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Interference metrology is a method for achieving high precision detection by phase estimation. The phase sensitivity
of a traditional interferometer is subject to the standard quantum limit, while its resolution is constrained by the Rayleigh
diffraction limit. The resolution and sensitivity of phase measurement can be enhanced by using quantum metrology. We
propose a quantum interference metrology scheme using the entangled squeezed vacuum state, which is obtained using
the magic beam splitter, expressed as |ψ⟩ = (|ξ ⟩ |0⟩+ |0⟩ |ξ ⟩)/

√
2+2/coshr, such as the N00N state. We derive the

phase sensitivity and the resolution of the system with Z detection, project detection, and parity detection. By simulation
and analysis, we determine that parity detection is an optimal detection method, which can break through the Rayleigh
diffraction limit and the standard quantum limit.
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1. Introduction
Since laser was invented, interference metrology has been

extensively applied in the field of precision measurement.
However, phase sensitivity is restricted by the standard quan-
tum limit.[1] Simultaneously, the resolution is similarly con-
strained by the Rayleigh diffraction limit. Quantum metrol-
ogy can break through the limit, thereby becoming the focus
of research. In the study of Lloyd et al., it was shown that by
exploiting the quantum states of light, it is probable to over-
come the Rayleigh diffraction limit[2,3] (super-resolution) and
the standard quantum limit[4,5] (super-sensitivity). Briefly, a
series of quantum interference metrology schemes have been
proposed.[6–8] Among them, the performance of the N00N
state and squeezed vacuum state are relatively outstanding.
The research team of Louisiana State University indicated that
the sensitivity of the system could be increased from 1/

√
N

to 1/N using the N00N state.[9] James Smith from the United
States Naval Research Laboratory developed an adaptive op-
tics correction method for the N00N state.[10] The use of the
squeezed vacuum state injection to reduce the noise was ver-
ified by the research team at Northwestern University.[11] In-
vestigations from Louisiana State University research team re-
vealed that super-sensitivity can be achieved by using a two-
mode squeezed vacuum state.[12] In this paper, we establish a
quantum metrology model using the entangled squeezed vac-
uum (ESV) state. We will also describe the phase sensitivity
and the resolution with Z detection, project detection, and par-
ity detection. By calculating the phase sensitivity and reso-

lution, an optimal detection method is discovered, which ex-

hibits super-resolution and super-sensitivity. Finally, the in-

fluence factors of signal resolution and phase sensitivity are

analyzed.

The ESV state interference measurement device is shown

in Fig. 1. It is similar to a Mach–Zehnder interferometer. The

upper part is mode A, and the lower part is mode B. When

the input state on port A is a squeezed vacuum state, |ξ ⟩A =

SA (ξ ) |0⟩A, with ξ = r e iθ . Moreover, port B is a vacuum state

|0⟩B. The input state can be written as |ψin⟩= |ξ ⟩A |0⟩B. Then,

the two modes quantum state passes through a magic beam

splitter (MBS).[13] MBS possesses only two modes: complete

transmission or full reflection. When the mode is complete

transmission, the two modes quantum state exhibits mutual

exchange. Therefore, the output state is |0⟩A |ξ ⟩B. When the

mode is full reflection, the two modes quantum state exhibits

no exchange. The output state at this time is |ξ ⟩A |0⟩B. With

the total probability for the transmission and reflection being

1:1, the quantum state has become a highly entangled state

|ψ1⟩ = K (|ξ ⟩A |0⟩B + |0⟩A |ξ ⟩B). It is called the ESV state.

Here, K = 1/
√

2+2(coshr) is a normalized coefficient. With

two pathways from the MBS to the beam splitter where the

length difference of two optical paths is represented by the

phase shift ϕ of mode B,[14] the quantum state is changed to

|ψ2⟩= K
(
|ξ ⟩A |0⟩B + |0⟩A

∣∣∣ξ e i2ϕ

〉
B

)
.
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Fig. 1. (color online) Quantum interference metrology scheme with en-
tangled squeezed vacuum state.

2. Quantum detection strategy
2.1. Z detection

First, the zero–nonzero photon counting at the output port
A is analyzed. The counting data {a, b} are grouped into bi-
nary outcomes: 0 for a = 0 and /0 for a ̸=0.[15,16] We expand
the state |ψ2⟩ as

|ψ2⟩= K
∞

∑
m=0

Am

(
|2m⟩A |0⟩B + e i2mϕ |0⟩A |2m⟩B

)
,

where

Am =
1√

coshr
(−1)m

√
(2m)!

2mm!
e imθ (tanhr)m .

According to the transformation theory of the beam splitter,
we obtain the output state

|ψout⟩ = K
∞

∑
m=0

2m

∑
a=0

Am
√

Ca
2m

(
1√
2

)2m

×
[
(i)a + e i2mϕ (i)b

]
|a⟩ |b⟩ ,

where Ca
2m is the binomial coefficient. The probability of de-

tecting a photons on port A and detecting b photons on port B
is (a+b = 2m)

P(a|b) = ⟨a,b| ρ̂out |a,b⟩= ⟨a,b|ψout⟩⟨ψout|a,b⟩

= K2
(

1
2

)2m

Ca
2m
[
(−i)2m exp(−i2mϕ)

+ (i)2m exp(i2mϕ)+2
]
. (1)

The probability of detecting zero photon on port A is

P=K2
(

1
2

)2m [
(−i)2m exp(−i2mϕ)+(i)2m exp(i2mϕ)+2

]
.

For different values of m, the probability changes periodically.

m = 2k, P = K2
(

1
2

)2m−1

[1+ cos(2mϕ)] ,

m = 2k+1, P = K2
(

1
2

)2m−1

[1− cos(2mϕ)] . (2)

The reason for this result is that the power of the imagi-
nary number i produces a circle every four times (in = in+4).
The photon probability distribution for a squeezed vacuum

state is oscillatory, thereby vanishing for all odd photon num-
bers. Therefore, the expression of the signal can be written

as
〈
Ẑ
〉
=

∞

∑
m=0

|Am|2 P2m, where |Am|2 is the probability of de-

tecting 2m photons in the squeezed vacuum state. P2m is the
probability of detecting zero photon on port A when the pho-
ton number in the squeezed vacuum state is 2m. Namely,

〈
Ẑ
〉
= K2

(
∞

∑
m=even

(
1
2

)2m−1

[1+ cos(2mϕ)]

+
∞

∑
m=odd

(
1
2

)2m−1

[1− cos(2mϕ)]

)
.

However, this is an infinite series summation. Therefore,
it is difficult to obtain an analytical solution. We make some
rules to truncate the sum. In other words, small probability
series items are eliminated. When the total probability of the
first m items is more than 99% or the probability of mth is less
than 0.1%, the sum operation is stopped. This is analogous to
the theory of “random walk.”[17]

-1.5 -1.0 -0.5 0 0.5 1.0 1.5

Phase/rad

0

0.2

0.4

0.6

0.8

1.0
S
ig
n
a
l

coherence
r=1.5
r=1.2
r=0.9

Fig. 2. (color online) Variation of signal resolution with different
squeezing parameters.

To clearly observe the behavior of the signal resolution
for this strategy, in Fig. 2, we plot the signal resolution as a
function of phase. It can be observed from the figure that this
method cannot achieve super-resolution and the visibility is
low. The definition and the details of visibility can be found in
Ref. [13]. When the squeezing parameter increases, the visi-
bility will increase, but the peak value of the signal will reduce.

This result can be perceived, because the counting data
of Z detection are grouped into binary outcomes. When the
value of 2m is larger, the binomial coefficient of P2m is smaller.
That is, the possibility of zero photon appearing on port A is
smaller. Therefore, the resolution is poor with the increase of
the photon numbers.

According to the definition P(a = 0,b = n) =
〈
Ẑ
〉
, Ẑ =

|0⟩⟨0| and
〈
Ẑ2
〉
=
〈
Ẑ
〉
, by using the error propagation,[18] the

phase sensitivity is given by
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∆ϕ =

√〈
Ẑ
〉
−
〈
Ẑ
〉2∣∣∣∣∣K2

[
∞

∑
m=even

2m
(

1
2

)2m−1

cos(2mϕ)−
∞

∑
m=odd

2m
(

1
2

)2m−1

cos(2mϕ)

]∣∣∣∣∣
. (3)

We determine that phase sensitivity cannot reach the
standard quantum limit, and hence cannot achieve super-
sensitivity.

2.2. Project detection

Project detection is proposed by the Louisiana State Uni-
versity research team.[19] Then, this type of method is widely
used in the field of quantum metrology. We expand the state
|ψ2⟩ as

|ψ2⟩ =
K√

coshr

∞

∑
m=0

(−1)m
√
(2m)!

2mm!
e imθ

× (tanhr)m
(
|2m⟩ |0⟩+ e2imϕ |0⟩ |2m⟩

)
. (4)

The phase ϕ can be determined by measuring the operator
N̂ = |N,0⟩⟨0,N|+ |0,N⟩⟨N,0|; in the state |ψ2⟩, the expecta-
tion value of the operator N̂ is

⟨ψ2| N̂ |ψ2⟩= 2K2 |Am|2 cos(2mϕ) , (5)

where

Am =
1√

coshr
(−1)m

√
(2m)!

2mm!
e imθ (tanhr)m .

We consider two factors (m and r) and simulate the output sig-
nal. In Fig. 3(a), m = 1, the squeezing parameter r = 0.3, 0.6,
and 0.9. It is not difficult to observe from the picture that the
signal can achieve super-resolution; however, the visibility of
the signal is low. With increase in the squeezing parameter, for
the same m, the visibility of the signal increased. Figure 3(b)
exhibits r = 0.9, m = 1, 2, and 3. It can be observed from the
figure that the super-resolution exhibits multiple peaks with in-
crease in the value of m. However, the visibility decreases. Ac-
cording to the squeezing level of the squeezed vacuum state,
we can select a suitable value of m to achieve super-resolution
and ensure favorable visibility.

By using the error propagation, the phase sensitivity is
given by

∆ϕ =

√
1−4K2 |Am|4 cos2(2mϕ)∣∣∣8K2m |Am|2 sin(2mϕ)

∣∣∣ . (6)

The denominator K2m |Am|2 < sinhr =
√

n̄. For all
phases, we have the inequality ∆ϕ > 1/

√
n̄. This shows

that the phase sensitivity cannot achieve the standard quantum
limit. For example, we plot the sensitivity curves in Fig. 4,
where r = 0.9.

This strategy selects only one projector, |Am|2 is small;
hence,

〈
N̂
〉

is also small. Therefore, the visibility of the signal
is low. We consider projection onto all projectors. It has been
demonstrated that the parity measurement on the output port
A is equivalent to the measurement that is constructed from all
projectors.[20]
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Fig. 3. (color online) (a) Variation of signal resolution with different
squeezing parameters. (b) Variation of signal resolution with different
values of m.
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Fig. 4. (color online) Variation of sensitivity with different values of m.
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2.3. Parity detection

Parity detection was originally discussed in the context of

trapped ions by Bollinger et al.[21] and later adopted for optical

interferometry by Gerry and Campos. There are several equiv-

alent approaches of calculating the phase sensitivity.[22–24]

The parity operator on output mode A is ∏̂a = (−1)n̂a =

e iπ â†â, which divides the photon counting data {a, b} into bi-

nary outcomes ±1. In other words, if a is an even number,

∏̂a = +1, otherwise ∏̂a = −1. The conditional probabilities

Pa=odd −Pa=even =
〈
∏̂a
〉

can be obtained through a sum of Pa

over the odd or the even number of a.

Using the conclusions of the N00N state for parity

detection,[25] the output signal of the system is

〈
ˆ

∏a

〉
=

K2

2coshr

∞

∑
m=0

(−1)m (2m)!

22m (m!)2

× (tanhr)2m cos(2mϕ) . (7)

We also use the previously mentioned truncation method

to obtain the output signal of the ESV state scheme. The re-

sults of the ESV state scheme are compared with the ones of

the coherent state scheme when r = 0.9, 1.2, and 1.5 (see

Fig. 5). We can observe that the peaks of the ESV state in

Fig. 4 are narrower than the coherent state input. This sug-

gests that parity detection can achieve super-resolution. When

the squeezing parameter increases, the peaks of the signal will

become narrower, and the visibility will become bigger. For

example, for r = 0.9, visibility is about V = 26.1%. More-

over, for r = 1.5, the visibility is approximately V = 51.9%.

Furthermore, the visibility is approximately twice that of the

visibility of r = 0.9.

Here, we discuss two limit problems. The first is the

threshold of the signal when achieving super-resolution. With

the help of simulation analysis, we found that r = 0.6 is the

critical value of our scheme for achieving super-resolution.

We can observe from Fig. 5(b) that, when the squeezing pa-

rameter is less than 0.4, the signal peak is wide and it can-

not break the Rayleigh diffraction limit. That is, the condition

r > 0.4 should be satisfied to achieve super-resolution.

The second problem is the maximum visibility of the sig-

nal. As shown in Fig. 5, the signal visibility is proportional to

the squeezing parameter. Moreover, we draw the signal curve

with large squeezing parameter to determine whether visibility

will eventually tend to saturation. We found that the visibility

of the signal can be saturated through simulation calculation.

Particularly, as shown in Fig. 5(b), when the squeezing

parameter is r = 6, the resolution of the signal will reach

99%. Moreover, as the squeezing parameter increases, the sig-

nal peak width becomes narrow and finally tends to become a

sharp peak similar to the delta function, and visibility is V = 1.

To be sure, in order to compare the width of the peak, we

moved the coherent signal with parallel in Fig. 5(b).
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Fig. 5. (color online) (a) Variation of signal resolution with different
squeezing parameters. (b) Variation of signal resolution with critical
condition.

The phase sensitivity can be estimated using the error

propagation formula

∆ϕ =

√√√√coshr

[
1− 2K2

cosh2 r

∞

∑
m=0

[(2m)!]2

24m (m!)4 (tanhr)4m cos2 (2mϕ)

]
∣∣∣∣∣ ∞

∑
m=0

(−1)m 4K2m

√
(2m)!

2mm!
(tanhr)m sin(2mϕ)

∣∣∣∣∣
. (8)
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In Fig. 6(a), we draw the curve of the sensitivity of the
system with phase change (r = 2) and the standard quantum
limit. We can observe that the best sensitivity can break the
standard quantum limit. It is presented in Fig. 6(b) for the best
sensitivity with the squeezing parameter from 0.9 to 2.5, and
we also draw the standard quantum limit. The reason for se-
lecting 0.9 is n̄ = sinh2(0.9)≈ 1. It can be observed from the
diagram, for r ≥ 1.4, that the best sensitivity of the system can
achieve super-sensitivity.

Our results are also verified for large squeezing param-
eters through simulation. For example, r = 4, ∆ϕSQL (4) =
0.03664 and ∆ϕESV (4) = 0.01538. In other words, in the case
of large squeezing parameter, the ESV state scheme can still
breakthrough the standard quantum limit and achieve super-
sensitivity.
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Fig. 6. (color online) (a) Variation of phase sensitivity with r = 2. (b)
Best phase sensitivity from r = 1.5 to r = 2.5 and SQL.

Overall, the ESV state scheme can achieve super-
resolution and super-sensitivity, the super-resolution range is
r > 0.4, the range of visibility reaches 1 when r > 6, and the
super-sensitivity is established for r ≥ 1.4.

3. Conclusion and perspectives
We present a quantum interference metrology scheme for

the ESV state. Moreover, we derive the phase sensitivity and

the resolution with Z detection, project detection, and par-
ity detection. The final results reveal that Z detection can-
not achieve super-sensitivity and super-resolution. This is be-
cause Z detection is to judge whether the output photon num-
ber is zero or nonzero. Project detection cannot achieve super-
sensitivity, but it can achieve super-resolution; the disadvan-
tage is the visibility is low. The reason for this phenomenon
is that project detection selects only one projector. More-
over, parity detection can achieve super-sensitivity and super-
resolution. This suggests that parity detection is more suit-
able for the ESV state scheme. The super-resolution range is
achieved when r > 0.4. With the increase of squeezing pa-
rameter, the peak of the signal will become narrow, and the
visibility of the signal will be enhanced. Therefore, the res-
olution will be promoted, and the range of visibility reaches
1 when r > 6. Super-sensitivity is established for r ≥ 1.4.
When the squeezing parameter increases, the sensitivity of
the system will be enhanced. In addition, the squeezing pa-
rameter r = 1.45 that corresponds to a squeezing of 12.6 dB
was achieved under current experimental conditions.[26] This
suggests that super-resolution and super-sensitivity will be
obtained. With further perfect experimental conditions, our
scheme will achieve better visibility of signal and sensitivity.
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