2w
∂ t∂θ

+Ω
∂w
∂ r

)
B2

0z

, (8)

where Fr, Fθ , and Fz are radial, circumferential, and normal
electromagnetic force on unit area, respectively; mr and mθ

are radial and circumferential electromagnetic torque on unit
area, respectively.

Thus, the virtual work of the electromagnetic force is
written as

δUF =
∫ b

a

∫ 2π

0
(Frδur +Fθδuθ +Fzδw+mrδu1

+ mθδv1)rdrdθ . (9)

2.4. Magneto-elastic dynamic equation

Based on Hamilton principle

∫ t1

t0
(δTk−δUε1−δUε2 +δUP +δUF)dt = 0, (10)

and combined with Eqs. (3)—(9), considering geometric non-
linear condition and neglecting the effect of the longitudinal
displacement on the transverse vibration of the plate, the mag-
neto elasticity vibration equation of the annular plate can be
obtained as

1
r

[
∂ 2(rMr)

∂ r2 +

(
∂ 2

r∂θ 2 −
∂

∂ r

)
Mθ

+ 2
(

∂

r∂θ
+

∂ 2

∂ r∂θ

)
Mrθ +

∂

∂ r

(
rNr

∂w
∂ r

+Nrθ

∂w
∂θ

)
+

∂

∂θ

(
Nθ ∂w
r∂θ

+Nrθ

∂w
∂ r

)]

+ Fz +
1
r

∂

(
rmr

)
∂ r

+
∂mθ

r∂θ
+Pz +qa

= ρh
d2w
dt2 −

ρh3

12

[
d2

rdt2

(
∂w
∂ r

)
+

d2

dt2

(
∂ 2w
∂ r2

)
+

d2

r2d2

(
∂ 2w
∂θ 2

)
−Ω

2 ∂w
∂ r

+
∂ 2w
∂ r2 +

1
r

∂ 2w
∂θ 2

]
. (11)

3. Mode shape function and Galerkin method
3.1. Mode shape function

In order to solve the annular plate transverse nonlinear vi-
bration equation, a solution of the liner transverse free vibra-
tion equation is employed to assume the transverse displace-
ment w(r,θ , t) of the system (11).

Here, the liner transverse free vibration equation is intro-
duced as

ρh
∂ 2w
∂ t2 +DM

(
∂ 2

∂ r2 +
1
r

∂

∂ r
+

1
r2

∂ 2

∂θ 2

)2

w = 0, (12)

where DM = Eh3/[12(1−µ2)] is the flexural rigidity.
Obviously, the solution of Eq. (12) can be put in the fol-

lowing form by the method of separation of variables:

w(r,θ , t) =
n

∑
n=0

Wn (r)cos(nθ)qn (t), (13)

where Wn (r) are displacement functions, which are given in
terms of Bessel functions and modified Bessel functions of
order n. Considering symmetric vibration problem (n = 0),
Wn (r) can be rewritten as

W0 (r) = AJ0 (Kr)+BY0 (Kr)+CI0 (Kr)+DK0 (Kr) , (14)

where K, A, B, C, and D are determined by boundary condi-
tions and a normalizing condition.

Based on different boundary conditions, the mode shape
functions of Eq. (14) are given respectively.

(i) Clamped boundary conditions
The boundary conditions for the annular plate, which is

clamped by the collar (r = a) and rim (r = b) where the dis-
placement and angular vanish, are given by

W0 (a) =W0 (b) =W ′0 (a) =W ′0 (b) = 0. (15)

Substituting Eq. (14) into boundary conditions Eq. (15),
the equation of boundary conditions is rewritten as

AJ0 (Ka)+BY0 (Ka)+CI0 (Ka)+DK0 (Ka) = 0
AJ0 (Kb)+BY0 (Kb)+CI0 (Kb)+DK0 (Kb) = 0
AJ′0 (Ka)+BY′0 (Ka)+CI′0 (Ka)+DK′0 (Ka) = 0
AJ′0 (Kb)+BY′0 (Kb)+CI′0 (Kb)+DK′0 (Kb) = 0

. (16)

Since equation (16) has obviously linear correlation,
which have non-trivial solutions, the determinant composed
of the indeterminate coefficient is equal to zero, that is∣∣∣∣∣∣∣∣

J0 (Ka) Y0 (Ka) I0 (Ka) K0 (Ka)
J0 (Kb) Y0 (Kb) I0 (Kb) K0 (Kb)
J′0 (Ka) Y′0 (Ka) I′0 (Ka) K′0 (Ka)
J′0 (Kb) Y′0 (Kb) I′0 (Kb) K′0 (Kb)

∣∣∣∣∣∣∣∣= 0. (17)

Here, equation (17) is transcendental equation, which
contains only an unknown variable K, and thus it has infinitely
many values K. Since equation (16) is a linear system, whose
coefficients (A, B, C, and D) are uncertain, a normalizing
method can be used to determine these coefficients. It as-
sumed that the maximum value of W0 (r) is 1, and then it is
can be normalized.
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(ii) Simplified boundary conductions
The boundary conditions for the annular plate simplified

at the collar (r = a) and rim (r = b) are expressed asW0 (a) =W0 (b) = 0
W ′′0 (a)+ µ

a W ′0 (a) = 0
W ′′0 (b)+ µ

a W ′0 (b) = 0
. (18)

Introducing Eq. (14) into Eq. (18), similar to the clamped
boundary condition, equations must satisfy∣∣∣∣∣∣∣∣

a11 a12 a13 a14
a21 a22 a23 a24
a31 a32 a33 a34
a41 a42 a43 a44

∣∣∣∣∣∣∣∣= 0, (19)

where

a11 = J0 (Ka) , a13 = I0 (Ka) , a12 = Y0 (Ka) ,

a14 = K0 (Ka) , a21 = J0 (Kb) , a22 = Y0 (Kb) ,

a23 = I0 (Ka) , a24 = K0 (Ka) ,

a31 = KJ′′0 (Ka)+
µ

a
J′0 (Ka) ,

a32 = KY′′0 (Ka)+
µ

a
Y′0 (Ka) ,

a33 = KI′′0 (Ka)+
K
a

I′0 (Ka) ,

a34 = KK′′0 (Ka)+
µ

a
K′0 (Ka) ,

a41 = KJ′′0 (Kb)+
µ

b
J′0 (Kb) ,

a42 = KY′′0 (Kb)+
µ

b
Y′0 (Kb) ,

a43 = KI′′0 (Kb)+
µ

b
I′0 (Kb) ,

a44 = KK′′0 (Kb)+
µ

b
K′0 (Kb) .

Hence, the value K and the relationship of coefficients
can be obtained by solving Eq. (19), and then the value of the
coefficients can be determined by normalizing condition too.

(iii) Other boundary conditions
When the boundary conditions of the annular plate are

clamped-inner and simply-outer or clamped-outer and simply-
inner, the normalizing method can also be utilized to deter-
mine the value of K.

3.2. Galerkin method

When there is only first order mode shape in the system,
modal function may be in the form

w(r, t) =W (r) ·q(t) , (20)

where W (r) is the mode shape function in different boundary
conditions, whose first-order can be used in following calcula-
tion.

The sinusoidal excitation force is

P = P0 sin(ωt) , (21)

where P0 and ω are the amplitude and frequency of the excita-
tion force, respectively.

For axisymmetric problems, equation (11) can be reduced
to

−DM

(
∂ 4w
∂ r4 +

2
r

∂ 3w
∂ r3 −

1
r2

∂ 2w
∂ r2 +

1
r3

∂w
∂ r

)
+ DN

[
1
2r

(
∂w
∂ r

)3

+
3
2

(
∂w
∂ r

)2
∂ 2w
∂ r2

]

+
σ0h3

12

(
1
r

∂ 2w
∂ r∂ t

+
∂ 3w

∂ r2∂ t

)
B2

0z

= ρh
∂ 2w
∂ t2 −

ρh3

12

[(
1
r

∂ 3w
∂ r∂ t2 +

∂ 4w
∂ r2∂ t2

)
−Ω

2
(

1
r

∂w
∂ r

+
∂ 2w
∂ r

)]
, (22)

where DN = Eh/(1−µ2) is the tensile stiffness.
Substituting Eq. (20) into Eq. (22), the nonlinear differ-

ential equation of a rotating annular plate in magnetic field is
presented by means of Galerkin method, as

A1q̈−A2q̇+A3q−A4q3 = A5P0 sin(ωt) , (23)

where

A1 =
∫ b

a

[
ρhWW − ρh3

12
(
W ′W +W ′′W

)]
rdr,

A2 =
∫ b

a

σ0h3B2
0z

12
(
W ′W +W ′′Wr

)
dr,

A3 =
∫ b

a

[
ρh3

12
Ω

2 (W ′W +W ′′Wr
)

+ DM

(
W (4)Wr+2W (3)W −W ′′W

r
+W ′W

)]
dr,

A4 =
∫ b

a
DN

[
1
2
(
W ′
)3 W +

3
2
(
W ′
)2 (W ′′)Wr

]
dr,

A5 =
∫ b

a
Wrdr.

4. Numerical analysis of bifurcation and chaos
Here, we take some result comparison which contains a

result of a free vibration mode of a ring-shape thin plate on
the elastic base and a result of the finite dynamic element of
rotating circular disks.

It is assumed that we do not consider the impacts of mag-
netic induction intensity, excitation, rotational speed and non-
linearity. We use the same parameters as Ref. [22]: the mass
density ρ = 7800 kg/m3, Young’s modulus E = 200 GPa Pois-
son ratio µ = 0.3, conductivity σ = 3.63× 107 (Ω·m)−1, the
thickness h = 0.002 m, the outer radius b = 1.2 m, and the
ratio of outer radius and inner radius k = b/a. The natural
frequency of the system varying with the ratio of outer radius
and inner radius k is plotted in Fig. 2. When k = 3, the natural
frequency is ω0 = 106.4960 rad/s. This result coincides with
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the result (ω0 = 106.7019 rad/s) of Ref. [22], which does not
consider the impact of the base modulus.

2.5
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k

ω
0
/
ra
d
. s
-
1

ω0/. rad/s

Fig. 2. The natural frequency of the system varying with the ratio of outer
radius and inner radius k.

Here we do not consider the impacts of magnetic in-
duction intensity and excitation, and use the same parame-
ters as Ref. [23]: the mass density ρ = 7800 kg/m3, Young’s
modulus E = 1.961 MPa, Poisson ratio µ = 0.3, the thick-
ness h = 0.004 m, the inner radius a = 0.1 m, and outer ra-
dius b = 1.0 m. The natural frequency of this system vary-
ing with rotational speed is plotted in Fig. 3, where the nat-
ural frequency of the system increases extremely slowly with
the increase of rotational speed. This change of the natural
frequency is similar to the results with rotational speed 0–
2500 r/min in Ref. [23].

0

300

290

280

270

260

250
500 1000 1500 2000 2500

ω
0
/
ra
d
. s
-
1

Ω/↼r.min-1)

Fig. 3. The natural frequency of the system varying with the rotational
speed.

Consider the rotating annular plate under the sinusoidal
excitation load, which is made of aluminum with the mass
density ρ = 2670 kg/m3, Young’s modulus E = 71 GPa, Pois-
son ratio µ = 0.34, conductivity σ = 3.63×107 (Ω·m)−1, the
thickness h= 0.001 m, the inner radius a= 0.050 m, and outer
radius b = 0.150 m.

Parameter K and the corresponding mode function in dif-
ferent boundary conditions are separately as follows:

Introducing K = 47.15895 with simply supported bound-
ary conditions into Eqs. (18) and (19), the corresponding mode
function is obtained as

W = −1.7384J0 (Kr)−1.6557Y0 (Kr)

+ 0.0028254I0 (Kr)+11.997K0 (Kr) .

Introducing K = 32.195 with clamped supported bound-
ary conditions into Eqs. (16) and (17), the corresponding mode
function is obtained as

W = −1.8788J0 (Kr)+1.2209Y0 (Kr)

− 0.0044181I0 (Kr)+1.8078K0 (Kr) .

Similarly, when K = 38.055, the corresponding mode
function with clamped-outer and simply-inner boundary con-
ditions is obtained as

W = −2.3633J0 (Kr)−0.70025Y0 (Kr)

− 0.0018384I0 (Kr)+7.8996K0 (Kr) .

When K = 41.026, the corresponding mode function with
clamped-inner and simply-outer boundary conditions is shown
as

W = −2.3476J0 (Kr)+0.37337Y0 (Kr)

+ 0.0070019I0 (Kr)+2.314K0 (Kr) .

Sequentially, considering magnetic induction intensity,
excitation amplitude, and excitation frequency as the bifur-
cation control parameters, the analysis of nonlinear dynamic
behavior of the annular plate is presented.

4.1. Magnetic induction intensity as a bifurcation control
parameter

Bifurcation diagram with simply supported inner–outer
sides is plotted in Fig. 4, where magnetic induction intensity
is a bifurcation control parameter. Here, fundamental param-
eters are the rotation speed Ω = 10000 r/min and excitation
amplitude P0 = 40 kN/m2.

0

2.5

1.5

0.5

-0.5

-1.5

-2.5
0.5 1.0 1.5

(1)
(2) (4)

(3)

2.0 2.5 3.0

B0z/T

q
/
1
0

-
3
 m

Fig. 4. Bifurcation diagram of the system (23) for Ω = 10000 r/min and
P0 = 40 kN/m2 with simply supported inner–outer sides, whose control
parameter is the magnetic induction intensity B0z. Here 4 kinds of typical
regions are selected to analyze.
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When the magnetic induction intensity increases, the vi-

bration amplitude of the system is reduced, and the motion of

the system is a kind of alternating-periodic motion between

period doubling motion and chaotic motion. Here, within

some specific regions, there are some unique phenomena, as

shown in Fig. 4.

As shown in Fig. 5, when the magnetic induction inten-

sity is small (Region 1 in Fig. 4), there is a closed curve in

the Poincaré map lattice section. Moreover, it is found that

vibrational energy is mainly distributed in about 3.5 times fre-

quency from the power spectrum chart (Fig. 5(c)). Thus, there

is a quasi-period motion in this system.

When the magnetic induction intensity B0z = 0.6 T (Re-
gion 2 in Fig. 4), as shown in Fig. 6, the motion of this system
converts from quasi-period motion to double-period motion,
and vibration energy is mainly concentrated in the 3.5 times
frequency (Fig. 6(c)).

Continuing to increase magnetic induction intensity to
0.7 T < Boz < 2.0 T (Region 3 in Fig. 4), the motion of the
system repeatedly converts from multi-period motion to chaos
motion. The amplitude of the system is almost a constant, and
the response of the system is similar, shown in Fig. 7 when the
magnetic induction intensity B0z = 0.7 T.

As shown in Fig. 8, when the magnetic induction in-
tensity B0z = 3 T (Region 4 in Fig. 4), the motion of this
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system is quasi-period motion, where vibration of the system
has been extremely closed to single-period motion as shown in
Fig. 8(b). The amplitude of the system significantly decreases,
which is compared with the phase diagram and time history
diagram when B0z = 0.6 T (Figs. 6(b) and 6(d)).

When magnetic induction intensity is a bifurcation con-
trol parameter, bifurcation diagrams with clamped supported
sides (Fig. 9(a)) and clamped-outer and simply-inner sup-
ported sides (Fig. 9(b)) are also plotted. The motions of two
systems are both the repeated-period phenomena from chaotic
motion to multi-period motion and to chaotic motion. The
chaotic region of the two systems is smaller and multi-period
region is larger, compared with Fig. 4.
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Fig. 9. Bifurcation diagram of the system (23) varying with control pa-
rameter B0z when Ω = 10000 r/min and P0 = 40 kN/m2 (a) in both-
clamped supported sides and (b) in clamped-outer and simply-inner sup-
ported sides.

4.2. Excitation amplitude as the bifurcation control pa-
rameter

In order to reflect the effect of excitation amplitude on
the system, global bifurcation diagram with simply supported
sides is obtained, when B0z = 2.0 T, Ω = 10000 r/min, and
ω = 1.02ω0, where ω0 is natural frequency of undamped lin-
ear system. Here, the amplitude of the excitation force is a
bifurcation control variable, as shown in Fig. 10. Amplitude
of the system increases with the increase of excitation force
and the vibration form of the system is basically a kind of pe-
riodic motion when P0 is small (0 < P0 < 50 kN/m2). Nev-

ertheless, when the amplitude of the excitation force is large
(50 kN/m2 < P0 < 170 kN/m2), amplitude of the system in-
creases with the increase of excitation force, whose vibration
form is chaotic motion mixed with multi-period motion. Then,
when the amplitude of the excitation force continues to in-
crease (P0 > 170 kN/m2), amplitude of the system contains a
constant, and motion of the system mainly is a chaotic motion
with a small number of doubling-period motion.
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Fig. 10. Bifurcation diagram varying with excitation amplitude P with
both simply supported sides when B0z = 2.0 T, Ω = 10000 r/min, and
ω = 1.02ω0, where ω0 is natural frequency of undamped linear system.

The motion of system is single-period motion when P0 =

12 kN/m2, as shown in Fig. 11. There are different frequencies
shown in Fig. 11(c), where vibrational energy is mainly con-
centrated in the single-frequency and successively decreases
with increase of the frequency multiple.

When P0 continuously increases, the motion of system
is a motion from single-period motion to multi-period motion
shown in Fig. 12. When P0 = 15 kN/m2, the motion of system
is quadruple-period motion. Frequency of the system is com-
posed of multiple and 1/3 times frequency shown in Fig. 12(c).

When P0 = 20 kN/m2, there is chaotic motion in this sys-
tem, shown in Fig. 13. Poincaré map, existing as a mask form,
converts from several discrete points into a lattice where there
is a certain geometric feature. The motion of the system be-
gins to be a kind of irregular reciprocating motion, as shown
in time history diagram (Fig. 13(b)). At this point, the pro-
portion of the single-frequency power is greater than other-
frequency powers, and there are some continuous impulse re-
sponse nearly 1/3 times and double frequency (Fig. 13(c)).
The phase locus of the system is a complex and messy curve
(Fig. 13(d)).

When excitation amplitude is large, the motion of the sys-
tem is mainly chaotic motion mixed with some periodic mo-
tions, shown in Fig. 10. For example, the motion of system
is chaotic motion when P0 = 50 kN/m2 (Fig. 14), but single-
period motion when P0 = 64 kN/m2 (Fig. 15). Moreover, as
shown in Figs. 14(c) and 15(c), the power of the system are
both centralized at the single and triple frequencies.
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In order to reflect the effect of magnetic induction inten-
sity on bifurcation motion, we plot the bifurcation diagrams
in different cases, where bifurcation control parameter is still
the excitation amplitude P0 (P0 is less than that in Fig. 10),
shown in Fig. 16. We obtain that the motions of the system are
mainly multi-period motion and quasi-period motion, when
magnetic induction intensity is relatively small (B0z = 0 T
and B0z = 1.0 T). Moreover at this point the system is more
likely to develop the quasi-period motion and chaotic motion
by changing the excitation amplitude compared with Fig. 10.

0 1 2 3 4 5 6 7

P0/10
4 (N.m-2)

4

2

0

-2

-4

q
/
1
0

-
3
 m

(a)

0 1 2 3 4 5 6

P0/10
4 (N.m-2)

2

1

0

-1

-2

q
/
1
0

-
3
 m

(b)

Fig. 16. Brifurcation diagram varying with excitation amplitude P0 for (a)
B0z = 0 T and (b) B0z = 1 T with Ω = 10000 r/min and ω = 1.02ω0, where
ω0 is natural frequency of undamped linear system.

In order to analyze the effect of force on bifurcation with
the other boundary conditions, the bifurcation diagrams vary-
ing with excitation amplitude are plotted with clamped sup-
ported conditions (Fig. 17(a)) and with clamped-outer and
simply-inner boundary conditions (Fig. 17(b)). In comparison
with the diagrams in Figs. 4 and 11(b), the system subjected
to nonlinear effect will be smaller and less prone to show the
chaotic motion, as there is a clamped side in the system.

4.3. Excitation frequency as the bifurcation control pa-
rameter

Global bifurcation diagram (Ω = 10000 r/min, B0z =

2.0 T, and P0 = 40 kN/m2) with simply supported sides is plot-
ted shown in Fig. 18. Here, ω̄ as a dimensionless parameter
is the ratio of excitation frequency and natural frequency of
undamped linear system.
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Fig. 17. Brifurcation diagram varying with excitation amplitude P0 (a) in
both-clamped supported sides and (b) in clamped-outer and simply-inner
sides. Here, B0z = 2 T, Ω = 10000 r/min, and ω = 1.02ω0, where ω0 is
natural frequency of undamped linear system.
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Fig. 18. Bifurcation diagram of the system varying with control parameter
ω̄ with both-simply supported sides. Here, Ω = 10000 r/min, B0z = 2.0 T,
and P0 = 40 kN/m2.

Figure 18 embodies the motions of the system varying
with dimensionless parameter ω̄ . For example, when ω̄ = 0.2,
the motion of the system is single-period motion shown in
Figs. 19(a) and 19(d), and the energy of the system mainly
focuses on the single-frequency. However, when ω̄ = 0.3
(Fig. 20), the motion of the system is chaotic motion. At this
point, Poincaré map is an array of lattice with the special ge-
ometry (Fig. 20(a)), and there are some noise signals in power
spectrum (Fig. 20(c)), but the power of the system is still cen-
tralized at single frequency compared with that in Fig. 19(c).
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history diagram, (c) power spectrum, and (d) phase diagram.

2

0

-2

4

2

0

-2

-4

-6
511.00 511.05 511.10

q
/
1
0

-
3
 m

d
q
/
d
t/

(m
. s

-
1
)

t/s

4

2

0

-2

-4

200

150

100

50

0

P

d
q
/
d
t/

(m
. s

-
1
)

Ω

-1 0 1

q/10-3 m

(d)(a) (b) (c)

0 5 10 15 -1-2 0 1 2

q/10-3 m

Fig. 20. The motion of the system is a chaotic motion when ω̄ = 0.3, which is reflected in (a) Poincaré map that is a mapping lattice, (b) time history
diagram, (c) power spectrum, and (d) phase diagram.

In order to reflect the effect of the boundary conditions on
the system, the bifurcation diagram is plotted with the selec-
tion of two kind of boundary conditions and keeping other pa-
rameters unchanged, shown in Fig. 21, where ω̄ is still bifurca-
tion control parameter. The motions of the system are mainly
quasi-period motion and multi-period motion, and there are
slight chaotic motions only in the 1/3 subharmonics region
(ω̄ = 3) For instance, the response diagrams of the system
in primary resonance region (ω̄ = 1) and subharmonics res-
onance region (ω̄ = 3) are plotted in Figs. 22 and 23, respec-
tively. When ω̄ = 1, the motion of the system is quasi-period
motion, but single period when ω̄ = 3.
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Fig. 21. Bifurcation diagram varying with control parameter ω̄ with both-
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5. Conclusion

In this paper, Bessel functions as mode shape functions

are utilized to solve the magneto-elasticity nonlinear vibra-

tion equation of the annular plate. The bifurcations dia-

grams, response charts power spectrum charts, phase dia-

grams, Poincaré maps, and time history diagram of the sys-

tems are obtained with different bifurcation control parame-

ters by numerical calculating. When magnetic induction, ex-

citation amplitude, or frequency respectively reaches a spe-

cific value, there may be bifurcations and chaos in the system,

which are very sensitive to the control parameters. In addi-

tion, there are multi-period motions between the chaos fields

in the system. In most cases, with the increases of the bifur-

cation control parameters, the motions of the system are re-

peatedly from multi-period motion to chaotic motion and to

multi-period motion. Moreover, when magnetic induction in-

tensity increases to some degree, the motion of the system may

be multi-period motion or quasi-period motion rather chaotic

motion.
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