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Orbital angular momentum density and spiral spectra of
Lorentz—Gauss vortex beams passing through a single slit*
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Based on the Hermite—Gaussian expansion of the Lorentz distribution and the complex Gaussian expansion of the
aperture function, an analytical expression of the Lorentz—Gauss vortex beam with one topological charge passing through
a single slit is derived. By using the obtained analytical expressions, the properties of the Lorentz—Gauss vortex beam
passing through a single slit are numerically demonstrated. According to the intensity distribution or the phase distribution
of the Lorentz—Gauss vortex beam, one can judge whether the topological charge is positive or negative. The effects of
the topological charge and three beam parameters on the orbital angular momentum density as well as the spiral spectra
are systematically investigated respectively. The optimal choice for measuring the topological charge of the diffracted
Lorentz—Gauss vortex beam is to make the single slit width wider than the waist of the Gaussian part.
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1. Introduction

The spreading of the Lorentzian distribution is proved
to be higher than that of the Gaussian one.l'# Therefore,
the combination of Lorentzian and Gaussian distributions,
namely, the Lorentz—Gauss beam, can be used to describe
the radiation emitted by a single mode laser diode.!>® The
Lorentz—Gauss beam is the lowest—order mode of a super—
Lorentz—Gauss beam family.”#] The properties of Lorentz—
Gauss beams, including the beam propagation factor, ! the fo-
cal shift,[!% the Wigner distribution, '] the tight focusing, ']
and the radiation force,!'*! have been extensively investigated.
Also, the propagation of Lorentz—Gauss beams has been

widely examined in various media such as free space,[*!4

51 a uniaxial crystal,l'®!7 a Kerr

[19]

a turbulent atmosphere,!

(18] and a strongly nonlocal nonlinear medium.

medium,

When the radiation emitted by a single mode diode laser
goes through a spiral phase plate, the output is called the
Lorentz—Gauss vortex beam. Its properties including the beam
propagation factor, the kurtosis parameter, the focusing, the
tunable optical gradient force, and the Wigner distribution
have been studied.[?*-2>! Propagations of Lorentz—Gauss vor-
tex beams in free space, in a turbulent atmosphere, and in
a uniaxial crystal have also been demonstrated.>-28 How-
ever, the major advantage of a Lorentz—Gauss vortex beam is
that it carries the orbital angular momentum. In other words,
the Lorentz—Gauss vortex beam carries a topological charge.
Therefore, one tends to focus on the study of the topological
charge or the orbital angular momentum of the Lorentz—Gauss
vortex beam. The pioneering work reported the orbital an-
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gular momentum density of a general Lorentz—Gauss vortex
beam in free space.ml Nevertheless, a more effective method
to measure the orbital angular momentum is the diffraction of
the vortex beam by an obstacle.[?°-3*] The typical and simplest
obstacle is the single slit. In the remainder of this paper, the
diffraction of the Lorentz—Gauss vortex beam by a single slit
is studied.

2. Orbital angular momentum density and spi-
ral spectra of Lorentz—Gauss vortex beams
passing through a single slit

In the Cartesian coordinate system, the z axis is taken to
be the propagation axis. The single slit is located at the x axis
as shown in Fig. 1. The width of the single slit is a. The in-
cident optical beam is a Lorentz—Gauss vortex beam, which is
described by

[EH(XOJ(LO) :|
E*l(x07y070)

WoxWoy 3+ [x0+iyo
=T v KPP T 5 xo—iva |7 (D
(Wox +x0) (W()y +)’0) wi 0— 1Yo

where wy is the waist of the Gaussian part, and wo, and wy,
are the width parameters of the Lorentzian part in the x and y
directions, respectively. Here, the Lorentz—Gauss vortex beam
carries one topological charge. E(xg,y0,0) denotes that the
topological charge is 1. E_(xo,y0,0) means that the topolog-
ical charge is —1. The Lorentz—Gauss vortex beam passing
through the single slit obeys the well known Collins integral
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where k = 27/A is the wave number, A is the optical wave-
length in free space, and M is the topological charge. To ob-
tain the analytical expression of Ep(x,y,z), the Lorentz dis-
tribution should be expanded into the linear superposition of

Hermite—Gaussian functions[3¢!

1 T N X0 x2
> B :Lz ComHom () exp ( 2w A0 | (3)
Wox + 0 \/EWO x m=0 Wox Wox

where N is the term number of the expansion, and Hy,, is the

2m-th order Hermite polynomial. The expanded coefficient

Oy is given by[30]

(‘31"2”{ (3) o (3)
L >H(”) (1)

ny= 1
Z )2 (2n, 3)!!} } 4)

nz 1

Oom =

where erfc is the complementary error function. The value of
02, dramatically decreases with increasing even number 2m.
Here 6o = 0.7399, 6, = 0.9298 x 1072, and og = 1.112 x
10~%. Then we introduce the aperture function circ({), which
is defined by

cire(§) = {(1)’ 2i§<17 )

Moreover, the aperture function is expanded as a finite sum of
complex Gaussian functions

€ €[0,00), (6)

cire(&)

15
=Y aexp(—Bi&?),
=1

where the complex expanded and the Gaussian coefficients o
and 3; could be obtained by the optimization computation. 3]
The expansion of the aperture function into 15 terms of com-

plex Gaussian functions is shown in Fig. 2. The dotted curve in

Fig. 2 is added to demonstrate Eq. (5). Only at the edge of the
aperture, the difference between Egs. (5) and (6) is apparent.

Y

Fig. 1. The single slit in the Cartesian coordinate system.

circ (€)

Fig. 2. The expansion of the aperture function into 15 terms of complex
Gaussian functions.

Finally, the following mathematical formulae are
used: 138

S'
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where [p/2] gives the greatest integer less than or equal to
p/2. After the above operations, the analytical expression of
the Lorentz—Gauss vortex beam passing through a single slit

reads

Eii(xyz) | 1 Ti(x,71)Ta(y,2:0) +iTi (x,2,0) T2 (y, 75 1)
[El(x,m) iAz explikz) Ti(x,z1)Ta(y,2;0) —iTi(x,2,0) T2 (y, 2 1) ©)
with T (x, z; v) and T>(y, z; v) being given by
T k2 B Y om ) a6, (2m)\a 2m—2s+v+l (2m—2s+v)! ikax\ 2"t
Tl (X7Z; V) = < ) Z Z Z 'm 19V 2m 2s (_4 )
\@WOX I=1m=0s= s 2m ZS) 2'w, \/m mz
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where the auxiliary parameters 7); and b, are defined as fol-  where C, reads
lows: =
Cu= [ lan(p.2) pdp. @
11 ik 0
m=p+ el %)% (12)  The weight coefficient of each spiral spectrum for the Lorentz—
| 10 ; ISX Gauss vortex beam passing through a single slit can be calcu-
by=— - —. 13
2 5 2W0y 2% (13)  lated by

The intensity distribution and the phase distribution of the
Lorentz—Gauss vortex beam passing through a single slit turn
out to be

(14)
5)

IM(x7y7Z) = IEM(X7Y7Z)|27
O (x,,2) = Arg[Em(x,y,2)].

The orbital angular momentum density of the Lorentz—Gauss

vortex beam passing through a single slit is given by*"]

l((':0 8EM(x,y,z)
0 e )

IEy(x,y,2)
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* aE IRg)
-y [EM(an>Z) W
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—EM(XJ’Z)

—Em(x,,2) (16)

where @ is the circular frequency. €y is the electric permittiv-
ity of a vacuum, and the asterisk denotes the complex conjuga-
tion. To obtain the spiral spectra of the Lorentz—Gauss vortex
beam through a single slit, x and y in Eq. (9) are replaced by
p cos B and p sin O, respectively. Thus, one has

E+1(p,9,Z) — E+1(x,y,z) ) (17)
*l(paevz) E*l(xayvz)

Then, the optical field of the Lorentz—Gauss vortex beam pass-

ing through a single slit can be expanded as!*"’
Em(p,0,z) = an(p,z)exp(ind), (18)

7 L
where a, is given by
2

aﬂ(pvz): A EM(p,O,z)exp(—lne)dG (19)

\V2m Jo

The total power of the Lorentz—Gauss vortex beam passing
through a single slit yields

C=) G,
n

(20)

C
P, = E” (22)

3. Numerical calculations and analyses

According to the obtained analytical expressions, the
properties of the Lorentz—Gauss vortex beam passing through
a single slit are numerically demonstrated. The calculation
parameters are set as follows: A = 0.8 um, a = 1 mm, and
z=0.5 m. Figures 3 and 4 represent the normalized intensity
and the phase distributions of the diffracted Lorentz—Gauss
vortex beam with wo = wo, = wo, = 1 mm, respectively. When
the topological charge is equal to zero, the expansion of the
beam spot in the y direction is larger than that in the x direction
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Fig. 3. (color online) The normalized intensity distribution of the
diffracted Lorentz—Gauss vortex beam: (a) M =0, (b) M =1, (c)
M=-1.
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due to the confinement of the single slit. When the topological
charge is equal to 1, the beam spot is composed of two lobes.
Moreover, the orientation of the upper lobe is close to the left,
and that of the lower lobe is close to the right. However, when
the topological charge is equal to —1, the positions of the two
lobes are just the opposite. That is, the upper lobe is located
close to the right and the lower lobe is near the left. Figure 4
shows that the phase in the central region is symmetrical when
the topological charge is equal to zero. When the topological
charge is equal to 1, the phase in the upper central region is
positive and that in the lower central region is negative. When
the topological charge is equal to —1, the phase is negative
in the upper central region and positive in the lower central
region. The normalized intensity distribution in the case of
M =1 is x-axial symmetrical to that of M = —1. So are the
phase distributions in the cases of M = 1 and M = —1.
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Fig. 4. (color online) The phase distribution of the diffracted Lorentz—
Gauss vortex beam: (a) M =0, b)M =1,(c) M = —1.

Here we mainly focus on the effects of the topological
charge and three beam parameters on the orbital angular mo-
mentum density and the spiral spectra. The orbital angular
momentum density distribution of the diffracted Lorentz—
Gauss vortex beam with wy = wo, = wgy, = 1 mm is shown

in Fig. 5. When the topological charge is equal to zero, the
orbital angular momentum density is positive in the first and
the third quadrants and negative in the second and the fourth
quadrants. Moreover, the area of the orbital angular momen-
tum density in each quadrant is equivalent. Therefore, the
overall orbital angular momentum is zero. The orbital angular
momentum density distribution contains many lobes when the
topological charge is 1 and —1. The magnitude of the negative
orbital angular momentum density is far larger than that of the
positive orbital angular momentum density when the topolog-
ical charge is 1. Accordingly, the overall orbital angular mo-
mentum is negative, which only indicates the spiral direction.
When the topological charge is —1, however, the magnitude
of the positive orbital angular momentum density is far larger
than that of the negative orbital angular momentum density,
resulting in the positive overall orbital angular momentum.
The influence of the parameter w, on the orbital angular mo-
mentum density distribution of the diffracted Lorentz—Gauss
vortex beam is plotted in Fig. 6, where wp = wpy, = 1 mm
and M = 1. With decreasing parameter wy,, the magnitude
of the orbital angular momentum density increases but the
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Fig. 5. (color online) The orbital angular momentum density distri-
bution of the diffracted Lorentz—Gauss vortex beam with wy = wo, =
woy=1mm: @M =0,b)M=1,(c) M =—1.
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Fig. 6. (color online) The orbital angular momentum density distribu-
tion of the diffracted Lorentz—Gauss vortex beam with wy = woy, = 1,
M = 1: (a) woy = 1 mm, (b) wo, = 0.5 mm, (¢) woy = 0.2 mm.

number of the lobes decreases. The shape of the orbital an-
gular momentum density distribution also changes with de-
creasing parameter woy. The influence of the parameter wy,
on the orbital angular momentum density distribution of the
diffracted Lorentz—Gauss vortex beam is shown in Fig. 7,
where wgp = woy = 1 mm and M = 1. With increasing pa-
rameter woy, the magnitude of the orbital angular momentum
density decreases, and the shape of the distribution of the or-
bital angular momentum density nearly keeps stable. Figure 8
presents the influence of the parameter wq on the orbital angu-
lar momentum density distribution of the diffracted Lorentz—
Gauss vortex beam with wo, = wgy, = 1 mm and M = 1. Both
the magnitude and pattern size of the orbital angular momen-
tum density increase with increasing parameter wg. Among
the three beam parameters wy, wo,, and wy,, the shape of the
orbital angular momentum density distribution is most sensi-
tive to the parameter wy, and the magnitude of the orbital an-
gular momentum density is most insensitive to the parameter
wo.
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Fig. 7. (color online) The orbital angular momentum density distri-
bution of the diffracted Lorentz—Gauss vortex beam with wg = wg, =
1 mm, M = 1: (a) woy = 1 mm, (b) woy, = 2 mm, (c) woy = 5 mm.

The influence of the topological charge on the spiral spec-
tra of the diffracted Lorentz—Gauss vortex beam is demon-
strated in Fig. 9, where wg = wo, = woy = 1 mm. The spiral
spectra of the diffracted Lorentz—Gauss vortex beam expand
due to the stronger diffraction effect caused by the single slit.
When the topological charge is zero, the spectra of n =0, £2,
44, and +6 can be observed obviously. The zero-order spec-
trum is dominant, and the corresponding weight coefficient is
close to 0.80. The weight coefficient of n = £6 is so small that
it can be neglected. When the topological charge is 1, the spec-
trum of n = 1 is dominant and the corresponding weight coeffi-
cientis close to 0.72. The spectraof n = —1 and 3, n = —3 and
S5,n=—-5and7,n=—7and 9, n = —9 and 11 appear in the
spiral spectra of M = 1. The weight coefficient of n = —1 and
3 is the second largest, and the weight coefficient of n = —9
and 11 is very small. The spiral spectra of M = —1 are just the
parallel shift of the spiral spectra of M = 1.
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Fig. 8. (color online) The orbital angular momentum density distri-
bution of the diffracted Lorentz—Gauss vortex beam with wo, = wo, =

0.2 (a) . Figure 10 presents the influence of the beam parameter
_—— 0.

0.1 — — 3.0 wox on the spiral spectra of the diffracted Lorentz—Gauss vor-

— —2.5 = tex beam with wg = wo, = 1 mm and M = 1. With decreasing

g 0- —20 = beam parameter wy,, the weight coefficient of the dominant
~ - 15 §

= s — 1.0 EN spectrum decreases, but the weight coefficient of the other
—0.1- —0.5 >

spectra slowly increases. With decreasing beam parameter
0

woyx, the spiral spectra slightly expand, which indicates that

the expansion of the spiral spectra is not very sensitive to the
beam parameter wo,. The influence of the beam parameter wo,

on the spiral spectra of the diffracted Lorentz—Gauss vortex
beam with wyg = wo, = 1 mm and M = 1 is shown in Fig. 11.

=) With increasing beam parameter wyy, the weight coefficient of
= the dominant spectrum decreases, and the weight coefficient
% of the other spectra increases. With increasing beam param-
2 eter woy, the spiral spectra expand. It is because the reverse
change of the parameter wy, in the y direction is similar to
the positive change of the parameter wy, in the x direction.
Figure 12 shows the influence of the beam parameter wg on
the spiral spectra of the diffracted Lorentz—Gauss vortex beam
with wo, = woy = 1 mm and M = 1. Compared with the case
S of beam parameters wo, and wy,, the weight coefficient of the
= dominant spectrum decreases much quicker with increasing
% beam parameter wy. The weight coefficient of other spectra in
—0.14 . Fig. 12(c) can even be detected for n = 20. The spiral spec-
tra also expand with increasing beam parameter wy due to a
=024+ . . .
—0.2 0 0.2 stronger diffraction effect. The influence of the parameter wy

z/cm

on the spiral spectra is not similar to that of the parameter wy,.
This is because the parameter wo, in Eq. (3) appears in both

1 mm, M = 1: (a) wo = 1 mm, (b) wo = 2 mm, () wo = 5 mm. the Hermite polynomial and the Gaussian function.
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Fig. 9. The influence of the topological charge on the spiral spectra of the diffracted Lorentz—Gauss vortex beam with wy = wg, =
woy=1mm: @M =0,(b)M=1,(c) M= —1.
0.72 0.70 0.56
| (a) E (b) | (c)
0.56 : 0.42 4
0.48
. 0.42 4 7
. oy 1 a5 0.281
0.28 1 g
0.24 .
4 0.14 1 0.14 4
0 4 0 0 -
—-12 -8 —4 0 4 8 12 —-12 -8 -4 0 4 8 12 —-12 -8 —4 0 4 8 12
n n n

Fig. 10. The influence of the beam parameter wy, on the spiral spectra of the diffracted Lorentz—Gauss vortex beam with wy = wo, =
1 mm, M = 1: (a) wo, = 1 mm, (b) wo, = 0.5 mm, (c) wp, = 0.2 mm.
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Fig. 11. The influence of the beam parameter wyy on the spiral spectra of the diffracted Lorentz—Gauss vortex beam with wy = wo, =
1 mm, M = 1: (a) woy = 1 mm, (b) woy = 2 mm, () woy =5 mm.
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Fig. 12. The influence of the beam parameter wy on the spiral spectra of the diffracted Lorentz—Gauss vortex beam with wo, = wo, =

1 mm, M = 1: (a) wo = 1 mm, (b) wy =2 mm, (c) wyp =5 mm.

4. Conclusion

Based on the Hermite—Gaussian expansion of the Lorentz
distribution and the complex Gaussian expansion of the aper-
ture function, an analytical expression of the Lorentz—Gauss
vortex beam with one topological charge passing through the
single slit is derived. Due to these two expansions, the analyt-
ical expression is approximate. The normalized intensity and
the phase distributions of the diffracted Lorentz—Gauss vor-
tex beam are numerically demonstrated in the reference plane.
One can judge whether one topological charge is positive or
negative according to the intensity distribution or the phase
distribution of the diffracted Lorentz—Gauss vortex beam. The
effects of the topological charge and the three beam parame-
ters on the orbital angular momentum density of the diffracted
Lorentz—Gauss vortex beam are systematically studied. The
sign of the topological charge not only affects the sign of the
orbital angular momentum density, but also affects the orien-
tation of the orbital angular momentum density distribution.
With decreasing one of the parameters wo, and wo,, or increas-
ing the parameter wy, the magnitude of the orbital angular mo-
mentum density increases. The shape of the orbital angular
momentum density distribution is most sensitive to the param-
eter wo, and the magnitude of the orbital angular momentum
density is most insensitive to the parameter wg. The influ-
ences of the three beam parameters on the spiral spectra of the
diffracted Lorentz—Gauss vortex beam are also investigated.
When the parameter wq increases, the diffraction effect be-
comes stronger. As a result, the spiral spectra of the diffracted
Lorentz—Gauss vortex beam expand. As the parameter wy, in

Eq. (3) appears in both the Hermite polynomial and the Gaus-
sian function, the influence of the parameter wy, on the spiral
spectra is not similar to that of the parameter wy. The numer-
ical result denotes that the spiral spectra expand slowly with
decreasing parameter wg,. It seems that the expansion of the
spiral spectra is not very sensitive to the parameter wg,. With
increasing parameter woy, the spiral spectra expand. The rea-
son is that the reverse change of the parameter woy in the y
direction is similar to the positive change of wy, in the x di-
rection. The present study is useful for the measurement of
the topological charges of vortex beams. Therefore, the best
choice for measuring the topological charge of the diffracted
Lorentz—Gauss vortex beam is to make the single slit width
larger than the waist of the Gaussian part. The current research
is helpful not only to deepen the recognition of the properties
of Laguerre—Gaussian beams, but also to the application of the

orbital angular momentum. [41-43]
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