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Kun Chen(f4:5), Shu-Xin Chen(E# 81T, De-Wei Wu( = 4H),

Chun-Yan Yang(#% %

), and Qiang Miao(7H i)

Information and Navigation College, Airforce Engineering University, Xi’an 710077, China

(Received 19 December 2016; revised manuscript received 23 May 2017; published online 2 August 2017)

Sagnac effect enhancement can improve optical gyro precision. For a certain input intensity, we suggest that the other
input port of beam splitter (BS) should be fed with some quantum light to break through shot noise limit (SNL) to improve
Sagnac effect without increasing radiation-pressure noise (NRP). We design a Sagnac effect quantum enhancement criterion
(SQEC) to judge whether some quantum light can enhance Sagnac effect and present a Sagnac effect enhancement scheme
that utilizing Fock state light and parity measurement technique to extract the output phase. The results of the theoretical
analysis show that the maximum sensitivity can be reached at 6 = 0, and the phase precision can break through SNL and
even achieve Heisenberg limit (HL). When the Fock state average photon number 7 is far less than coherent state, the
minimum measurable angular rate is improved with v/2rn+ 1 times, which can deduce shot noise and increase NRP little.
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1. Introduction

The enhancement scheme of Sagnac effect which is
the physical basis of gyroscope, is an interesting topic for
the improvement of gyroscope precision.!'#! Many meliora-
tion schemes have been proposed via atoms®~7! and trapped

s.189 In optical regime, the optical gyroscope fed with

ion
laser in coherent states,!!”! of which the phase sensitivity is
restricted by shot noise limit (SNL) 1/y/7t,!'!] where 7t is
The

gyroscope precision can be improved mainly by increasing

the total mean photon number in the interferometer.

the laser power (increasing sT), whereas radiation-pressure
noise (NRP) will dominate and nonlinear effects will be
introduced.!'”) An effective method is to improve the preci-
sion under a certain source power.

Quantum metrology pointed out that some entanglement
properties of input states (NOON state, twin-Fock state, Yurke
state, etc.) can be used to break through SNL and even reach
the fundamental limit,!'3] Heisenberg limit (HL) 1/7t, show-
ing a new way to improve gyroscope precision with quantum
techniques. Bertocchi et al. firstly studied Sagnac quantum
effect at the single-photon level whose results are no below
SNL due to that there is no entanglement in the input states. ']
Kolkiran et al. obtained the HL by entering two-photon entan-
gled states generated via parametric down-conversion. How-
ever, in such technical applications, high intensity sources are
needed.!'>] Caves suggested that sub-shot noise uncertainty
can be achieved when a high-intensity coherent state in one
input port and the other input port fed with a low-intensity
squeezed vacuum state in an interferometer. 'l We utilized the
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squeezed vacuum light and quantum balanced homodyne de-
tection technique to improve the phase precision obviously!!”!
and further discussed the optimal measurement method for the
coherent state and the squeezed vacuum state in the Sagnac
interferometer.''! However, the squeezed vacuum technique
cannot achieve the highest sensitivity at 8 = 0 unless intro-
ducing phase biasing technique. In this paper, we discuss
whether there are other useful states in the other input port
which can obtain sub-shot-noise phase sensitivity. We design
a Sagnac effect quantum enhancement criterion (SQEC) to
judge whether a quantum state is useful and develop a Fock
state scheme for Sagnac effect enhancement.

This manuscript is organized as follows. In Section 2,
we make a theoretical description for Sagnac effect and de-
sign the SQEC based on quantum Fisher information (QFI).
In Section 3, we use the SQEC to judge some common quan-
tum states, such as coherent state, Fock state, squeezed vac-
uum state, and coherent superposition state. In Section 4, we
present a Sagnac effect enhancement scheme with Fock state
light input and parity measurement technique to extract the
output phase. In Section 5, we make an analysis of the scheme.
Finally, we discuss the physics underlying phase sensitivity
improvement with Fock state light and draw a conclusion.

2. Sagnac effect quantum enhancement crite-
rion

Due to the phase 6 precision restricted with shot noise, for
the improvement of measurement precision, we suggest that
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the other input port should be fed with some quantum light.
We make a brief theoretical description for Sagnac effect, and
then design the SQEC to judge whether a quantum state is use-
ful.

2.1. Theoretical description for Sagnac effect

Sagnac effect was first proposed by Georges Sagnac
in 1913 for rotation detection in inertial space with optical
systems.!!?! As illustrated in Fig. 1, if Sagnac interferometer
rotates with an angular rate £2 along the clockwise direction,
the two parts of light split at point A will take different time
for a circle along clockwise and anti-clockwise direction sep-
arately and the time difference is At = 47r2Q /c*(A is wave-
length, r is the radius of interferometer, and c is the speed of
light). Accordingly, the optical path difference is

47’ Q
AL =72 )
c
Furthermore, we can obtain a linear relation between the rela-
tive phase 6 and rotation rate Q as?"!
4rLr
o="" 6

cA
where L is the optical path length. The accuracy of rotat-
ing rate 2 depends on the measurement precision of phase
6. Therefore, Sagnac effect enhancement is to improve the
precision of phase 6 essentially.

171

Fig. 1. A schematic diagram of Sagnac effect.

Next, we describe the Sagnac effect in the Schwinger
representation with quantum theory.[?!l When the two in-
put quantum states |in) inject into the input ports P, and P,
of the Sagnac interferometer depicted in Fig. 2 respectively,
they are both split into two beams by the beam splitter (BS)
and mix with each other. The state upon leaving the BS is
|@) = exp(—im/2J,)|in) where Jy = (a*b+bTa)/2 is an an-
gular momentum operator. The quantum state |¢) accumu-
lates a relative phase 0 due to the interferometer rotation and

becomes |@') = exp(—i0J;)|@) where J, = (aTa—bTh)/2.
|@’) joins at the BS and leaves the interferometer. The output
state is |out) = exp (i7/2J,) |@’). We can obtain the relation-
ship between input and output states as
lout) = exp (im/2J,)exp(—i0J;)exp (—im/2J,) |in)

= exp(—i6J)|in), 3)
where J, = (a'b—b'a) /(2i) is an angular momentum opera-
tor.

Fig. 2. A schematic diagram of Sagnac interferometer.

2.2. SQEC design

The current optical gyro is fed with coherent light into
one input port of BS and detected at another output port. In
fact, the other input port is fed with vacuum instead of nothing,
which restricts the phase precision at the SQL theoretically, as
shown below.

When the Sagnac interferometer shown in Fig. 2 has two
input ports injected with quantum states, the relationship be-
tween input and output ports in Eq. (3) can be written in a
density matrix as

Pout (8) = e 1% p, @ p et )

where p, and p,, are density operators of the quantum state en-
tering into input ports Py and P, respectively. The estimation
precision of phase 6 can be described with quantum Cramer—
Rao bound (QCR)[22]

Aemin = (5)

V'
where Fgq is the so-called QFI, which can be calculated by
maximizing the Fisher information over all possible positive-

operator valued measures (POVM) (23]
Fy= {%1(%7)‘}1” [Pout (8) ,{E (€)}] =Tr [pou (0) Lg |,  (6)

where {E (&)} are a set of Hermitian positive-operators and Lg
is the Hermitian operator of symmetric logarithmic derivative
(SLD), defined as

apout (6) _ Pout (G)LO +L6P0ut (0)
20 2 '

@)
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If p, and p, are pure states, we can obtain the rela-
tion Pout (0) = Pout (9)2 from Eq. (4), of which the deriva-
tive of 0 is dgPout (6) = doPout (6)2 = [aepout (6)]p0ut (6)+
Pout (0) [Dg Pout (0)]. Comparing with Eq. (7) of the SLD defi-

nition, we have

L9 :zaepout(e) =2i [pout(e)ajy]a (8)

and then
Fo=4((/);, = (1) ©)

With further calculation, we can obtain the QFI

Fo = 4 ({@ulJ216in) — (@inl Jy |01
= (@in| (b'b+b"ba’a—b'bTaa —a'a’bb +a' abb") | i)
+ (@l (a'b—b"a) |gu)?
= Fig i + 2igiy + O, (10)

where 71, = tr[p,a’a] and 7ij, = tr[p,b ™" b] are the mean photon
numbers of p, and p, respectively. When coherent state | o)

enters into port a, we have

0y = e 120 <<b+>2 _ <(b+)2>) tiei2? (<b>2_ <b2>)
— 21, (b) (b"), (11)

where 71, = |oc|2 and o = |a| e~'?. From Egs. (10) and (11),
we can find that the QFI is independent of the relative phase,
but determined by the mean photon number of input states.
QFI describes the largest usable information of a quantum
state in quantum metrology, and the QCR of Eq. (5) reflects
the best precision of the system parameter to be estimated. To
achieve the QCR, one needs to design the optimal measure-
ment scheme and parameter estimator.

In the system, the total photon number it = i, + 71, the

SNL and HL are defined respectively as

1 1

AbsnL = T AbyL = T (12)

Substituting Eq. (10) into Eq. (5) and comparing with

Eq. (12), we can obtain the SQEC, namely ®y > —2a,7;,. If
SQEC is satisfied, the phase precision can break through SNL
and Sagnac effect can be enhanced with certain light power. If
one condition @y — 712+t — (i1, + 1) is satisfied, HL can be
achieved. If only one quantum state enters into the interferom-
eter, whatever p, or pp, it is easy to verify that the system can
only achieve SNL. This agrees with the conclusion of Caves
that if only one quantum state enters into the BS, the other
input port will introduce vacuum fluctuation restricting the pa-

rameter estimation precision.

3. SQEC analysis of quantum states

In order to improve the Sagnac phase accuracy and break
through SNL with a fixed total photon number 7T, we need
to choose a suitable quantum state entering the input port b
to satisfy SQEC and make @y as large as possible. We will
make an analysis of some common quantum states such as co-
herent state, Fock state, squeezed vacuum state, and coherent
superposition state, which can be produced in experiment.

3.1. Coherent state |B)

If coherent state|f) fed into the input port P>, where f§ =
|B] e 198 we can obtain @y = —2ii,ii), and Fo =g+ =i,
which does not satisfy SQEC. It can be found that QFI cannot
be improved by entering a coherent state into the other port.
Therefore, the coherent state cannot enhance the Sagnac ef-
fect.

3.2. Fock state |N)

The Fock state, also known as the photon number
state, is in extensive research for quantum metrology which
can be produced through parametric down-conversion in
experiment.?*! If port P fed with Fock state |N), we obtain
Oy = 0 and Fq = i, + ip + 20,71, > i, which suggests that
the Fock state in port b can improve QFL. If the power of co-
herent state |a) is much higher than Fock state |N) , namely
fla > fip, We get Fo ~ ii, (2, + 1) and the phase precision
ABin = 1/+/714 (271, + 1), which means that the phase preci-
sion increases effectively as the photon number of Fock state
increases.

3.3. Squeezed vacuum state |§)

The squeezed vacuum state has been extensively stud-
ied in quantum communication, gravitational wave detection,
and precision measurement due to that the quantum fluctua-
tion of a quadrature component is smaller than vacuum fluc-
tuation, and can be produced through a parametric amplifier
or a four-wave mixing experimentally.!?>! If port P, fed with
squeezed vacuum state |€), we get @y = 2sinhrcoshrii, and
Fo =i, e?" + 7, which satisfy SQEC and the precision in-
creases with the squeezed strength r exponentially. In par-
ticular, owing to e ~ 4i1y,, when 71, = 71}, we obtain Fq = /i3
and A6, = 1/fir which reaches HL. It is obvious that the
squeezed vacuum state can enhance Sagnac effect effectively,
which have been discussed in detail in Ref. [17].

3.4. Coherent superposition state | o)

The coherent superposition state |og), or Schrodinger cat
state, is defined as!2%)

1

\/2 (1 + e—2l cos ¢)

o) = (lo0)+ ¢ —en)), (13)
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where |oy,) is called even coherent state when ¢ = 0; when

¢ =m/2,

¢ =1, |og) is called odd coherent state. Without loss of gener-

o) is called Yurke-Stoler coherent state; when

ality, we take ¢ as a real number. When selecting the optimal
phase matching condition ¥ = /2, we have

. A2
2sin® pe 4% )

(14)
1+e 2% cos ¢

Oy = 21,08 <1 +

When |og) is the odd or even coherent state, @y =
Zﬁaag. When |oy,) is the Yurke-Stoler coherent state, @y =

2ﬁaa§ (1 +2e’4°‘§). When o > 1, we can obtain Oy ~

7 o
21,045 and

o (1 — 2% cos q))

1+e2% cos ¢

2
~ 0.

ny =

When the coherent superposition state is fed into the input port
P, the sub-shot-noise uncertainty can be approached and the
QFlis Fq = fig + i, + 4ii4itp. In particular, when 7i, = i1, we
have Fo ~ ﬁ%, which means that the coherent superposition
state can also achieve an HL-like squeezed vacuum state. The
coherent superposition state is also a kind of macroscopic su-
perposition states, which is conducive to enhance the Sagnac
effect in experiment.

Through the analysis above, the other input port of
Sagnac BS fed with some quantum light in Fock state,
squeezed vacuum state, or coherent superposition state can
break through SNL and increase phase precision to a certain
degree in theory. Here, we choose Fock state light to en-
ter into the BS for Sagnac effect enhancement (the enhance-
ment scheme based on coherent superposition state input will
be published elsewhere). Nevertheless, the QCR and SQEC
are obtained based on POVM, which is a difficult task for de-
sign in experiment. How to design a POVM or implement
optimal measurement to reach QCR experimentally is still an
open question. The key problem is how to effectively extract
the phase information of the output light. Parity measurement
technique is suggested as follows.

4. Parity measurement for Fock state input

In the Sagnac effect enhancement scheme with Fock state
light input as shown in Fig. 3, coherent state |a) and Fock state
|N) respectively enter into the input ports P; and P, of BS. As
the BS will be used twice as input and output, we set an optical
circulator under port P, for input and output isolation.

Parity measurement technique was firstly put forward by
Bollinger et al. for spectrum measurement, and then intro-

[27

duced into the optical interferometry.[?’] As experimenters

only need to measure the parity of the photon number at one of

the output ports, parity measurement is easy for manipulation.
For any mode a, the parity operator can be expressed as!?®!

= (-1)""“. (15)

Generally, it is difficult to calculate parity operator expec-
tation (IT) directly. As the expectation (IT) is proportional to
the value of the Wigner function of output quantum state at the
origin of the phase space, it can be obtained by calculating the
Wigner function of the output state.

optical
circulator

detetor
r

Fig. 3. Sagnac effect enhanced scheme.

The Wigner function of the input state p, ® pp in Eq. (4)

is the product of two Wigner functions of p, and pj>°!

Win (4, Bi) = W, (o) Wy, (Bi) , (16)

where W, (;) and W), (B;) are Wigner functions of input
state p, and p, respectively. When p, and p;, are coherent
state and Fock state, there are

2 (~21B) L (418P)
2(—1)"

2
Wpa (al) = ;exp (_2|al - a|2> ;
W (B) = 2 (-1)"exp
_ _ 12\ qnn
= T eXp( 2|Bil )auav
X exp (“v+2“ﬁi_2vﬁi*)‘/1=v=07 (17)

where the Laguerre polynomials L, () is written in the form

of its generation function3")
(-1 o™
L = exp(—IT+1ix+7T
()= S g e (T )|

for convenient calculation later. For the two output ports oty

and By in the interferometer, substituting the input and output

relation®!!

o

Bi

—oysin(0/2) + Breos (0/2),
aycos(6/2) + Brsin(6/2), (18)
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and Eq. (17) into Eq. (16), we can obtain the Wigner function
of the output state as

Wout (a3 Br) = Win [ (ar. Br) . Bi (ar. Br) ]
4(=1)"exp(~2aP)

m2n!

2] 0
X dydy {exp {2 |otf|272 ((x* sinzﬁucos 2> af}
X exp |—2 asin9+VCosg o
P 2 2) %

0 AN
X exp |2 acos o —vsin— Br+uv

X exp {—2 |l3f{2+2 ((x* cos g—hu sin §> ﬁf}}

u=v=0
(19)

As we measure the photon number parity at the output
port ay, the origin of the Wigner function value of output state
of port ay is needed. Integrating By of Eq. (19) and setting
oy = 0, we can obtain

Wig) (0) = | / Wout (0:Br) d*By

2(-1)" 0
_2(=D exp (—25in22|a|2) 9,19y

nn!
x exp[uvcos +poasin® —vasind]|,_, . (20)

When cos 6 # 0, the parity operator expectation can be
written as

(1) = W, (0)
= (—1)"cos" Gexp <—2$in2 g |05|2>

-2
%Ly, (|oc|2 St 9). Q1)

cos @

In Eq. (21), when 6 — 0, (IT) — (—1)" which corresponds to
the parity operator expectation of Fock state and indicates that
the output is Fock state without coherent state; when 6 — 7,
(IT) — exp (—2|OC|2) which corresponds to parity operator
expectation of coherent state and indicates that the output is
coherent state without Fock state. This can be understood that
the output state is the statistical mixture between Fock state
and coherent state modulated by the relative phase 6.

When cos® =0 (0 = n/2 or 37/2), the parity operator
expectation is

1
(1m) = — o exp (~|af’). 22)

The parity operator expectation with different average
photon numbers of Fock state is shown in Fig. 4, where the av-
erage photon number of coherent state is |Ot|2 = 2. The peak of
parity operator expectation is at 8 = 0, at which we can reach

the highest sensitivity. When Fock state injects into the Sagnac
interferometer, even if there is only one photon, the wave crest
becomes steeper, which indicates that the phase sensitivity has
been improved effectively. Figures 4(b) and 4(c) respectively
describe the relationships between parity operator expectation
and the average photon number n of Fock state which changes
from O to 20. It can be clearly found that the wave crest be-
comes steeper and steeper as n increases. Next to the wave
crest, the expectation curve exists a fluctuation and then is rel-
atively stable in a rather long phase scope (Fig. 4(c)). The sen-
sitivity of wave crest and wave trough increase as n increases,
and there is more large angle range with low sensitivity. In the

next section, theory analysis is given.

1.0 o
— =

(a) n=1
n=

—-1.0

—150 —100 —50 0 50 100 150

—0.5

—1.07 T T
200 100 0

0/()

Fig. 4. (color online) Parity operator expectation against phase 6 for
different mean photon numbers of Fock state n (the mean photon num-
ber of coherent state \oc|2 =2). (a) The curve of parity operator ex-
pectation for different n; (b) the three-dimensional (3D) plot of parity
operator expectation against phase 6 as n increases; (c) the 3D plot of
parity operator expectation against phase 6 as n decreases.
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5. Performance analysis
As the laguerre polynomials can be written as
1 & (n\n! j
L= & (7)o 3

the derivative of x is
d

=L ()5t

In particular, when n = 0, we have Lo(-) =

¥l (n>1). (24)

1 and
dLy (x)/dx = 0, and then the parity operator expectation be-
comes (IT) = exp (—Zsin2(9/2) |a\2)
d(IT)/d6 = — |af*sinBexp (—2sin2(0/2) |o¢|2). According
to the error propagation formula
¢ -
(25)

Jur)
A =Tam >/de| >/de|

where <H 2> = 1. we can obtain the phase error

and its derivative is

1— efétsin2 %\alz

A = '
e~ 250 $la |gin 9| | ar|?
When 6 — 0,
1 1 :
lim Af = —————— - VR
00" feos6 20Tl ~Jal T /Ry

which can achieve QCR and indicate the phase with the high-
est sensitivity at & = 0. Although the error achieves QCR,
showing that the parity measurement is a kind of optimal mea-
surement method, we cannot break through SNL without Fock
state input, as shown in Fig. 5.

90

80

70

60

50

06

40

30 0 50
20

10

0
—200 0 100 200

0/(%)

Fig. 5. (color online) The curve of phase error with only coherent light input.

When n > 1, the derivative of parity operator expectation

.2
adh) = (1)nsinecos”_196‘2““23'0‘2{nLn <O€2 = 9)
cos O

2 sin2

— |o|*cos 6L, <|a| 99> —I—COSBRHil . (20

1 ! n!
Ry = H‘Od 2+tan 0) Z < >(j—l)!

Jj=1
i—1

y ‘O‘|2 sin 6\’
cos 6

If there is only Fock state input, namely |ct|* = 0, the parity

operator expectation is (IT) = (—1)"cos" 6 and its derivative
is d(IT)/d6 = —(—1)"ncos" ! OsinH. We can obtain the

phase error

n—1 .
V1 —cos260 cos2 0)'
AQ V1 —cos?" @ i)::o ( )

- [ncos"10sin 6| - [ncos"10sin 0|

n—1

Y (cos? G)i
i=0

- [ncos"=10| -
When 6 — 0 or 6 — 7, A0 can reach QCR, ABp, = 1/+/n, as
shown in Fig. 6. We cannot break through the SNL only with
Fock state input either.

18

16

14

12

10

06

—100 300

Fig. 6. (color online) The curve of phase error with only Fock state light
input.

When |« |2 > 0, the phase error with both Fock state and coherent state input is

AO =

_an2n g a—4sin? Loy 2 2 sin%0
\/1 cos? e e O

. _9ein2 82
sin @ cos"1 g e 25" 7| {—nLn (|Ot|

2 —Sm?e) - \Oc|zcos 6L, (|oc|2 ane) -+ cos GRH} ‘

cos 6

27

cos 6
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When 0 — 0, the minimum error can be obtained as

1 170052"96_4““2%‘“'2L% (|O‘|2 M) 1

cos O

lim
(|a|2+n+2n|a\2> 60

Aemin =

which suggests that the best sensitivity is at 6 — 0 and parity
measurement can achieve HL as shown in Fig. 7. Because the
denominator of Eq. (27) will become 0 at several values of 6
as the photon numbern changes, some errors become large and
several peaks emerge in the error curve, which means that the
performance of this method is poor at some values of phase.
The error curve is relatively flat near 0°, and reaches the min-
imum at 0°. To facilitate the analysis of the minimum error,
we draw the error curve near 0° area as shown in Fig. 7(b),
where n = 1. It can be found that the error indeed reaches HL
which proves the validity of Eq. (28). The proposed scheme
can reach the highest sensitivity when 8 — 0 directly.

140y .
(a) “

120y

100y

804

60y

60

200

0.41p

0.401

66

0.391

0.381

—10 0 10 20
/()

Fig. 7. (color online) Phase errors of coherent state and Fock state input

(the mean photon number of coherent state \a\z =2). (a) The phase

error at different values of 6 and mean photon number of Fock state;
(b) the phase error curve near 0° area.

—20

= ; (28)

\/<|O£|2—|—n+2n|a|2)

sin% 0

The analysis above indicates that parity measurement
technique is a feasible and optimal method to reach QCR
and break through SNL. As a result of the Fock state input,
compared with only increasing the pure coherent light photon
number (power), one extra item 2n | ¢ \2 emerges in the denom-
inator of Eq. (28), which is the key role to improve the phase
accuracy under the same power, as shown in Fig. 8.

0.8

0.7%

0.6

0.5

6emi n

0.4

0.3

0.2

0.1

0 5 10 15 20
n

Fig. 8. (color online) The phase error comparison between suggested
scheme and SNL.

Specifically, we take the fiber optic gyro (FOG) for exam-
ple to discuss the performance with this technique as follows.
The measurable minimum angular rate is a very important in-
dicator. Usually, the best phase sensitivity corresponds to the
measurable minimum angular rate

A 2e(l4cosB)Af
2nDLsin 6 RpP

-Qmin =

ke [reara 1
~ 27DL\ Rphc \/2sing,

ABsNL, (29)

where £ is the Planck constant, e is electron energy, and ¢
For a FOG of the wavelength A =
1550 nm, the length of optical fiber L = 5 km, coil diame-

is the speed of light.

ter D = 0.2 m, detector responsivity Fp = 1 A/W, signal band-
width Af = 0.01 Hz, the optical power P =250 uW, and phase
bias ¢, = 37 /4. We can obtain the minimum detectable angu-
lar rate Qi = 4.2 x 1073(°) /h with the first equation.

When the mean photon number of coherent state and
Fock state respectively are |Oc|2 and n, the phase SNL is
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Osn. = 1/4/|t|* +n. Combining with Egs. (28) and (29), we
have

ot +n+2n|al?

where Q' can reach the minimum value Q. = Quin/v1+n
when |o|* = n. If the optical power P = 250 uW, accord-

-Qmim (30)

ing to the formula P = hcn/A, the average photon number is
1.9 x 10'5 approximately and n = 9.5 x 10'*. We can cal-
culate the minimum detectable angular rate in the proposed
~ (Qmin/3) x 1077 ~ 1.4 x 107'2(°) /h, which
is enhanced 7 orders without any input power increase.

scheme Q/ .

The dynamic range of FOG is the ratio of the maximum
input angular rate to the minimum angular rate. The dynamic
range of the classical method can achieve 7/A@sNL, and this
proposed method can increase v/n + 1 times, which shows that
the dynamic range is increased with the square root of the av-
erage photon number of Fock state.

Although it is difficult to make the power of Fock state
equal to coherent state, the precision of gyro can be improved
under the same power by entering the Fock state into the inter-
ferometer. When the Fock state average photon number is far
less than that of coherent state, there is .Ql’mn = Quin/ V1+2n
which means that the minimum detectable angular rate can be
improved with a factor of 1/1/1+42n. For example, as long
as the input Fock state average photon number reaches 50, the
accuracy can be improved with 10 times while NRP increases
little.

6. Discussion

What is the essential physics for phase sensitivity im-
provement in the interferometer? In the Sagnac linear inter-
ferometer, it is the particle entanglement of input states that
provide sub-shot-noise phase uncertainty. Pezze pointed out
that not all the entangled states can overcome SNL, but the
one, and only one, which satisfied with the sufficient con-
dition for entanglement judge Fq [pin] > 7it.1*?! If the suffi-
cient condition is satisfied, the input states p;, are entangled
and can achieve the sub-shot-noise phase uncertainty A6, =
\/m < 1/+/fit suggesting p;, are useful for Sagnac ef-
fect enhancement. When the input states are coherent state p,
and Fock state |N), we can calculate the QFI of input states
Pin = Pa @ |N) (N| and obtain Fq [pin] = fiq + fip + 27471y > fiT
indicating that the input states are in entangled states and can
overcome SNL. The squeezed vacuum state and coherent su-
perposition state mentioned above can both be in the useful
entangled states with coherent state.

In particular, when passing through the BS, the quantum
states Py, = Py @ |N) (N| are transformed as

@)y = (%)Ni (7)1/21)2 (a/v2) IN =),

i=0

@Dy (~a/v2) lis. 31)

where D (&) = exp (ocat — at*a) is the displacement operator.
It is easy to find that |@), has strong correlations between the
displaced Fock states of the two modes, 33! which is similar to
the macroscopic maximally entangled state, entangled coher-
ent state. The distinction is that the entangled coherent state is
entangled between coherent state and vacuum state, as |@),; is
statistical mixture with the entangle states between displaced
Fock states. When entering a Fock state with only one photon,

equation (31) can be simplified as

o), = (\2) D> (a/v2) D3 (~a/V2)

X (10)2[1)3+10)3[1)2) (32)

which is entangled between coherent state (displaced vacuum
state) and displaced Fock state. It is the one input photon
that produces an entangled state with large photon numbers,
which is the physical reason why 2.4 dB sensitivity gain can

be achieved with only one photon injection.

If the other input port fed with coherent state |f3),
the input quantum states |@)|B) will be transformed into
|(ot+ B/v2))2|(—a+ B/+/2))3 after the BS, which is direct
product state of two coherent states but not entangled. This
is distinct from Fock state input. Obviously, coherent state is
not able to increase phase sensitivity, which is consistent to the
conclusion of SQEC.

Through the analysis above, the most important reason
for Sagnac effect enhanced with Fock state input is that the
quantum states after BS in two modes are entangled, which
can provide sub-shot-noise phase sensitivity with appropriate

measurement method at the output.

7. Conclusions

We design a SQEC to judge whether the quantum light
can enhance Sagnac effect and present a Sagnac effect en-
hancement scheme by utilizing Fock state light and parity
measurement technique to extract the output phase. The re-
sults of the theoretical analysis show that the maximum sen-
sitivity can be reached at 8 = 0, and the phase precision can
break through SNL and even achieve Heisenberg limit (HL).
When the Fock state average photon number # is far less than
that of coherent state, the minimum measurable angular rate
is improved with v/2n+ 1 times, which can deduce the shot
noise and increase NRP little. We can achieve much higher
accuracy with a relative small power of Fock state input. The
proposed scheme is an effective way to improve the precision
of gyro.

094212-8
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