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Optical pumping nuclear magnetic resonance system rotating
in a plane parallel to the quantization axis*
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A model of an optical pumping nuclear magnetic resonance system rotating in a plane parallel to the quantization axis
is presented. Different coordinate frames for nuclear spin polarization vector are introduced, and theoretical calculation
is conducted to analyze this model. We demonstrate that when the optical pumping nuclear magnetic resonance system
rotates in a plane parallel to the quantization axis, it will maintain a steady state with respect to the quantization axis which

is independent of rotational speed and direction.
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1. Introduction

The concept of nuclear magnetic resonance (NMR) was
proposed by Rabi in 1938.[! Later, it was improved in the-
ory by Bloch.!>3] Since then, great progress has been made in
NMR. Now, it is widely used in many significant areas such as

biological medicine,[*! analytical chemistry,!>! fundamental

physics,[7! and inertial navigation.[1%-11]

For a typical optical pumping NMR system shown in
Fig. 1(a), the alkali-metal vapor and noble gas are filled in
a cell. A constant magnetic field By which determines the
direction of quantization axis is applied along the Z-axis.
Pump light parallel to By is used to polarize the alkali-metal
atoms.[!'?) Through the spin exchange between alkali-metal
atom and noble gas nuclei, the spin polarization is transferred
from the electron of alkali-metal atom to the nuclei of no-
ble gas.!*! An oscillating magnetic field B, perpendicular
to By is applied along the X-axis to excite the nuclear tran-
sitions. When this system reaches a steady state, it can be
utilized to measure the rotation rate of the system about the
quantization axis.!'” Because of this, one representative ap-
plication of NMR is nuclear magnetic resonance gyroscope
(NMRG), which can achieve navigation-grade precision and
chip scale simultaneously and is widely regarded as a poten-
tial candidate for the high-precision micro inertial navigation
in the future.!'* Not long ago, navigation-grade NMRG with
the size of 10 cm® was reported by Northrop Grumman. [19]

Since the instability in amplitude of a signal influences
the measuring precision of its frequency, and in order to de-
termine the rotation rate of an optical pumping NMR system
with high precision, a necessary condition where the system

maintains a steady state with respect to the quantization axis is
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Fig. 1. (color online) Optical pumping NMR system rotating in a plane (a)
perpendicular to the quantization axis or (b) parallel to the quantization
axis.

required.['®) When the system rotates around the quantization
axis, which is shown in Fig. 1(a), only the direction of B
will rotate with the system. Through feedback control, that
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necessary condition can be satisfied and the rotation rate can
be measured with high precision.!!”! However, when the sys-
tem rotates in a plane parallel to the quantization axis, which is
shown in Fig. 1(b), the directions of By and pump light rotate
with the system as well, while the alkali-metal atoms and no-
ble gas cannot perceive the rotation. To our knowledge, it has
not been proved theoretically whether the system can remain
steady with respect to the quantization axis.

For the NMRG (Gl1) in a three-axis inertial navigation
system which consists of three NMRGs, its spin axis is actu-
ally the quantization axis which is along the direction of By
applied to G1 constantly, and G1 can only tract the rotations
around the spin axis.!'>! The spin axis of G1 is assumed to be
along the Z-axis initially as shown in Fig. 2. Rotations of the
system around the Z-axis will be tracked by G1. When the
system rotates in a plane parallel to By, the rotation will be
tracked by other two NMRGs. After the system rotates in a

TZ

after rotating in a
plane parallel to B, for a
period of time

plane parallel to By for a period of time, and the spin axis of
G1 rotates to a certain orientation (z-axis) as shown in Fig. 2,
G1 needs to be able to respond to the rotation around the z;-
axis with high precision immediately in many practical cases,
such as the three-axis inertial navigation system mounted on
a vehicle with quick changes of direction, which means quick
changes of the spin axis of the gyroscope.!'8! So, if an NMRG
needs a period of time comparable to the relaxation time of
nuclear ensemble to reach steady after rotating to a certain ori-
entation, the NMRG will keep a relatively low precision for
about tens of seconds,!!! and it will be a big problem when
an NMRG is applied to a three-axis inertial navigation system
eventually.

In this paper, we demonstrate that an optical pumping
NMR system will remain steady with respect to the quantiza-
tion axis when it rotates in a plane parallel to the quantization
axis, regardless of any rotational speed and direction.

Fig. 2. (color online) Spin axes of an NMRG before and after rotating in a plane parallel to the quantization axis.

2. Theory
2.1. Analytical solution for an optical pumping NMR sys-
tem

From a macroscopic view, the nuclear spin ensemble is
usually described by the magnetization vector M in NMR,
which is represented as (My, My,MZ)T in the coordinate frame
XYZ. When there is no pump light and a constant magnetic
field is applied along the Z-axis, under the influence of exter-
nal magnetic field B, the evolution of the magnetization vector
is given by the Bloch equation!!

dM Mxi+Myj Mo—M,
— M xyB— X1+ vy Mo~ Mz
dr T T

k. ()

Here, ¢, 7, and k respectively represent the unit vectors along
the X, Y, and Z axes, ¥ is the gyromagnetic ratio of atomic nu-
clei, T, is the transverse relaxation time of nuclear spin polar-
ization, T is the longitudinal relaxation time of nuclear spin
polarization, and M, is the magnetization under the equilib-
rium state. Assume that the pump light along the Z-axis is
applied, equation (1) becomes!! %]

dM Mxt1+My3 Myxt+Myjg
— MxyB— xt+Myjg Mxi+Myg

dr T sz

+ MO_MZk+Mmax_MZ

k. )
T Tp1

Here, T}, is designated as a time constant for the relaxation ef-
fect on the transverse magnetization due to the pump light. 2!
Ty is a time constant for the optical pumping process which
attempts to increase the magnitude of the magnetization along
the Z-axis.!'”) M. is the magnetization when the nuclear
spin ensemble is completely polarized by the optical pump-
ing.

In order to simplify the form of Eq. (2), the spin polar-
ization vector P for the nuclear spin ensemble is used to re-
place M, which satisfies P = M /Mp,x and is represented
as (Px,Py,Pz)T in the laboratory coordinate frame XYZ as
shown in Fig. 3.['21 As My is tiny, it can be neglected when
the pump light is applied.!'?! By setting 1 /7, = /T + 1 /Ty,
1/t1 =1/T1 +1/T,, and Py = 71 /T, it is easy to obtain

dP Py1 ) Py—P
P piyB- X1+PYJ+ o — Pz

k. 3
dr T T )

For a typical optical pumping NMR system B = By +
B, where By = Byk, Bos = 2B cos(myt)t and @y = YBy.
Substituting these conditions into Eq. (3), it can be rewritten
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as

dPy Px

-4 __ 4 P,

dr 7 + woFy,

d

W _ b — 2 4 20 cos(on) P, 4

dr T

dpr; Py—P,

—Z = 20 t —-—=

dr ICOS((O() )PY+ 7 )

where ®; = YB;.
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Fig. 3. Spin polarization vector in the laboratory coordinate frame XY Z.

The conventional method to simplify the computation of
Eq. (4) is adopted. The By is divided into a clockwise com-
ponent and a counterclockwise component with respect to the
Z-axis. The clockwise component is B, = Bjcos(myt)i —
By sin(@y?)j, and the counterclockwise component is B, =
Bj cos(ayt)i + By sin(myt)j.
ponent has little influence on the evolution of P unless B

As the counterclockwise com-

is quite large, it can be ignored by using the rotating-wave
approximation.?! Since B, is a rotating oscillating magnetic
field, by setting

Px = Pyrcos(ayt) + Pyr sin(mot ), )
Py = Pyrcos(amyt) — Py sin(aot).

Equation (4) can be rewritten as

dpxl le
dr a T ’
dPy Py
L= —L tar, 6)
dr T
dPs Py—P;
— = —w Py .
ar 1Py + o

When this NMR system reaches a steady state, the above
equations are all equal to zero. The stationary solutions can be
easily obtained as follows:

w1 T 1

Py =0, Pp=Pp——>— Py=Pp————.
X Y 01+a)121'1rz ‘ 01+w127112

)

From the above analysis, we obtain the stationary state of
a typical optical pumping NMR system when its initial quan-
tization axis is along the Z-axis as shown in Fig. 2. For prov-
ing that the system remains steady when it rotates in the plane
parallel to the quantization axis, we need to obtain the spin po-
larization vector when this system rotates and compare it with
the initially achieved stationary spin polarization vector.

2.2. Analytical solution for an optical pumping NMR sys-
tem rotating in a plane parallel to the quantization
axis
Assume that this NMR system has been steady before

t = ty, and it starts to rotate in the y—Z plane with the angular

rate of @, at t = #, which is shown in Fig. 1(b). As the NMR

system rotates in the y—Z plane, it is beneficial for our demon-
stration to represent the spin polarization vector in a new lab-
oratory coordinate frame xyZ shown in Fig. 4. In the coordi-
nate frame xyZ, the spin polarization vector is represented as

(P, P,,Pz)T. Define that the angle between x-axis and X -axis

is ¢1, which is shown in Fig. 4. According to Egs. (5) and

(7), the initial spin polarization vector when the NMR system

starts to rotate at ¢ = #( can be easily obtained as follows:

[0/ ¥%] .

Pu(to) = Py———%— sin(woto — 1),

% (10) 01+a)]2r11'2 (woto — 1)
[OJK%)

P,(ty) = Py—————cos(mpty — 1),

) (to) 0]_'_@12711_2 (@oto — ¢1) (8)
1

Pz(t0) = R
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Fig. 4. Spin polarization vector in the laboratory coordinate frame xyZ.

When this NMR system rotates around the x-axis in the y—
Z plane, the directions of By, B, and pump light will rotate
around the x-axis. For simplifying the following analysis, a
rotating coordinate frame xy’z which rotates clockwise around
the x-axis with a frequency of @; is introduced and shown in
Fig. 5. The directions of By and pump light are along the
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z-axis throughout the rotation, while B is always perpen-
dicular to the z-axis. In the coordinate frame xy'z, the spin
polarization vector is represented as (P, Py, P,)T and given by

Py = Pycos|ax(t —1t9)] — Pzsin[@x(t —19)], ©)
P, = Pzcos[ox(t —19)] + Py sin[ax(r — 19)].
Z M\
e
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Fig. 5. Spin polarization vector in the rotating coordinate frame xy'z.

Since B, is always perpendicular to the z-axis, it is al-
ways in the x—)' plane. The angle between x-axis and By is
¢ constantly as the direction of B, rotates around the x-axis.
So, B, can be rewritten as

Bos = 2Bj cos(wyt)[cos(9)E +sin(¢;) 9]
= Bj[cos(wpt — ¢1)& — sin(wpt — ¢1)F']
+ Bi[cos(mot + ¢1)& +sin(wpt + ¢1)9'], (10)

where & and 4 are the unit vectors along x-axis and y’-axis,
respectively.

Though this NMR system rotates around the x-axis when
t > to, the evolution of spin polarization vector at any time sat-
isfies the Bloch equation. The directions of pump light and
quantization axis are always along the z-axis at any time when
t > to, while the directions of pump light and quantization axis
are along the Z-axis when ¢ < fy. So, through the same deriva-
tion as for Eq. (3), the evolution of spin polarization vector at
any time when ¢ > 1y can be given by

dP P&+Pig P—P,,

— =PxyB- 11
ar XYy P, + P Y

where £ is the unit vector along the z-axis. We can find
from Eq. (10) that B, can be divided into a clockwise com-
ponent and a counterclockwise component with respect to
the z-axis. The clockwise component is By = Bj[cos(wyt —
01)& — sin(@ot — ¢1)9'], and the counterclockwise component
is B = Bi[cos(myr + ¢1)& + sin( @yt + ¢1)§’]. Similarly, as
the forms of Eqgs. (11) and (3) are identical, the counterclock-
wise component of B, can be ignored by using the rotating-
wave approximation. Hence, equation (11) can be expressed

as
dP, P, .
i o + @oPy + @y sin(wot — ¢1) P,
dPy/ Py’
—= = —@pP; — — + o cos(wpt — §1)P,,
dt (%) (12)
dpP, .
T - — oy sin(@yt — ¢1) Py — @) cos(wpt — 1) Py
P —P
T
Since B is a rotating oscillating magnetic field, by set-
ting
Py = Py cos(wot — ¢1) + Py sin(wpt — ¢1), a3
Py/ = Py” COS(CO()[ — ¢1) — Py Sin((D()t — O )
Equation (12) can be rewritten as
dP, Py
dr T ’
dPy// Py// + P (14)
-7 = __ 7 w
dr T 14z,
dP. P —P.
— = —0 P .
a 1Py +

When this NMR system reaches a steady state, the above
equations are all equal to zero, and the stationary solutions can
be obtained as follows:

[OJK%)
Px’|steady =0, Py”|steady = Pom,
1
P, |steady = P0——————- (15)
clsteasy 1+ 010

Substituting Egs. (9) and (13) into Eq. (8), the initial solu-
tions of Py, Py, and P, when this NMR system starts to rotate
att =ty are given by

[O)K%)
P.|— :0, P|— :])77
x|t 10 y |l 1o 01+a)127112
1
Pl =P———. 16
zlt 10 01+w127:17«'2 ( )

We can find from Egs. (15) and (16) that the initial solu-
tions at t = fy and the stationary solutions of Py, Py, and P,
to Eq. (14) are identical. In addition, substituting Eq. (16) into
Eq. (14), we can obtain

dPy dP, dP,
T; ’t:to = T; =ty — ditz ‘t:to =0. 17
Using the knowledge of differential equation in mathe-

matics, the solutions of P, Py, and P; to Eq. (14) are constants

as follows:
[Q)K%)
P, =0, P, =P—,
x’|t2to y”|t2to 0 1+ wlzfl T
1
P, =P—. 18
ZI[E[O 0 1+ (1)121'1172 (%)

From the results of Eq. (18), we can find that with respect
to the rotating quantization axis (z-axis), this NMR system re-
mains steady when ¢ > ty, which is not dependent on ¢; nor
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@;. If this NMR system rotates with any angular rate of ; for
a period of time and then it stops rotating, and the quantiza-
tion axis is now along the z;-axis as shown in Fig. 2, through
the same derivation as for Eq. (3), the evolution of spin polar-
ization vector in a new laboratory coordinate frame x;y;z; is

given by
dP P21 +P. 91 Py—P
S —PxvB- a1 0T ()
t (% T

Here, &, 9§, and 2| respectively represent the unit vectors
along the x1, y, and z; axes.
According to the results of Eq. (18), by setting

Py, = Py cos(ayt — ¢1) + Py sin(wot — ¢1),

. (20
Py1 = P}/l COS((L)()[ — ¢1) 7Px’1 s1n((1)0t — ¢l)7 )
we can obtain
w1 T
P, =0, P, = =Ph—— (21
X ¥ 21 0 1 +(1)12T1"L'2 ( )

“Troinn’

By comparing Eqgs. (21) and (19) with Egs. (7) and (3),
we can deduce that this NMR system will be in a steady state
with respect to the new spin axis after it has stopped rotating
in a plane parallel to the quantization axis.

3. Discussion

We can find from the above theoretical calculation that
after a typical optical pumping NMR system reaches a steady
state, the spin polarization along the quantization axis is a con-
stant no matter how this NMR system rotates, and that is why it
can maintain steady. A physical picture of this phenomenon is
that the steady state of this NMR system is very special. When
this NMR system reaches a steady state and starts to rotate in
a certain plane, under the influences of pump light and exter-
nal magnetic field, both of which rotate with the system, the
projection of spin polarization vector on the new quantization
axis happens to keep unchanged.

After an optical pumping NMR system reaches a steady
state, if it rotates in a plane parallel to the quantization axis
with a certain angular rate for a period of time and the quan-
tization axis is now along the z;-axis, then the system will re-
main steady and it can measure the rotation about the zj-axis.
If the system continues to rotate in another plane parallel to
the new quantization axis with another angular rate for a pe-
riod of time and the quantization axis is now along the z;-axis,
then the system will remain steady and it can measure the ro-
tation about the zp-axis, since the system is already a steady
state when it starts to continue to rotate.

Consequently, when an NMRG is applied to a three-axis
inertial navigation system, it can remain steady with respect
to the quantization axis when the system rotates in any plane
with any angular rate. After the NMRG reaches a steady state
and then rotates to a certain orientation, it can measure the ro-
tation about the quantization axis with the same precision as
before.

4. Conclusions

When an optical pumping NMR system rotates in a plane
parallel to the quantization axis, the directions of applied mag-
netic fields and pump light will rotate with the system, while
the alkali-metal atoms and noble gas cannot perceive the rota-
tion. Even so, we demonstrate that after this system reaches a
steady state, it will maintain steady with respect to the quan-
tization axis when it rotates in a plane parallel to the quanti-
zation axis, regardless of any rotational speed and direction.
Therefore, for an NMRG applied to a three-axis inertial nav-
igation system, rotation in a plane parallel to the quantization
axis has no influence on its measuring precision.
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